FUNDAMENTAL LEMMA FOR RANK ONE SPHERICAL VARIETIES
ZHAOLIN LI, WITH AN APPENDIX BY YI SHAN

ABSTRACT. According to the relative Langlands functoriality conjecture, an admissible
morphism between the L-groups of spherical varieties should induce a functorial transfer
of the corresponding local and global automorphic spectra. Via the relative trace formula
approach, two basic problems are the smooth transfer and the fundamental lemma on the
geometric side of the relative trace formulae. In this paper, we consider the rank one
spherical variety case, where the admissible morphism between the L-groups is the iden-
tity morphism, in which case, Y. Sakellaridis has already established the smooth transfer
([Sak21]). We formulate and prove the fundamental lemma in such cases.
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1. INTRODUCTION

The origins of the relative trace formula can be traced back to the early 1930s. In his
seminal work, H. Petersson expressed sums of products of Fourier coefficients of holomorphic
forms in terms of Bessel functions and Kloosterman sums in [Pet32]. Decades later, in 1980,
N.V. Kuznetsov established a similar formula for Maass forms in [Kuz80]. This Petersson-
Kuznetsov trace formula is now recognized as an early example of the relative trace formula.

To study periods of automorphic forms, H. Jacquet, S. Rallis, and their collaborators
developed the framework of the relative trace formula. The central idea is to compare geo-
metric sides of two relative trace formulae in order to establish relationships between different
automorphic periods, rather than analyzing a single relative trace formula in isolation. A
notable success of this method is Jacquet’s reproof of Waldspurger’s celebrated formula by
comparing the relative trace formula associated with a non-split torus and a split torus in
PGL,, see [Jac86, Sak13a, Sak19].

In the theory of automorphic forms, another central problem is the functoriality conjec-
ture, which aims to establish a correspondence between automorphic representations of two
reductive groups G; and Gg, given and L-homomorphism between their respective L-groups
LG1 — LGQ.

Through the influential work of H. Jacquet, S. Rallis, A. Venkatesh, Y. Sakellaridis, and
others, it has become increasingly evident that the functoriality conjecture admits a natural
generalization to a broader class of G-spaces known as spherical varieties, which include
symmetric spaces as a prominent subclass. Notably, the group case can be interpreted as
a special instance of a symmetric space, wherein the group G x G acts on G via left and
right multiplication. Spherical varieties are expected to possess associated L-groups, and
according to [SV17], any morphism of L-groups 'Gx, — “Gx, between the L-groups of two
spherical varieties X; and X5 should induce relations between their automorphic spectra.

In this context, the relative trace formula is envisioned as a distribution on the quotient
stack X := [X x X/G], where X is a G-space, equipped with both geometric and spectral
expansions, see [Sak16]. The overarching goal is to deduce relations between the spectral
sides of two such relative trace formulas by comparing their corresponding geometric sides.

In [Sak21], Y. Sakellaridis proposed a new form of comparison for spherical varieties of rank
one, that is, in cases where the associated L-groups satisfy “Gx = SLy or PGL,. The central
idea is to compare the relative trace formula associated with an arbitrary rank one spherical
variety with the corresponding Kuznetsov trace formula, which is conjectured to represent a
fundamental case in this broader framework of comparisons. As far as current understanding
goes, there are principally two reasons for favoring the Kuznetsov trace formula over the
classical Arthur-Selberg trace formula in this context. First, given a spherical G-variety X,
the spectral side of the Kuznetsov trace formula is weighted by
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L(p,Ad, 1)
while the relative trace formula will have an additional factor

Lx(p)
L(p,Ad, 1)’

where ¢ is a global Arthur parameter. In the Arthur-Selberg trace formula case, we have
Lx(¢) = L(p,Ad,1). The second reason arises from geometric considerations, which lie
somewhat beyond the scope of this paper; we refer the interested reader to [Sak23] for
further details.

We now outline the strategy for approaching the functoriality conjecture for rank-one
spherical varieties via trace formulae. For simplicity, we assume throughout that all groups
and varieties are split over the global field under consideration. Let X be a G-spherical
variety, “Gx = SL, or PGLs, and write Gx = PGLy or SL, respectively.

Locally, let S(X x X/G) be the push-forward of Schwartz measures S(XxX) to XxX /G =
A' along the canonical map fixed in [Sak21], Lg be the push-forward image of the probability
measure, which is equal to the characteristic function on X(og) X X(op) times an invariant
measure. On the Kuznetsov trace formula side, let S; (N, \Gx /N, %) be an enlarged space
of test measures, and f, be the non-standard basic vector determined by Lx, that we will
explain in Section 2.1. Due to [Sak21], there is a linear isomorphism

T . SZX<N¢\G)(/N,¢) — S(X X X/G),

with an explicit formula given by a composition of classical Fourier transforms with certain
simple correction factors. In this paper, we prove the fundamental lemma, that is, the
inverse of 7 takes L§ to an explicit multiple of f;,, and is compatible with the action of
Hecke algebras.

Our approach is purely local, extending the methodology introduced by S. Rallis [Ral82],
and later in [GW21]|. The primary objective of the present study is not to examine the
relative functoriality conjecture for each individual case using theta correspondence, but
rather to establish that the conjectural relative trace formula comparison introduced in
[Sak21] holds true. While theta correspondences provide a highly effective and streamlined
framework for relative functoriality conjecture when applicable, the relative trace formula
approach is conceptually more general, though its necessary technical machinery remains
largely underdeveloped. Therefore, the validation for rank one fundamental lemma consti-
tutes a critical prerequisite for extending the relative trace formula comparison framework
to the more general case, see also [MWZ26]. After establishing the comparison between the
transfer operators in [Sak21] and those arising from the Weil representation (see Section 3),
the fundamental lemma for the unit element allows readily for types A,, C,, and D,,. The
case of B,, is more nuanced, as the dual pair involves the metaplectic cover of SLy, precluding
the direct identification possible in the other cases. Nevertheless, a manual matching of the
orbital integrals remains feasible, as we demonstrate in Section 7.1. Regarding the general
Hecke elements, S. Rallis [Ral82] demonstrated that within the framework of Weil represen-
tation, the Hecke algebras of the even orthogonal and symplectic groups act compatibly. We
verify that this compatibility is consistent with the Hecke algebra homomorphism arising
from the map between the universal Cartan of G and X, as we detail in Section 1.1. This
correspondence ensures that the matching of the unit elements extends to the full Hecke
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algebra, thereby establishing the fundamental lemma for X = SOg,_1\SO,,. We further
generalize this technique to all rank one spherical varieties. A significant technical challenge
arises when X = S0O,\SOy,.1, again, as the dual pair setup involves the metaplectic cover
Mp, of SLy. Here, we utilize a comparison between A\PGLy/(N, ) and (N, ¢)\Mp,/(N, )
in the foundational work of H. Jacquet [Jac87]. Since the functions on Mp, arising from
the Weil representation are non-standard, we enlarge the space of test measures in Jacquet’s
comparison. Specifically, to ensure the L-values match, we insert the factor L (st, n — l), a

2
procedure analogous to the one employed by Y. Sakellaridis in [Sak13a]. And the comparison

between A\PGLy/(N, ) and (N,v)\PGLy/(N, ) with non-standard test measures follows
from the unfolding procedure, as detailed in [SV17].

Our methods and results are strictly local in nature, but they are motivated by the global
problem of establishing relative functoriality for rank one spherical varieties via relative
trace formulae. This functoriality is predicated on the canonical map between dual groups
Gy — GV, which, according to the relative Langlands functoriality conjecture, should induce
a functorial transfer of the corresponding automorphic spectra. Globally, the relative trace
formula should be viewed as a distribution

RTFx : S(X x X/G) — C.

The geometric expansion is given as the evaluation map in [Sak16]. We still need the spectral
expansion. On the Kuznetsov trace formula side, we have to extend the Kuznetsov trace
formula to these enlarged test measures

KTF : SZX (qu\Gx/N, ’(b) —C

as in [Li25]. Subsequently, local transfer operators are employed to facilitate the formulation
of a Poisson summation formula, which is instrumental in comparing the geometric sides of
the relative trace formulas.

S (Ny\Gx /N, ¢p) —L S(X x X/G),
KTF
C

see [Sak19, Section 4].

For each X-distinguished cuspidal representation 7w of G, let RTF(7) be the m-component
in the spectral expansion. For every cuspidal representation o of Gy, let KTF (o) be the
o-component in the spectral expansion of KTF. Let my be an X-distinguished cuspidal
representation of G; in principle, we will be led to the following identity

> RTF(m) = Y KTF(0),

™

where the summation on the left-hand-side is over X-distinguished cuspidal representations
that are nearly isomorphic to 7, that is, 7, = 7, for all but finitely many places, and the
summation on the right-hand-side is over all the cuspidal representations ¢ such that the
Satake parameter of ¢, is mapped to m, at each unramified place under the canonical map

Gy — GY.
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1.1. Relative trace formulae and fundamental lemmas. We first give an overview of
the relative trace formula. Let k be a global field, A its ring of adeles, G a split reductive
group over k, and X a smooth affine spherical variety over k. For the purpose of this paper,
we may take

F(X(A)) == @, F(X(kv)),

where the tensor product is over all the places of k£ with respect to the characteristic function
Ix(op) of X(0,). The X-theta series is the following functional on F(X(A)):

O 0(D,g) = Z ®(vg) € C=([G]),

veX(k)

where the sum is absolutely convergent since X (k) is discrete in X(A) as X is affine.
Roughly speaking, the relative trace formula is the Plancherel formula for £2([G]), applied
to the inner product of two theta series:

RTFy : F(X(A)) ® F(X(A)) 5 By @ Gy /[G] 6(®1, 9)0(Ps, g) dg.

This inner product does not converge in general and needs to be regularized. In the case
that X is smooth affine and G is split, there is a way to regularize it as described in [Sak16].

As for the Kuznetesov trace formula, one can define KTF similarly, but with non-standard
spaces of test measures, which we will describe in Section 2.1.

For the purpose of this paper, let us consider the case related to rank one spherical
varieties. The list of spherical varieties of rank 1 consists of a finite number of families,
classified by Ahiezer [Ahi83], also see [KVS06] and [Was96]. Up to an action of the center,
the affine homogeneous spherical varieties over an algebraically closed field in characteristic
0 are listed in the following table :

X Gy Lx
A, | CGL,\PGL,, SLy | L(Std,2)
Bn SOgn\SOQn_H SL2 L (Std, n— %) L (Std, %)
Cn SPan_2 X SP2\SPy, | SL2 | L (Std,n — 3) L (Std,n — )
Dn SOQn_l\SOQn PGLQ L(Ad, n — 1)
B, G2 \Spin, PGL, | L(Ad, 3)
D} Spin;\Sping PGL, | L(Ad, 3)
Gy | SL3\Gs SL, | L(Std,2) L (Std, )

In this paper, we will only consider the split cases. For each spherical variety, Lx stands

1
for a §Z—graded representation p = @ pn, of its dual group Gy, which is called the L-value
nE%Z
asssociated to X, thinking of the L-value

[T Lpnow.n)

attached to any Langlands parameter ¢ into Gy. And the L-value here is determined in
terms of the geometry of X. For each Ly, we define a space of non-standard test measures
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in Section 2.1, together with basic vectors

fro = fr(stds)L(stdss) for Gy = SLo;
b fr(adse) for Gy = PGLs.

Here s1, s5 and sg are also listed as in the above table, depending on X. We take

FLX (N(ku)7 "%\GX(ku))
to be the Schwartz sections of certain bundle over N\Gy, together with basic vector

o, = D, (Std,s1)L(Std,so) fOT Gy, = SLy;
b ®radsy for GY = PGL.

Here again @, is defined in Section 2.1. Then we have the Poincaré series

P®.g)= > o>y
YEN(K)\Gx (k)
for ® € Fx(N(A),$\Gx(A)) = &, Fx(N(k,), ,\Gx(k,)). Let F(N(A),$\G(A)) be the
space of standard test functions, then the Kuznetsov trace formula is the decomposition of

KTF : Fx(N(A), P\Gx(A)) ® F(N(A), Y\Gx(A)) > ¢1 ® O3 — * P(P1,9)P (P2, 9) dg.
[Gx]

Of course, the integral here also needs to be regularized.

The ultimate objective of this framework is to establish a rigorous global comparison
between RTFyx and KTF. Locally, the smooth transfer has already been established in
[Sak21]. Let 7 : X x X — X x X / G be the canonical quotient map to the affine, invariant-
theoretic quotient Spec F[X x X]¢, and the image 7,.S(X x X) of the push-forward measure
will be denoted by S(X x X/G). Y. Sakellaridis proved the following theorem in [Sak21]:

Theorem 1.1 (Theorem 1.3.1 in [Sak21]). Let €x = (X x X) / G. There is an isomorphism
Cx = A, and the map X x X — Al is smooth away from the preimage of two points of A,
which we will call singular. We fix the isomorphism as follows:

o When GY, = SLy, we take the set of singular points to be {0,1}, with X428 C X x X
mapping to 1 € €x = Al
o When GY, = PGLy, we take the set of singular points to be {—2, 2}, with X412 C XxX
mapping to 2 € €x = Al.
Then there is a continuous linear isomorphism:
T : S (N, 9\Gx/N,¢) — S(X x X/G),
given by the following formula:

o When Gy, = SLy with Lx = L(Std, s1)L(Std, s3), s1 > sq,

1

TIE) =163 (1wl @)« (1 F=u() d ) « f(©).
e When GY = PGLy with Lx = L(Ad, sp),
T = [l (|- [0 () do) * £(C).
Remark 1.2. Write (&) = ¢(&) dE or ¢(¢)d(, in terms of additive usual Fourier trans-

forms,



e When GY, = SLy with Lx = L(Std, s1)L(Std, s3), s1 > s,

THE) = (Fyrovo]- [ 0y ovo] - [H) (¢)(€) de.
e When Gy = PGLy with Lx = L(Ad, s),
TF(C) = (Fy-rovol-[*)(9)(C)dC.
For the notations, see Section 1.3.

To achieve the relative Langlands functoriality via comparing the relative trace formula for
X and the Kuznetsov trace formula, we also need the appropriate fundamental lemma, and
the first main result of this paper is the following fundamental lemma, which is a combination
of Theorem 4.3, Theorem 5.3, Theorem 6.3, and Theorem 7.9:

Theorem 1.3. Let X be a rank one spherical variety and € = (X x X) / G. Fix the
isomorphism €x = A' as in Theorem 1.1, and under the transfer operator

T : S5 (N, 9\Gx/N, 1)) = S(X x X/G)

there,
gdimX

#X(kr)Cr(2)Cr(sx)

Tﬁl(H";() = fLX‘

where

o — s1+ sy =12X for Gy = SLy;
X 2sg =dimX — 1 for GY = PGLs.

Here L is the push-forward image of the probability measure, which is equal to the charac-
teristic function on X(og) x X(op) times an invariant measure.

Remark 1.4. We prove Theorem 1.3 for spherical varieties of classical type by Theorem 4.3,
Theorem 5.3, Theorem 6.3, and Theorem 7.9, and the remaining cases follow from Remark
1.7.

Remark 1.5. If we write 7(X) for the local Tamagawa measure of X, then we have

1
SL - PGL - 1 — —2 = s
r8le) =G S 1= 5
hence we can rewrite the above formula as
Gx)
7‘—1 ]LO — T( X .
(%) T(X)CF(SX)fL

However, to globally implement the relative trace formula for establishing relative func-
toriality and the correlation between X-periods of automorphic forms and L-values, the
fundamental lemma for the full Hecke algebra is required to effectively isolate the spectral
contributions.

Fix a Borel subgroup B C G, the maximal torus A C B. Fix a hyperspecial vertex in
the Bruhat-Tits building of G that lies in the apartment determined by A. It determines a
hyperspecial maximal open compact subgroup K of G. Let X° C X be its open orbit under
the B-action. Let P(X) := {g € G | X°g = X°}. Let N be the unipotent radical of B, then
the quotient X° / N is a homogeneous space under the action of A, whose action factors
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through the faithful action of a quotient A — Ax, the universal Cartan of X. It is known
that Ax is a quotient of P(X) through the Levi L(X):

P(X) — L(X) — Ax.
This gives rise to a map with finite kernel between the complex dual tori
(1.1) Ay — AY.
While this map facilitates the study of the unramified spectrum of X, it necessitates a

modification as formulated in [Sak13b]. Let 5&) be the square root of the modular character,

which is defined as the quotient of the right by the left Haar measure of the group BNL(X),
considered as an unramified character of B and hence as an element of TV. It is stable under
the little Weyl group Wx of X, and we consider the normalized morphism

1
(1.2) Ay - AV X X0 (x):

where y is the image of ¥ under (1.1). Consider the spherical Hecke algebra H(G,K) of
G. By restriction via the above normalized morphism between tori, we get a morphism of
algebras

)\X : H(G, K) = (C[AV]WG — C[A;/(]WX = H(Gx, Gx(OF))

Theorem 1.6. Let X be a rank one spherical variety and € = (X x X) / G. Fiz the
isomorphism €x = A' as in Theorem 1.1, and under the transfer operator

T : S (N, 9\Gx/N,¢) — S(X x X/G)

there,
dim X

_ q
T Hf L) = A * .
(i) = () #X(RF)CF(Q)CF(SX)fLX
Remark 1.7. The author is grateful to Yi Shan for noting that Theorem 1.3 for By, Dy,
and Gy follows from isomorphisms

Gg\Spin7 = Spin7\Spin8 = SO7\SOg, and SLg\GQ = SOG\SO7,

effectively reducing them to the classical cases established herein. I would also like to thank
the anonymous referee who reviewed an early version of this work, for pointing out that
Theorem 1.6 for these cases follows directly from [Sak13b, Theorem 1.4.1] once established
for classical types, and then the only remaining case is of Fy, which is dealt with in a recent
preprint of [LW25] and worked out by Y. Shan in the appendiz.

Remark 1.8. Before moving on, let us clarify the notations. First, note that the Hecke
algebra does not act on the space of push-forward of measures. However, the Bernstein center
does, where the action is on the first copy, and the Bernstein center for the component of the
spectrum corresponding to the unramified principal series is isomorphic to the Hecke algebra
under the natural map. Of course, there is a more directed description of this action. Let
us follow the conversion used in [Sakl13a]. Let ®1 be a Schwartz function on X that is fived
by K and h € H(G,K), consider the right convolution, which is the push-forward under the
action map

hx ®(x) ::/G@(ngl)h(g)dg.
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Then for ®; ® &y, we interpret the action of h on its push-forward measure as the image
of (hx®1) ® ®y. If one wants to consider the action on the second copy, the action of the
Bernstein center is also the image of the push-forward of ®1 & (hY * ®y).

When X = H\G, under the various canonical identifications

(H\G x H\G) / G =G\ (G/H x G/H) = (H\G) / H=H\ (G/H),

One can check that the Hecke algebra action is realized either as the * action on H\G or the
following right action of f € H(G,K) on K-invariant functions on G/H defined by

hx®(x) = /Gh(g)fb(gx) dz, ® € F(G/H)¥.

Remark 1.9. In view of the subsequent analysis involving Weil representations, we adopt
the left G-action on G/H for all cases. Consequently, to ensure consistency with (1.2), the
modular character (x) is replaced by its inverse, 5(_X1), for the homomorphism between Hecke
algebras.

1.2. The organization of the paper. We begin by reviewing the necessary background
in Section 2. Section 2.1 focuses on the non-standard test measures for the Kuznetsov trace
formula on SL; and PGLs, and Section 2.2 provides the requisite background on the Weil
representations employed in our proofs.

In Section 3, we described the construction of certain transfer operators via Weil repre-
sentations, following [GS12]. These operators are closely related to those studied in [Sak21].
Once the relationship between the transfer operators arising from Weil representations and
those defined in [Sak21] is established, the fundamental lemma for the unit elements fol-
lows from an explicit computation. Furthermore, the extension to the full Hecke algebra
is obtained by demonstrating the compatibility of the Hecke actions, as predicated on the
methods of S. Rallis [Ral82].

The ensuing sections, Section 4, Section 5, Section 6, and Section 7, are devoted to the
case-by-case analysis required to establish the fundamental lemma across all classical types.

1.3. Notations.

e For a finite set S, we will use #S to denote the cardinality of S, and 1g the charac-
teristic function of S.

e Let F be a non-Archimedean local field of characteristic zero, op its ring of integers,
and pp its maximal ideal. Let ¢ be the cardinality of the residue field kg := op/pp.
Assume ¢ is odd. Fix a uniformizer wg and for any = € F, denote

ac(x) := —aia) € op,

F
where val : F* — Z is the normalized valuation map such that val(wp) = 1. Fix a
non-trivial unramified character ¢ of F.

e Let

be the local zeta function, where s € C.
e Let D be an algebra over F of one of the following types:
[(1)] the field F itself;
[(2)] the split etale quadratic extension of F, i.e., D = F x F;
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[(3)] the matrix algebra Mats(F) of 2 x 2 matrices over F. In all the cases, we
identify F with the subfield of D consisting of scalar multiples of the identity. Equip
D with the F-involution -, together with the (reduced) trace and (reduced) norm
7,v: D — F as follows:

(D] ED=F,let T :=z, 7(z) := z, and v(x) := x.

()] D =F x F, and z = (a,b), let T := (b,a), 7(x) := a+ b and v(z) := ab.

[(3)] If D = Maty(F), and = = (Z b)7 let 7 := <_dc _b), 7(z) == a+b and

d a
v(z) = ad — be.
When the meaning is clear from the context, for a variety X over F, we denote the
set of F-rational points X(F) simply by X.
For a smooth variety X over F, we denote by F(X) the space of Schwartz functions on
the rational points of X. It means smooth functions of compact support. Similarly, we
will use §(X) to denote the space of Schwartz measures. Often X(F) is a homogeneous
G(F)-space for some reductive group G, and admits an invariant positive measure
dz, then we have §(X) = F(X) - dz.
If X is a homogeneous G-variety that admits an invariant rationally defined non-
vanishing top degree differential form, we use dx to denote the induced local unram-
ified measure, which satisfies

X
7(X) := / ldx = #X (k) d'(/i)?)’
X(or) qm™

where # means the cardinality. See [Wei82, Theorem 2.2.5]. Note that in the case
that X = G,, dx is also the self-dual Haar measure on F. We also equip D with
the product Haar measure. It might be a little bit confusing between X = G,, and
X = G,. When we use F or F* (instead of G, and G,,,) to denote the integral domain,
dx is always reserved to denote the additive Haar measure, i.e., for a function f on
G,,, we will write

dz
]

(e = [ f()

Gm
interchangeably. To emphasize the choice of the multiplicative Haar measure on the
torus, we adopt the notation d*x where appropriate
For the notation of the Fourier transforms, let f be a measure on G,, for s € C, we

use (| - [*¥(+))* to denote the operator of multiplicative convolution by the measure
|z (x) da:

(- () * () = / 2" (@) fay) da.

If the integral does not converge, then the convolution should be understood as the
Fourier transform. If ¢ is a function on F, we also use the usual Fourier transform
on the Affine line

Folé)(e) = [ o) (o) o
Then if f is represented by some function ¢(z)dx, we have
(I [ * fy) = (|- [FoFy-1 000 ["7)(¢)(y) dy,
where +(¢)(z) := ¢(z71).
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2. PRELIMINARIES

2.1. Test measures for the Kuznetsov formula. For the purpose of this paper, let G be
a split reductive group over F with fixed Borel pairs (B, A). Let G be the dual group with
the corresponding Borel pair (BY,AY). Let X*(A) be the F-rational characters of A and
X.(A) be the F-rational co-characters of A. Then X*(A) = X,(AY) and X*(AY) = X,(A).
We denote by X*(A)" and X.(A)™, respectively, the dominant cones in X*(A) and X,(A),
respectively, with the positivity being associated to the chosen Borel subgroup. We denote
by A the set of simple roots and AV the set of simple coroots, respectively. In this way,
we obtain the based root datum (X*(A), A, X,(A),AY) of G with respect to (B, A) and the
based root datum (X,(A), AV, X*(A),A) of G¥ with respect to (BY,AY).

Fix a hyperspecial vertex in the Bruhat-Tits building of G that lies in the apartment
determined by A. It determines a hyperspecial maximal open compact subgroup K of G.
Note that Ky := A N K is a hyperspecial subgroup of A. Let A™ be the image of X,(A)"
under the map p +— p(wr), where wp € F is a fixed uniformizer. We have the Cartan
decomposition

G = KATK.
Only here we take the Haar measure on G such that the volume of K is 1. The spherical
Hecke algebra of H(G, K) is defined as the convolution algebra of compactly supported K-
bi-invariant C-valued functions on G. The same definition applies to A with respect to Ku
and the Weyl group W¢ acts on H(A,Ky).

The Satake isomorphism, as is defined in [Sat63] yields an isomorphism of algebras:

(2.1) H(G,K) = H(A, K™, his <t o 5§(t)/ h(tn) dn) ,

where Jp is the modular character on B and dn is the Haar measure on N such that the
volume of NN K is 1.

Note that X,(A) =2 A/Kx: p+— p(wr), which implies that

H(A,Ka)"e = CIX.(A)]"e = C[X*(AY)]"e,
Write
Sat : H(G,K) — H(A, Kp)"e — C[X*(AV)]Ve.

It is known that for any finite-dimensional algebraic representation p of GY(C), we must

have tr p € C[X*(AY)]W¢, and there exists a canonical one-to-one correspondence between

the set IIp(G, K) of equivalent classes of irreducible admissible spherical representations of
G with respect to K and the set of conjugacy classes ¢ of AY(C)/Wg.
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More precisely, let s € X*(A) @z C/Wq. (MX *(A)), where following [Sat63], we use

log ¢

Weg. (ing *(A)) to denote the group of affine transformations of X*(A) ®z C generated

by the Weyl group W¢ and by the group of translations defined by %X *(A). On the one
hand, denote x(s) to be the corresponding unramified character of A, and let I(x(s)) be
the normalized induced representation, whose underlying space consists of locally constant
functions ® on G with compact support module B, satisfying

B(gb) = 02 (b)x(s) (b)®(g), Vg € G,b € B,

with the action of G given by ¢g.®(z) := ®(¢g 'z). I(x(s)) admits a unique unramified

subquotient, which we denote 7(s).
On the other hand, view s € X,(AY) ®c C/Wg. (ligiIX*(AV)) and let ¢(s) = ¢° €
AY(C)/W be the corresponding conjugacy class. Then we have

tr () (h) = Sat(h)(c(s))

for any h € H(G, K).

Example 2.1. Let G = SL,, B := {<* :)} and A = {(* *) } Let s € X*(A)®,C =
X, (AY) ®z C = C, which gives the unramified character x(s) of A

A—C*: (t t‘1> — |t
and the normalized induced representation 1(x(s)). Let w(s) be the unique irreducible un-

ramified subquotient of 1(x(s)). On the other hand, c(s) is represented by ((q 1)), in

the maximal torus of PGLy. The Satake transform states that we have an isomorphism
Sat : H(SLs, SLy(0p)) — C[AV]%/?2 = Clx, x~1]2/%2
such that for any h € H(SLy, SLa(0F)), we have
trr(s)(h) = Sat(h)(q%).
Similarly for G = PGLs.

Let p be an algebraic representation of GY(C). Consider the L-value

L e VGV
(p7 S) det(l — q_sp) € (C<G ) )

where C(GY)S" is the set of invariant rational functions on GY under the adjoint action.
m
When p = @ p; is reducible, we can allow s = (s;)I"; to be a collection of complex numbers,

=1

and define
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We proceed with a single s, and the arguments for general s are similar. The L-factor can
be written as a formal Taylor series in ¢~*:

L(p,s) =Y _q "tr (Sym"p).

n=0

The generating series of the local L-function is the Whittaker function
o0
Crpe) = ) 4 "Sat™! (Sym"p) * In\G(op)-
n=0

When G = PGLs or SLs,, let B be the Borel subgroup consisting of upper triangular
matrices, A the maximal torus consisting of diagonal matrices. Let N be the unipotent

radical of B consisting of strictly upper triangular matrices. Choose w := (1) _01) to

be the non-trivial Weyl element. Let € be the quotient N\G / N, and €° its open subset
corresponding to the open Bruhat cell. We embed A into it by ¢ — [wt], the class of the
element wt. Let

S(N,\G/N, ¢)
be the space of measures on A of the form
op(t)
2.2 t) =
(22) £ = 2
where recall dn is such that vol(N(op), dn) = 1, dt is such that vol(A(op), dt) = 1 — ¢,
and ® is a Schwartz function on G. We also fix the coordinates of A by

£(t) = e(t), if G = PGLo,

/ ®(nywing )~ (nyng) dny dny - dt,
NxN

and

((t) = e2(t), if G = SLy,
where « is the positive root, and we use the exponential notation to denote the corresponding
character. Then €° can be identified with G,,, or G2, with sections

5H<2 _01) if G = PGL,,
and »
Cl—)(? _% >ifG:SL2.

The elements of S(N,¥\G/N, ), viewed as measures on F, are bounded, supported away
from zero, while in a neighborhood of 0 € A!, they have a singularity which is called the
Kloosterman germ, because they are smooth multiples of the measures

£ P! (9 n u_l) du - d*¢,
fuf2=l¢] £

respectively,
u+u!

= o () du gl
|lule+14+pp C
For more details, we refer the reader to [Sak13a, Sak21, Sak22].
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Now let us consider the twisted-push forward of the non-standard measure ®,, :
op(t * _
Trip.s(t) == . B(qg/ (s, (WER)Y Y(n)dn - dt.
- N
We call fr,s) the basic vector in the Whittaker space of the L-value L(p, s).

Specialize to p being a sum of copies of the standard representations of GY = SL, when
G = PGL,, and the sum of copies of adjoint representations of G¥ = PGL, when G = SLs,

and write .
p=Dor:
i=1

correspondingly write s = (s;);2;. Welet S, (N, 9\G/N,v) be the space of measures on €

which on any compact set coincide with elements of S(N, 1)\G/N, ¢), while in a neighborhood
of infinity, in the above coordinates, when all of the s;’s are distinct, are of the form

ZO g dxe,

in the case G = SLy, and
ZC Dl e,

in the case G = PGLy, where C;’s are locally constant functions in a neighborhood of zero.
When two or more of the s;’s coincide with some complex number sj, the corresponding
summands at infinity will be replaced by

(C1(CY) + Ca(¢H og [¢] + C5 (¢ log? ¢ + -+ ) - ¢ d*¢,
and similarly when G = PGL,. According to [Sak22], fr(ss) € S, (N.¥\G/N, ). More-

over, one can compute explicitly that

Proposition 2.2. Let G = PGLy and p = Std be the standard representation of SLy(C).
For the L-value L (Std,s;) L (Std, sq), we have the following explicit expressions of the basic
vector:

—m(s+3)

S q ; _ — o
Zm:o 1—q—2s (m + 1)]-:z:mK Zf 51 = S2 = S,
—m(s1+%)__—m(sa+3) s1—s )
[ee] q m 2 q 2 q°1 2 .
D m=0 ( (1—g°1—2)(1—q G1+2)) ) Lo,k if s1# s2.

¢ ~ :
wp 0 B 0 iof L#m;
Loni (n < 0 1) k) N { Y(n) if £=m.
Here n € N and k € PGLy(op). And

e when s1 = So = s,

&0
JL(Stds1)L(Stds2) 0 1

€] d*€

O (Std,s1)(Std,s2) =

where

61773 (L= 7> ) log, €]+ (1= 3> for [€]> 1
=(1—q¢g ) '1—g>)! —2¢72 for |¢]=q7%;
|§|_1 f|w|2=|§| ¢— (% + :1;—1> dz  for ’f| < q—1



Here d*¢ is the Haar measure such that vol(T (o), d¥¢) =1 — ¢!
o When sy # so,

0
frstasstass) ((g 1)) B
e dxe == )1 =g") 7 (1 - g~ 7)

—51—2 —2s1— —s3—1% s1—s —2s9—
772 (1 — g 207 )) — g mag 2 (L — g2 for [€] > 1
_q—(81+%) +q—(82+%)q81—82 f'O,r. ’£| — q—l

(=)l g (2 +271) do for J¢ <q™?

Proof. Let us start with the series

1 1
det(1 — ¢=1Std) ~det(1 — g—*2Std)

= (Z q " r (SymmStd)> (i q " (SymmStd)>

L (Std, Sl) (Std Sg)

m=0 m=0
_ Z g s mesz gy (Symml Std ® Symmg Std)
ml,m2=0

According to [FHI1, Section 11.2],
min{mj,mo}
Sym™Std ® Sym™Std = Y Sym™ ™ Std.
=0
Therefore, we have
1 1

L
(Std,s1) L (Std,sy) = det(1 — ¢—=1Std)  det(1 — ¢—25td)

min{mi,ma}

o0
Z g MMy Z Symmﬁm?*eStd

m1,mo2=0 =0
m-+£
— Z (Zq (m+20)s1 Z qm2(81 s2)> tr (SymmStd)
mo={

ZOO 4 (m + 1) (SymmStd) fOI' S1 =89 = S;

m=0 1— q—29

N { > om0 ((1ngsj521)1(17i553(5811+5522))) tr (Sym™Std) for s, # ss.

The Casselman-Shalika formula tells us
Sat_l(SymmStd) * 1N\G(0F) = q_% Iy, k-

Therefore,

—m(s+3)

Z;O:O ql_v(m + 1)1;[;7”}( if S1 = SS9 = S,

iL(Stds - m(s1+4 m(sg+5
s 1)(Std132) o) —m(s1+35)_ —m(s2+3),s1—s9 .
q q q
E :m*O (I—g"1—2)(1 q7(51+52)) 1$ K lf S1 7& S9.

15
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According to [Sak13a, Section 6.3], we have that

g 0 —1 d
fows (o G 5) ) o
1if [¢] = q¢™

_ —1 if [¢|=¢™%m>1;
67 g (24 27Y) do it Jg < 1m=0.

Combine all these, in the case that s; = s, = s, we have

&0
JL(Std,s1)L(Std,s2) 0 1

€l dx¢

€772 ((1 = g727V) log, [¢] + (1 — 3g™>7) ) rofgl> 1
=(1-¢?) ' 1-g>)" —2¢—*72 for [{]=¢""
€17 S (gmﬂ) dr for |¢]<q

And in the case that s; # s9, we have

0
JL(Std,s1)L(Std,s2) ((g 1)) - . 1
€[ axe =1 =) A=) (1 - g7
|§|—sl—%(1 _ q*281—1)) _ |§|_52_%q31_32(1 — q*23271) for €| > 1;
—qmta) g glseta)gmmse for |¢| =q!

(1 - q51_82)|£|_1 f|z|2:|§‘ dj_l (% + SU_I) dz for ’g‘ < q_l

O

Proposition 2.3. Let G = SLy and p = Ad be the adjoint representation of PGLy(C). For
the L-value L(Ad,s), we have the following explicit expressions of the basic vector:
© qu(5+l)
(I)L(Ad,s) = 1_ q_2$ 1me7

m=0

f .
wp 0 B 0 if €#m;
Lo (”( 0 wgf) ’“) - { ¢(n) if =m.
Heren € N and k € K. And

fr(ad,s) ( (g C91) )

[¢[2d*¢

where

I (1 —q>7h) for ¢ =15
. =21 _ —25\—1 1
=== {|<|—1J;eﬂ+ppw‘1 (=57) de for 1<

Proof. Let py be the descent of Sym**Std of SLy(C) to PGLy(C). Then according to [Rud90],

we have
Sym™Ad = Z Pk

k<m,k=m mod 2
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Therefore,

1 - —ms m - - —KS

m=0 m=0 \k=m,k=m mod 2
> —ms
m-
1 q—23
m=0

Using the Casselman-Shalika formula again, we have

Sat_l(pm) * 1N\G(op) = q_mlgng.

Therefore,
© _—m(s+1)
q
Dpads) = E fpp=r Lo, K-
m=0

Similar to the computation in [Sak13a], it is easy to see that

/lemK (w (g C(L) n) Y~ (n)dn
Lif [¢] = q™;

= —1 if [¢|=¢™"\m>1;
|C|_1 fx€i1+pF w_l (:HTI_) dz lf |£| < 1,m =0.

Combine them, and we have

fL(Ad,s) ( (g C(_)l) )

[CI?dx¢

(I =g for ¢ > 1;
R A T A | —1
e {|c|—1fmeﬂ+w*(%) da for ¢l <q™
U

2.2. e-Hermitian modules, unitary groups and Weil representations. Let V and W
be two right D-modules, which are finite dimensional over F. We will denote the set of right
D-module morphisms by

Homp(V, W) :={T:V - W | T'(via + veb) = T'(v1)a + T(v2)b, Yvi,v2 € V,a,b € D}.
If V=W, we will denote this set by Endp(V). Set GLp(V) to be the set of elements 7" in
Endp(V) such that T is invertible.

Definition 2.4. Let e = +1. We say that (V,B) is a right e-Hermitian D-module, if V is a
right D-module, and B : V x V — D s a map such that
(1) B is sesquilinear, i.e., for all vi,ve,v3 € V, a,v € D,
B(v1, vaa + v3b) = B(v1, v2)a + B(vq, v3)b

and

B(via + v9b, v3) = aB(vy, v3) + bB(ve, v3).
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(2) B is e-Hermitian, i.e., for all vi,vy €V,
B(vy,v9) = eB(vg,v1).

(3) B is non-degenerate.

We call B an e-Hermitian form. Usually, 1-Hermitian D-modules (resp. forms) are also
called Hermitian modules (resp. forms), and —1-Hermitian modules (resp. forms) are called
skew-Hermitian modules (resp. forms).

Given a right e-Hermitian D-module (V,B), we write
U(V,B) := {g € GLp(V) | B(gv1, gva) = B(v1,v2), Yv1,v2 € V}
for the unitary group of (V,B). Then U(V,B) acts on V on the left. When B is clear from
the context, we will also write U(V) for simplicity.
Given a right e-Hermitian D-module (V,B), we can construct a left D-module V together
with B : V x V — D in the following way: as a set, V is the set of symbols {v | v € V}.
Then we give V a left D-module structure by setting, for all v;,v, € V, a € D,

U1+ = VU1 + Vo, av = ﬁ,
and o —
B:VxV—D: (v,03) = B(vg, v1).
Let us briefly recall the classification of (skew-)Hermitian modules and the corresponding
unitary groups.

Example 2.5. If D = F, the Hermitian D-modules are classfied by the non-degenerate
quadratic forms over ¥, which are determined by the invariants: the discriminant disc(V) €
F*/(F*)?, the Hasse-Witt invariant ¢(V) = +1, and the dimension dimp(V). For more
details, see [SerT3]. In this case, we have U(V,B) = O(V,B). When V =F", and B is given
by

Ty Y1 n

F" x F" L =Y il

T Yn =
we call it the standard Hermitian model of rank n over ¥. When n = 2m + 1 is odd, we will
add one more T, 1Yms1 for the purpose of the paper.

The skew-Hermitian forms are classified by non-degenrate alternative formrs over ¥, which

is unique up to isomorphism, see (GW09, Lemma 1.1.5]. For the purpose of this paper, when
W =F2, and B is given by

F2xF? 5 F: T , v = T1Ys — Tol1,
X2 Y2

we call it the standard skew-Hermitian model of rank 2 over ¥. We also write e := ((1)) and

f= (?) , and call W = eD + fD the standard polarization.

Example 2.6. IfD =F x F. Since V is an F x F-module, and hence has the form V x VV,
for some F-vector space V and its F-dual space VY. Up to isomorphism, any Hermitian
D-module is isomorphic to the one defined by

B: ((1)1,1)1/), (U%v;/)) = (<U1av¥>> </027/U¥>) eD=FxF,
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where (-,-) : V.x V¥ — F is the canonical pair between V and VV.
In this case, it is easy to see

U(V,B) = GL(V),

9
0

a basis of V and its dual basis, then V. =F" and B is given by

where the embedding is given by GL(V) 3 g — ( tgo_1> in terms of matrices. We also fix

T n &1 G n n
- ) - (zxig,zy@) |
i=1 =1

Ty, Yn én Cn

We call it the standard Hermitian model of rank n over F x F.
Similarly, any skew Hermitian space is of the form W = W x WY with

B: ((wlaw¥)7 (wQaw;/)) = (<w1aw¥>a _<w27wY>) eD=FXxF,

up to isomorphism. Then U(W,B) = GL(W) as well. In the special case that W =W x WV
for a two dimensional vector space W over F, we have UW,B) = GL,. Choose a basis
{e1,e2} of W and its dual basis {e], ey} € WY, and let

€ = (6176;/)7 f - (_6276\1/)>

then we have B(e, f) =1 and B(e,e) = B(f, f) = 0. We call W the standard skew-Hermitian
model of rank 2 over F x F and W = eD + fD the standard polarization of W.

Example 2.7. If D = Maty(F). According to the structure theory of simple central algebras,
V has the form

FQ@FQGB"'@Fngn@FFQ,

where we view F? as the space of row vectors, and Mato(F) acts on the right.
Let B be an e-Hermitian form on V, then B defines a map op : Endp(V) — Endp(V),
which 1s called the adjoint involution, characterized by

B(v1, f(v2)) = B(os(f)(v1),v2), V1,02 € V. f € Endp(V).

This map B — og is a one-to-one correspondence between e-Hermitian forms on 'V up to a
scalar in F*, and involutions o on Endp(V) such that o(x) = x for allx € F. See [KMRT98,
Chapter 1, Section 4 |. Accoding to the Schur-Weyl duality, we know Endp (V) = Endp(F") =
Mat, (F), acting on V = F" @ F? on the left. Then the e-Hermitian forms are classified by
convolutions on Mat,, preserving F.

Let us consider the special case that V.= D", where D acts on the right. Consider the
Hermitian form

B:D"xD" = D: (21, Zn), (Y1, n)) = Y Tithi
=1
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If we identify D = F? @p F2, and D™ = F?* @p F? as above, then the above form is given by

U1 w1
® (l’l,IQ), ® (ylayQ)
Von Wanp,
J w1
’—)(017"' 7'0271)' : 'J_l (i;) (yl:yQ)a
J Wan
where J = (_01 (1)> At this time, we have U(V,B) = Sp,,,, where Sp,,, is defined by the

symplectic form given by diag(J,--- ,J), and Spy, acts on D" = F?" @ F? on the left. And
we call it the standard Hermaitian model of rank n over D.
Another special case is that W = D?, and consider the skew-Hermitian form

B: D’ xD* = D: ((21,72), (y1,¥2)) = T1y2 — Tays-
Then identify D = F? @p F2, and D™ = F?" @p F? as above, this form is given by

U1 w1y
® (z1,m2), | ¢ | ® (y1,%2)
Uy Wy
wy
= (vg, -0, 0g) <_OJ g) o R (2) (y1,Y2),

Wy

and hence UW,B) = O4. Let e = (I,0) € D? and f = (0,1y) € D?, then we have
Be, f) =1, and B(e,e) = B(f, f) = 0. In this case, we call it the standard skew-Hermitian
model of rank 2 over D.

Let (V,By) be a Hermitian D-module, and (W, Bw) be a skew Hermitian D-module. On
the F-vector space V ®@p W, one can define an alternating form B by setting

B(v; ® wi, vy @ wy) := 7(By(vy, v3) - By (wWs,w7)) € F
for vy, v € V and wy, wy € W. Let
Sp(V @p W, B)
be the symplectic group for the above alternating form. Moreover, there is a natural map
U(V,By) x UW,Bw) — Sp(V®p W,B) : (g1,92) — (v QW > g1v ® Go).

Let H = H(V ®p W) = V®p W x F be the Hsisenberg group associated with V ®@p W.

Assume now V is the standard Hermitian model of rank n over D, W is the standard
skew-Hermitian model of rank 2 over I, and V ®p W = X @ Y be the complete polariza-
tion that corresponds to the standard polarization W = eD & fD. Let (wyx v, F(Y)) be
the Schrodinger model of the Weil representation of H. According to Stone-von-Neumann
theorem, for each g € Sp(V ®p W, B), there is an isomorphism M = M(g) € GL(F(Y)) of
F(Y) such that

M o wd,’x’y(h,) = W¢’X’Y(gh) oM.
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Define
Mp(VRpW)$ 7y == {(g, M) € Sp(V&pW, B) x GL(F(Y)) | Mowyx v (h) = wyxy(gh)oM}.
Let ¢4 : Sp(V @p WB) x Sp(V @p W, B) — s be the Leray cocycle, and define
Mp(V ®p W)y := Sp(V ®p W) x C!
as a set but with group structure given by the Leray cocycle czgé, namely
(9.2)- (¢ %) == (99’ %(g,9)2").

Let r = rx y be the standard Weil operator; then we have the Weil representation

wy sy : Mp(V ®p Wiy — GL(F(Y)) : (g, 2) + 2r(g),

and the action of Mp(V ®p W)Sfx is explicitly described as follows: for any ® € F(Y), and
y € Y, we have for

[ ]
1
wyxy (9,1) @(y) = |det g|3P(g~'y), Vg € U(V,By),

where |detgly = 1 except when D = F and U(V,Wy) = O(V), in which case
| det g|y = £1 depending on whether ¢ is in SO(V) or not.

°
wyxy (1,2) B(y) = 2®(y), V2 € C.
For the action of U(W,By), it is given as follows:
e For D = F, we have U(W, Byw) = SL», and

e ((g gol) ’1) D(y) = || @(¢y), Ve € B,
Wi XY ((é "f) ,1) B(y) = (%) ®(y), Vu € F,

0 —1 .
s ((§ 7)) 1) 200 = [ @0 Blo)ar
A%
e For D =F x F, we have U(W,Byw) = GLs, and

—= ® (y(t1,8,")), Vi1, ts € FX,

Wy Ky (((1) 3‘) ,1) B(y) = 1) (M) o(y), Vu € F,
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e For D = Maty(F), we have U(W,Bw) = Oy, and

sore ((§ 0) 1) 0@ 7) = Blug @ ), ¥y € SLa(F) € .

tt 0 0 0
0 t, 0 0 - dimp v t1 0\ _ -
Wa X, Y 0 02 t;l 0 ,1 q)(U@f):‘tth’ e (I)(’U (01 t2>®f>,vt1,t2€F><,
0 0 0 t*
1 0 u O
010 u n-17(Bv(y,y
s | [0 o 3 o] 1|2 =v (“TEED Y ap), e,
0001
00 -1 0
e | (10 0 o 1] 0w = [ 2@e (B de
X, 10 0 0 .
01 0 0

For more details, see [GKT25].

In the following, for simplicity, write wy, := wy xv. In order to analyze the Hecke algebra
action, the following remarks on the splitting are in order. In the case that D = F and
dimp V is even, according to [GKT25, Theorem 11.6], the map

SO(V) x SLy — Mp(V @p W) : (9.h) = (9@ h, 1)

is a splitting of SO(V) x SLy to Mp(V ®p W)gx, hence the Weil representation is an honest
representation of SO(V)x SLy by restriction. The same holds for the case when D = Mats(F).
In the case that D = F xF, this map (g, h) — (g®h, 1) is also the Leray splitting according
to [GKT25, Proposition 12.21].
The only non-trivial case is when D = F and dimg V is odd. In this case, let
SLy = Mp(W)£2 := Sp(W) x s = SLy X i
as a set, with group multiplication given by

(91,€1)(92, €2) = (9192, €1€2¢x(91, 92)),
where cx is the Rao cocycle. In the case of SLs, recall that we have the Rao function

a b o if c¢#0;
*We d)) =V d if c= 0,
and the Rao cocycle is given by

cx(91,92) := (%(91), x(92))r (=x(g1)%(92), x(g192) ¥,
where (-, -)r is the Hilbert symbol of F. Note that this cx corresponds to the a used in
[Jac87]. Then we have a group homomorphism [GKT25, Theorem 11.6]
SLy — Mp(V ® W)5x : (g, €) = (1® g,ev(x(g), 1)~ ™) (x(g), det V)p),

dimp V—1

where det(V) = (=1)" 2z — and (-, ¢ 1 ) is the normalized Weil index as in [GKT25, Section
3.3]. Following [Jac87], we employ the normalized cocycle 3 for the metaplectic group as
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defined in [Jac87]. To avoid confusion, we introduced the following notation to distinguish
it from the conventions used in the previous sections. Write

as a set, with multiplication given by

(g1, €1)(92, €2) = (9192, €1€28(01, 92)),

b
where (g1, g2) = 04(91,92)3(91)3(92)3(9192)_17 and for g = <(Zi d)’ we define

N otherwise.

,d)p if ed # 0 and val(c) =1 d 2;
s(g) _{ (c )liﬂ if ed # 0 and val(c) mo

In this case k +— (k,1) is an isomorphism of SLy(or) onto a subgroup K’ of Mp,. And

Mp, — SL, : (g,€) = (g,€s(g)) is a group isomorphism. We view SL, as a subset of Mp,
via g — (g,1). Let H(Mp,, K’) be the spherical Hecke algebra of Mp,, which consists of K’
bi-invariant functions with compact support. Then there is an isomorphism

H(PGLy, PGLy(0r)) 2 H(Mpy, K') : b+ 1.

as fixed in [Jac87, Section 2|, which we review in Section 7.3 for the reader’s convenience. We
will identify U(W, Bw) = SLs as a subset of Mp, using the set-theoretical section g — (g, 1).

Remark 2.8. For the sake of clarity, we provide a brief comparison between our notation
and that employed in [Jac87). The additive character v used in [Jac87| should be ¥_s(x) :=
(—2x) in our notaion. We take e =1 and n =1 in [Jac87]. Note that the normalization
of the Weil constant in [Jac87| differs by a factor of —2 from the convention adopted in
[GKT25]. So the Weil constant in [Jac87] is 7(-,1&(72)(7% ) = v(-,%) in our notation, and

the u function in [Jac87] is still v(-,¥)(-, —1)p = v(-, %)~
For U(W, By), write

)
(5 &) icer) oo
{(% to)’tl,tgeFX if D:FXF,
L 2
1= €00 0
o0 U [1eer ) it D= Maty(F).
L L\o oo ¢
( 1 u
{(0 ) |u€F if D=F, FxF;
e
00 1 g lueF % if D=Maty(F).
000 1
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We identify N with G, in the obvious way. And finally write

)
0 -1\ .
Q O)lfD_EFxR
o 00 -1 0
- 00 0 —1]| .
Lo o ol if D=Mat(F),
01 0 0

\
3. TRANSFER OPERATORS FROM WEIL REPRESENTATIONS
In this section, let (V,By) be the standard Hermitian model of rank n and (W, By)

be the standard sekw-Hermitian model of rank 2. Fix the following vy € V such that
T(Bv(ﬂo, ’Uo))

=1ekF:
5 S
( 1
0
|l eF if D=F;
0
1
0 0
UOI:< O 0 .
A, eVxVV=F'"xF" if D=FxF,;
1 1
0
| eDr if D= Maty(F).
\ I

Set

Then X is a closed subvariety of V.

Lemma 3.1. U(V) acts transitively on X. Moreover, let
vy = {v € V| By(v,v9) = 0}.

The stabilizer of vg in U(V) is U(vy), where the Hermitian form on vy is the restriction of

By to vy x vy . Therefore, we have

SOn/SOn_l if D =F;
X = GL,/GL,—; if D=F xF;
Sp2n/SP2n72 if D= Mat2(F)'

Proof. Let us prove it case by case.

(1) If D = F, it is Witt’s theorem. See [Ser73, Chapter 4]. In this case, we have
U(V) = O(V,By) and U(vg) = O(vg, By), where we still write the restriction of By
to vy X vy by By. Since we can always find some element g € O,, \ SO,, such that
gug = v, SO, acts on X transitively as well.
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IfD=FxF, and V=F" x F", then we have
X = {(Uavv) €F" x F" | B((’U,Uv), (U,UV)) = (<U’Uv>’ <U7UV>) = (17 1)}
={(v,v") € F* x F" | {(v,v") = 1}.
For simplicity, write e; € V = F" for the standard vector with 1 in the i-th component
and 0 otherwise for 1 <1 < n. Write {e/}"; C V¥ = F" for the dual basis, which can

be identified with {e;}! ; since we identify V¥ = F" via the standard pair between
F" and F". For g € GL,, if ge,, = e,, then g is of the form

x .-+ x 0
¥ - x 0
S |

1

Similarly, ‘g~ 'e’ = e,/ implies that g is of the form

Then g(en,e’) = (gen,tg7teY) = (en,e)) implies that g € GL,_; = GL((eY)*) =

n

U((en,e’)*). As for the transitivity, suppose (v,v") € V such that (v,v") = 1. Let

n
{e}, -+ ,e,_,} beabasisof {w € V| (w,vY) = 0}. Let g € GL,, be such that ge, = v
and ge; = €, for 1 <i <n —1. Then we have for any 1 <i<n—1
<€;7t97167\i> = (97162,‘9%) = <eia6x> =0,

and

v,'g 7 ey) = (970, ep) = (ems€y) = 1.
1

0 0
If D = Maty(F), write vy = 1 ® (1,0) + 0 ® (0,1) under the isomorphism

0 1
D" = F?" @p F2. Once we identitfy U(V) = Sp,,,, then the stabilizer of vy is
0 0 0 0
cs 2 I 7 3 I —Sp, ..
9 €8P 9| A 0 D2n—2
0 0 1 1

which is exactly U(vg). To see the action is transitive, note that any v € V can be
written as the form v; ® (1,0) 4+ vy ® (0,1), and

J
B(v,v) = "v; V2,
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J
it suffices to show that for any vy, v, € F?* such that ‘v, vo=1, there is
J

some g € Sp,,, such that

0 0

g 1 =1, g 6 = vy.

0 1
According to [Jac74, Section 6.1], we can extend {vy,v2} to a basis {vy,vq, -+, v2,}
of F2" such that the symplectic matrix with respect to this basis is also given by

J
J

Write e; for the i-th standard vector of F?* with 1 in the i-th entry and 0 otherwise.
Consider g € GLy, such that ges,_1 = v1, ges, = v9, and ge; = v;_5 for 3 < 1 < 2n,
then we have g € Sp,,,.

O

There is a natural restriction map
res : F(V) = F(X),

which is surjective since X < V is a closed embedding. On the other hand, for any g €
U(W,Byw), g acts on F(V) via the Weil representation. Write

Q:F(V) = C*(U(W,Bw)) : ©— (g — wy(g)P(vg)).
The first easy lemma is

Lemma 3.2. Given a function ® € F(V), the following regulized integral

*

(3.1) T(P)(t) := /N Q@) (wtu)p ™ (u) du = kEI—Poo . Q@) (wtu)y ! (u) du

stabilize for sufficiently large k and t € T, where we identify N with G, in the usual way.
We denote this space of such functions by
Orbv(T)

Proof. First note that Q(®)(wtu) differs wy,(wW)wy, (t)wy (1) P(vg) only by a factor of ¢, so let
us consider

Jim [ ot @)y () du

in the following.
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Note that for any k € Z, we have

LB @) )
= [, [ e Bt ) do v )
= [ [t ( LB ) o ol o) o 07 ()

u-7(By(v,v))
2
change the order in the integration. Moreover, in all cases, it can be checked easily that

there are z(t),y(t) € F*, n(V) € Z and a smooth map z : T x V — V such that

oty (T o) = oy (ORI g, ),

Since v — wy ()Y ) ®(v) is a Schwartz function on V, we are allowed to

2

Then the above integral becomes

/V OO (=(t, )Y (7 (By (v, 1)) / ¥ (u (W _ 1)) dudo.

—k
bp
Note that the inner integral

is non-zero only if

MO ¢ a1+ v,
in which case, we have
/p;k o (o (RO 1)) g, g
7(B(w, w))

Consider themapV — F : w — , which is a submersion outside the zero vector.

According to [Igu00, Chapter 7], the Haar measure dv on V and dz on F induce measures

|w,| on each fiber
V., = {UEV|—( (;) .v)) 290}7

[ [ sonae

Then the desired integral is

& / yOPDB(=(t, 0)) (7 (By (v, v))) do
veV 7(B,v)) cz(t) (1+p’§)

such that for any ® € V,

= qk/ ly(@)" @ (=(t, v)y ™ (7(By (v, v))) lws(v)] da,
2(t) = (1+pg) J Ve
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and since @ is locally constant of compact support, when k is large enough, over z(¢)~!(1 +
pr)¥, we have

/ ®(2(t,v))Y " (T (By (vo, v))) |wa (v)] =/ O (2(t,v))Y " (r(By(v0, v))) w1 (V),

T Vz(t)—l

and hence

¢ e ) By o) o)l da
()" (1+p ) Ve

= Iw(t)l_lly(t)l"w)/ O (2(t,v))¥ (7 (Bv (vo, v))) lwan-1 (v)].

Vz(t)*l

Now consider the U(vg)-invariant morphism
X —=D: v+ B(vg,v).

For any x € D, the preimage of z is

XI:{?}EXlB(UO,’l))Ix}:{.’BUO+U|UE’U(J)',M:1—V({B)}.

Outside DY := {z € D | v(z) = 1}, the map X — D is a submersion and by Lemma 3.1
again, U(vg) acts transitively on X,. Write X* to be the preimage of DV, then we have

XY /U(vg) 2 DY,

The following lemma is well-known for experts, but we also include the proof here for
completeness.

Lemma 3.3. (1) When D =F,
7:X 280,/S0,_; — A
can be identified with the canonical quotient map
S0,,/S0,,_1 — 80,1 \ SO,,/SO,,_;.
(2) When D =F x F, X — D induces morphisms
GL,/GL,_; —— A?
| I
PGL,/GL,_; —— Al
and 7 can be identified with the canonical quotient map
PGL,/GL,_; — GL,_1 \ PGL, /GL,,_;.
(3) When D = Mats(F), X — D induces morphisms

SPs,,/SPgy, o —— Maty

1 e

SPon/SPan_s X Spy —— Al
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and m can be identified with the canonical quotient map

SPoy,/SPay_o X SPy —+ SPy,, o X SpPy \Sp2n/sp2n—2 X Sp,.
Proof. Write

(80,50, 1) if D=F:
(G,H) = (PGL,,GL,_;) if D=F xF;

And X = G/H temporarily in this lemma. It has been proved in [Sak21] that we have an
isomorphism

H\ G/H = Ax / Wx,

where Ax is the universal Cartan of X and Wy is the little Weyl group, which acts on Ax by
inversion. Therefore, in all cases it suffices to show that the restriction of 7 to the universal
Cartan is a generator of F[Ax]Wx. Write B for the Borel subgrou pf G consisting of upper
triangular matrices in the case that D = F and F x F, and let B be the Borel fixing the
complete anisotropic flag of {{e;} C {e; +e3} C --- C {e1 + -+ + eay_1}} in the case
D = Maty(F).

For (1), we first claim that Bvy C X is an open B-orbit. In fact, it is easy to compute that
the stabilizers of vy in B are of the form

OO =
o O
_ o o

where ¢ is an element in the Borel subgroup of SO(n — 2). Then, when n = 2k is even, we
have

dimBuy = k* — (k — 1) = 2k — 1 = dim X,
and when n = 2k + 1 is odd,
dimBvy = k(k+ 1) — (k — 1)k = 2k = dim X.
Then the universal Cartan can be identified with

Ax = {diag{t,1,--- ,1,t7'}},

and the restriction of 7 to diag{t,1,---,1,t  }vg is exactly ¢ +¢ 1.
1 0 -1
For (2),let zg:= |0 I,_o 0 |, similarly one can easily compute that
1 0 1

dim Bvg = 2n — 2 = dim X,
then we can identify the universal Cartan as

AX = xal{dla’g{ta 17 Ty 17 1}}%0,
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and the restriction of 7 to x;'diag{t,1,--- ,1, 1}z is
N R (N (-
0 0 0 0
B ' ' ' , _ t+1 1+1 ottt 42
T : ) : ) : ) : BACEE or " 9) " 1 .
0 0 0 0
1 1
1 3 1 3
-1 0 0 1 0
0 -1 0 01
For (3), note that xy = i 0 0 Iy,4 0 O] isin the open B-orbit since xy sending
1 0 0 1 0
0 1 0 01

the subspace generated by {e,, f,} to the space generated by {e; + e,, fi + f.}, and the
stabilizer in B preserving the space generated by {e; + e, fi + f.} has dimension n? +n —
(4n — 4).

If we identify the universal Cartan as xy'diag{t,t=1,1,--- , 1}mo, then it is clear that the
restriction of 7 is given by

1 t=1 0 10 t+t 142
(0 D))=

According to [Igu00, Chapter 7] again, the measure |w;| on X = V; and the Haar measure
on ID give rise to measures |y, | on fibers X,.

g

Definition 3.4. Let ® be a Schwartz function on X. We define its orbital integral with
respect to the action of U(vgy), which is a function on DY, to be

fX4z,2 D(v)|ppgz—2(v)| forD=F and dimp V=1 mod 2
fxm P (v)|p(v)] otherwise.
We denote this space of orbital integrals by F(X).

B(vg, v 1
(vo, ) + —, as our coordinates in the case D = F and dimp V

I(@):D”axH{

Remark 3.5. We choose x =

1s odd, to make it compatible with the coordinates chosen in Theorem 1.1.

Proposition 3.6. The morphism F(V) — Orby(T) factors through
F(V) = F(X) = F(%),

i.e., we have a commutative diagram

F(V) ——— Orby(T)

lres

F(X

&

)
F(X)

Moreover, the morphism T : F(X) — Orby(T) is given by the following formulae:
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(1) if D=F and dimg V is even, we have
~ 0 _ dimp V _ _
10 (§ ) =1 [ st as
FO
(2) if D=F and dimp V is odd, we have

10 (§ ) =l o (Z) [ oo ac o) as

(3) if D=F x F, wez have
t_l

(6 )=l

(4) if D = Maty(F), we have

~ dimp V -1
T lo ot o [ et (1)) e
0 0 0 &

Proof. When D = F and dimg V is even, this is [GW21, Proposition 11.1]. We also include
the proof here for the reader’s convenience. Let ® € F(V), for any integer k, we have

4
/(;1 F)@ gb(l‘l, $2)1/J_1(t2$1 + tl_ll'g) dl‘l dl’g,
X

= /p Nisn /V ¥ (M) B(Co) (B(vp, v)) dv - ¥~ (u) du
= [¢[7 /V D(0) (B(vo, ¢~v)) /p;ﬁ” (u (B@Q’“) _1)) du do.

Note that
/ ¥ u B0,o) ) goo{ & 552 el+pt
pok 2 0 otherwise.

F
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Then, when k is large enough, we have

[ atmstin (5 1)) w0 au

: / () (Blvo, ¢~0))un ()

— ¢
// ) e () (') da

[ Tes(@) (@ (¢ ) da

= (¢~

In the case that dimp V is odd, using our coordinate, we have

10 (§ %) =i

* [ Ttres(@) @) (¢ = 2) da
(el v () [ Toes@) @ ag e da

ty O
0 t

/ Wy (Wt <(1) 11L>> D(vo)yp~" (u) du
/ /wa ((t()l ti) ((1) 11L)>(I)(U)iﬁ_l(7(1133(”()7U)))dU'@D_l(u) du

Write V = F™ x F™ and its elements as (v,v"), then we have

When]D):FxF,forée}"(V)andt:( )GT,Wehave

c‘“((tol 2) (3) Tf)>@<<vavv))= i—ldm;ﬂw(n<t1v,t51vv>)¢>((tw,tglv

2

hence

/ o (wt ((1) "f)) B (v0) " (u) du
/k foeliol ¥

v, v )@ ((v,0")) - T (B(vo, (110, 20)))) dudv” -

t2 pok

Since we have

/pkib(u(@,vv) —1)) du= { QS if (v,vY) 6.1 +pk

otherwise,
F

/ (0,0 (1 0 ) + {en t20¥)) | W (u((,0") = 1)) dudode’
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hence when k is large enough,

/ka “ (Wt (é 1{)) ®(vo)yp () du

b * /Xq><<v,m>w1<<tsv,ex> + (e, t20"))wn (v, 0)|

by ® / T(res(®))(zy, 22)0  (towy + 17 22) day das.

(FxF)©

If D = Maty(F), for @ € F(V) and t = € T, we have

o O O
oo = O
o= OO
o o O

5 1

,j,Wt

1
= szy(

Since we have

wy (tu) ®(v) = [¢]

e (17 (o (oG 1) 6 1)) o(o(5 1)),

v 2

then

Lo (e (5 1)) wewwtaan
L (oo (5 )
e e ( (s (5 1)) N (o (P 1) ) e

Again

.r T(By(v,v
(8 ) (2522
pok 2 0 otherwise,

F
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when £ is large enough,

Lo (w5 1)) #owwtoan
— 1 [ e (- (B () 9))) ko)
P /M . T(res(®)) ()i (T (:c (5; ?))) dz.

To facilitate a comparison with the transfer operators established in Theorem 1.1, we
examine each case in detail. We begin with the case D = F, which is the most direct. Let
S(X) = F(X)dz and Sy(T) := Orby(T)|¢?| d*¢ denote the respective spaces of measures.
Retaining the notation T for the extension to S(X).

0

Proposition 3.7. In the case where dim'V is even, let T denote the transfer established in
Theorem 1.1. Then, on the space of push-forward measures, we have the identity

ToT = Id.
Proof. According to Proposition 3.6, for ¢ € F(X), we have

(3.2) T(@)(¢) = [¢|~ / S@)~H(¢Tra)de = (|- [T 1o Fy(9))(C).

O
Proposition 3.8. When dimg V is odd, we have
_ 2 . .
ToT =900 (2) - (1 Fookuorol-1) (3).
Proof. The result is also a direct consequence of Proposition 3.6. (l

Next, consider the case that D = F x F. Consider the following G,,-action on A?:
2(x1,29) := (221, 271 22), V2 € G, (21, 72) € A%
It is clear that A? | G,, = Al via the map (1, x2) — z175.
Lemma 3.9. For any ¢ € F(X), x1,29 € F* such that x129 # 0,1,

d(z  wy, 220) dz
Gm

18 absolutely converget.

Proof. Let ® € F(X) and ¢ = Z(®). Note that for fixed (z1,75) € (F x F)¥ such that
x1x9 # 0,1,

¢z oy, z20) £ 0
only when the support of ® has a non-empty intersection with X(,-1,, .4,). Since the support
of ® is compact, and X — F is a submersion away from 0, 1, the integral

d(z 7y, za0) dz
Gm

is actually over some compact subsect of F*, hence is absolutely convergent. 0
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On the other hand, consider the center integrals of elements in Orby(T), we also have

Lemma 3.10. For f € Orby(T),

LG D6 )

1s absolutely convergent for & € F*.

Proof. According to the proof of Proposition 3.6, the choice of k in the regularized integral
is independent of ¢ and only depends on the function ®. Let us fix such a k. We first claim

that when |z| is large enough,
§ 0\ [z 0V) _
/ ((0 1)\o 2)) ="

In fact, we may assume f = 'ﬁ'(qb) for some ¢ = Z(res(®)), and =P, ®--- P, @ V; @ ¥,
is a pure tensor. Then we have

(616 Y)
/ [ R R AE IR ERL AR X%
(g1, xn+zyn)dx1 - dz, dys -+ dyn - () du
/ e s (1) () - Fyet (1) () (B) (62 )

Ui(y1) - W (Y)Y (2yn) dys -+ dynw_l(U) du.
For fixed &, when z is large enough, we have Fy-1(®,)(§ 271 — uy,) = Fy-1(P,,) (uy,), and

/FFw1(q)n)(_§_lz_1+uyn)\11n(yn)¢ Zyn dy, = /Fdz 1 uyn \Il (yn)w_l(zyn) dyp.

F
It is not hard to see that when |u] < ¢*,

/F F e () () W (5) " (29) iy = 0

when |z| is large enough. Similarly by changing z to 27!, we see

(606

when |z| is small enough, hence

LG 06 D)

is absolutely convergent for & € F*.

Definition 3.11. (1) For any ¢ € F(X), and x € F\ {0, 1}, write

0= [ olen 0 as
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We will use F(X) to denote the space of such functions and S(X) := F(X)dx.
(2) Let Orby(T) be the space of functions obtained from Orb(T) by taking integrals over
the center, namely, they are functions of & € F* of the form

f(€) = /mf(<g (1)> (g 2)) dz, f € Orby(T).

Write Sy(T) := Orby(T)|¢| d*€.

Lemma 3.12. We have a commutative diagram

F(X) —— Orby(T)

l l

S(X) — Sv(T),

where the bottom arrow is given by
T:|-|"201t0Fy0]|-|oroFy,

in the sense of measures.

Proof. Let ¢ € C*(F*) be a test function, and f = T(¢) for ¢ € F(X), then we have

(Fro) = / F(6)ele) de.

Using Fubini’s theorem, we have

~ n dz
= ~% = “121g) dé de—p(€)d
Feor= [ [ [ ot tea + et e de et de
n d

= [ eee i € )k dde e

Fx J(FxF)? 2|

n d

[ el R oo ) der e

Fx J(FxF)® 2|

AsFy(|-|720 10| 2¢) vanishes near 0 and oo, we can apply the Fubini’s theorem again

to obtain

~ n d
Feor= [ o6 [ Rl orel e ) g 6 ey

= (@.Fyol-[Poro|-[oFyo|-[Porol-|["Fy).
Note that for a measure p and a test function ¢, we have

(t(m), ) = (| - 172 0 (),
hence

(¢, Fyol-[Povo] [T oFyol-[Poro] | Fyp)

= (|~|*%oLoIF'¢o|-|*10L0F¢,g0>.

Proposition 3.13. Let T be the transfer operator in Theorem 1.1, then we have
ToT =1d
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Proof. This is a direct consequence of Lemma 3.12. 0

The last case is when D = Maty(F). Consider the action of SLy on Maty by left or right
multiplication. Then according to [GW09, Theorem 5.3.3], Mat, / SLy = A! via g — det g.
Write S(X) := F(X) dx for measures on Maty(F)¥ by multiplying an additive Haar measure.

Lemma 3.14. For ¢ € F(X), and z € F\ {0,1},
o= o0 5)e) o

Proof. This is similar to Lemma 3.9. U

15 absolutely convergent.

In this case, we have to make some modifications to the transfer operator T. Now, consider
the embedding

0
SL2<—>SO4:gn—><g g).

Consider the adjoint action of PGLy on gly = Maty(F), which is equipped with the quadratic
form given by the determinant. The ordered basis

{00606 5000

gives an embedding PGLy — O4 such that

and

We also identify PGLy with its image in O4. Note that PGLs, normalizes SLy. Then, let us
consider the function

Q(®) : PGLy, — C

gH/SL Qyu(®)(99") dg'.

For ® € F(V), replace ® by wy(g)® for g € SLy in Proposition 3.6,we have

€00 0
/N%(W)ww 8 (1) (1) 8 wy (w)wy (9) P (vo)t™ (u) du
000 ¢t

= [ see@)@ (- (w7 (5 1)) = B0ren
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where ¢ = Z(Res(®)). Denote the space of such functions by Orby (T x SL,).

Lemma 3.15. For ¢ € F(X),

/S ()69

is absolutely convergent for & € F*.

Proof. Let ¢ = Z(res(®)) with ® € F(V). Assume K’ C K = SLy(op) such that wy(k)® = @

for any k € K'. According to the Iwasawa decomposition, we have

/ T@)(e.o)do = [ [T (5, ((1) f) (75‘ mo_l) k) ml e £

= > ) [ Ao (6o 1) (5 ) Im e

ki €K/K’

where ¢; = Z(res(wy(k;)®)). For simplicity of notations, replace ® by wy (k;)®, it suffices to
show that

Joo TG D) (5 as)) e

is absolutely convergent.
Note that we have

00 -1 O E 00 O 1 0 v O 1 2 00 m 0 0 0
00 0 -1 010 O 01 0 u 0100 0 m™* 0 0
10 0 O 001 0 0010 0 01 =z 0 0 m O
01 0 O 000 ¢! 00 01 0 001 0 0 0 m!
1 &2 0 0 00 -1 0 E&m 0 0 0 1 0 u O
{0 1 0 O 00 0 -1 0 m™t 0 0 01 0 u
|10 0 1 & 10 0 O 0 0 m 0 001 0)”
0 0 0 1 01 0 0 0 0 0 &lmt 0001
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then

€00 0 10woO\/lLa200\/m 0 0 0
o lwl0o 0 0 010wx|][o1o0o0|l[0 m 0o o D)
v 001 0 001 o0]loo1az|l|lo o m o 0
000¢t/\ooo1/\ooo1/\o o o m!
fm 0 0 0 10 u 0
B 0 m™* 0 0 010 ul g 1 &z
“ Yl 0 om0 0010 Ylo 1
0 0 0 ¢t/ \oo o1
fm 0 0 0 10 u 0
m~t 0 0 01 0 u
_/V“’d’ 0 m 0 001 of|®W
0 0 ¢&'mt)\o o0 o0 1

(o )5 D) (6B D)
()

= g_lm_ll'n + myn — m_lan,

SO

€00 0 10woO\/1Lz00\/m 0 0 0
wlo 10 0 010w|]lo1oollo m* 0o o Do)
Wy 001 0 001 0lloo1zllo o m o Yo
000¢/\ooo1/\ooo1/\o o 0o m!
_ I n
— n d
e e (G (n )
: ¢(u(x1y1 + XYy — 21w — - ann)) 1(5_1m_1$n + myy, — m_lan)-

Without loss of generality, we may assume

O =Dy (g, Ty Y1, 5 Yn)Palzr, oo Zns W, W)
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with @1, ®y € F(F™). Then for some k large enough,

DRI

= |£|n/ k /2 (I)l(xlv s Ty Y1, ayn)w(u(xlyl + -+ xnyn))wil(éilmilxn + myn)
pp JEFm

: / (I)Q(Zlv ctt R, W, ;wn)¢<_u(21w1 +oeee Z’nwn))wil(_milxwm)wil(u) du.
F2’n

From the proof of Lemma 3.10,

/ q)l(xla T, Y1, ,yn)w(u(%% +--+ $nyn))wil(£71milxn + myn) d.’L‘1 e dyn 7é 0
F2'n.

implies that M; < |m| < M, for some M;, My > 0. Then since
/ Po(21, -+ s 2ny Wi, W)Y H(—u(zywy + -+ 2w, (—m T 2w, dzy - - - dw,
F2n

1

1 —
=/ Fyio0---0Fy,Po(—uwy,- -, —uwn_1, —uwy, wy, - - - , W)~ (—m™ zw,) dw; - - - dwy,,

which is non-zero only when |z| < A for some A > 0 depending on ®,, pg”*, and M.
Therefore,

/S ()69

is absolutely convergent for & € F*.
O

Definition 3.16. (1) For ¢ € §(X), let 5 be the push-forward of the measure ¢ to Al

along the determinant map. We will use S(X) to denote the space of such measures.

(2) Let Orby(T) be the space of functions

£ /S  T(0)(c.0)do

and Sy(T) := Orby(T)|¢| d*€.
Remark 3.17. Observe that

with | 1| € SLy(F), hence on the mazimal torus of PGLa,

—1

/*m) <W (g 1) n) 6 () dn = / T(Z(Res(®))) (€, g) dg.

N
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Lemma 3.18. We have a commutative diagram
F(X) — Orby(T x SLy)
l l
S(X) Sv(T),
where the bottom arrow is given by
T:|- "™ otoFyo0|-|20ioFy
in the sense of measures or distributions.

Proof. Let ¢ € C(F*) be a test function, and f = T(¢) with ¢ € F(X), then we have

For= [l [ [ o (w((5 D) or)) ards-eterac

Ty X2

Write z = < ) and using the Brahut decomposition to write

(10 t 0 1 v
9= \u 1)\0o +1)\o 1)
Then
-1 -1 —14—1 —1
1 (€ 0 _ Etuvry + Ty — £ tuas *
T (I‘g ( 0 1)) = tr << * —t’U.’IIg + t:L‘4

= vz, + E ey — E Mur, — tvxg + tay

T3 T4

As @ is a Schwartz function, we can apply Fubini’s theorem, then

o o
(Frg) = /F . /M g At

. / ()¢ (e Muvwy + € ey — € uay) dE day dag das day |t ﬂ du dv
F

Since
/@(f)‘é’n¢l(fltuv$1 + & e — € tu) d¢
F
= (Fyol|-|2owo| ™) (¢)(tuve, +t tzy — tuxy)
and (Fyo|-[2owo]-|™)(p) also vanishes at 0 and oo, we can first integral over v and
tuxy —t7!
replace v by U tudy xl, then
tux
JEaol- 2 ove - @) tum +7 4 — tuss)o (o) do
F

- L —t ' xs + tuaows
= [@Esel- ool M@ (—o) g ()
— (‘ . ’_2 el e} ‘ . ‘_n)(so) (ﬂ) 1 w_l (_ —t~ I'lflfg —|—tugj2x3) .

uxy ) |tuxy| ury




42 ZHAOLIN LI

We can further integral over u first, and make a change of variable by replacing u by ﬁ,
urq
then
_9 —n T3 1 _1 tilil,'g
. . 3y d
Ja ool e (2 o (52
_ n 1 du
o (R O O e
_ _ . x
= (Fyol-7ol-[ore]- ™)) ()
Finally, replace t by tx;, then we have
1 T1Tq — ToX dt
F le) ._10 '_2O[,O N (ﬂ)— _1(tu)t2_
J @l ol Foro 117 () 7 T
_ _ n Iy _
:/(F¢O|| 1o|.| 2OLO|~| )(SD) (;)@b 1(t($1x4—$2$3))dt
F
=(FyotoFy1o|-[ol-[Poro]-|)(p)(z124 — T273),
hence
(f,0) = (6, (FyoroFyo|-[Tol-[Poro]-[7)(p))
=((I-IMowo]-[TtoFyo|-[oroFy)(¢),¢)
={((|- """ ovoFyof - [TForoFy)(4), ¥).
O
Proposition 3.19. Let T be the transfer operator in Theorem 1.1, then we have
ToT7 =1Id.
Proof. 1t follows from Lemma 3.18. 4

4. FUNDAMENTAL LEMMA OF TYPE D,

The results of this section are fundamentally contained in the works of S. Rallis [Ral82]
and W. Gan-X. Lei [GW21]. While we provide a reformulation of these results in the present
framework, the author wishes to emphasize that the credit for the fundamental lemma for the
full Hecke algebra in the D,, case belongs to S. Rallis. We include the details here to ensure
the manuscript remains self-contained and to clarify the compatibility with our notation.

In this section, let D = F, and dimgV is even such that there is an ordered basis

{e1, -+ ,en, fu, -+, f1} satisfying
By (ei,e;) = By(fi, f;) = 0, and By(e;, f;) = 0;; V1 < 4,5 <mn,

where §;; is the Kronecker symbol. Under the isomorphism V = F?" under the above basis,
we have

X 9 on
By :F" xF" 5 F S I > E TiYont1—i-
=1

Lon Yon
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Take W to be a 2-dimensional symplectic space over F, and fix the ordered basis {e, f} of
W such that Bw(e, f) = 1. Under the isomorphism W = F? under this fixed basis, we have

Bw:F2xF2 > F: ((xl) , (yl)) > T1Yo — Tol.
) Y2

In this case, U(V,By) = SO(V) and U(W,Bw) = SLy. Recall that we take vg = e; + f; =
1
0

€ F?* and

X =8S0(V)/SO(vy) 2 {v e V| By(v,v) =2} CV: g+ gug.
Let @ be the characteristic function of Y(or).
4.1. Matching of unit elements.

Lemma 4.1.

_ b #X(sr)
I(Res(@o))(x)dx—cp(n)]l.,x— AmX X

Proof. Denote

F(x) ::/ Dy (v)w,(v), = # 0.

T

Then we only need to compute F(1). To do this, let

F(z) = /Vfbo(v)w (x M) do.

According to [Igu00, Section 8.3, Theorem 8.3.1], we know that
F*(z) = max{1, [z[} ",

and

F(0) = lim F*(z)Y(—z)dx

:/ ldz + lim |z| " (—x) dx

|z[<1 k=00 Jq<|z|<qk

On the other hand, due to [Tay92, Chapter 11],

I
—

n

#O(V)(kr) = 2¢"" V(g" — 1) | [(¢* - 1)

i

Il
o

and

[y

n—

#0(vg) (wr) = 24"V T (6% — 1),
0

~

hence
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Lemma 4.2.
1
Proof. The identity follows from the fact that both functions are (N, )-left invariant and

SLa(op)-right invariant; since they agree on the torus T, they must coincide everywhere by
the Iwasawa decomposition. O

Q(CI)()) = CI)L

X

As a consequence,

Theorem 4.3 (fundamental lemma for the unit element). Let LS € S(SOa,_1\SO02, /S0, 1)
be the basic measure on A', then we have

qdimX fL _ CF(n) f
#X(HF)CF(Q)CF(SX) X (2)¢r(2n - 2) L(Ad,;n—1)

4.2. Matching of Hecke elements. Let B be the Borel subgroup of SO(V) fixing the
isotropic flag

T (L) =

(e1) C (e1,e9) C -+ C{eg, -+ ,€n),
and A the maximal torus consisting of elements fixing each line (e;) for every 1 <i <mn.
Lemma 4.4.
X ={v e X |By(z,e) # 0}.
Then vy € X° and X° 1s an open B-orbit in X.

Proof. 1t is clear that X° is open in X, stable under the action of B and vy € X°. So we only
need to show X° = B’UO

Indeed, let x = Z xie; + Z yifi € X°, then y; # 0. By the action of A, we may assume
11 = 1. Under the ordered ba81s {e1, -+ ,eny fu, -+, [1}, we have

-1

1 —UYn 1 1
Sn ! S Sn 0, 96:2 x:Q
1 . _ x'%
1 —Yn Yn 01’
0, 1 | —y?l,l yn'—l 0
1 1 1




for some z,--- 2/ € F. And here s, = . Then one can take
1

1 1

xxh xh 0 Ty 0

0 0 0 —x : :

L P T |~ |0

0 0 - 0 -2, o] |o

o 0 0 0 -2 0 0

0y, L, : :

1 1

Corollary 4.5. P(X) is the mazimal proper parabolic subgroup fixing the isotropic flag

(e1)-
Then under the above basis {e1,- - ,en, fn, -+, f1}, the Levi L(X) of P(X) is

t
L(X) = g |t € Gpm,g €SO(vy) p =G, x SO(vy),
t_l
and hence
]
5% tn _ |t |n_2|t |n—3 . |t |0
(X) t_l = [l2 3 nl| -

!
Moreover, the quotient map A — Ax = G,, is given by

th

!
Then the normalized map C[AV]We — C[AY]Vx is given by
(4.1) Clas, -+, ak)Wsoen — Cla*)%?2 2y >z, 25> ¢ " for 2 < j < n.

rrn

Now consider the nilpotent cone ¥ := {v € V | By(v,v) = 0}.
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Lemma 4.6 (Lemma 3.1 in [Ral82]).
1

0
=<9l .|1g9€SOV)

is an open dense SO(V)-orbit of X.

Proof. According to Witt’s Theorem, ¥ = 3°| [{0}, see [Ser73, Chapter 4]. See also [Ral82,
Lemma 3.1]. O

Let wy be the Weil representation of SO(V) x SLy on F(Y).

Lemma 4.7 (Proposition 2.2 in [Ral82]). Let ® € F(Y)52C%)  and w,(9)®|s = 0 for all
g € SLsy, then ® = 0.

Proof. This is a special case of [Ral82, Proposition 2.2]. But let us include the proof here for
the convenience of the reader. Note that as a representation of SLs, the dual of the Jacquet
module

F(Y)n == F(Y)/ <‘1> —wp(n)® [ @€ F(Y),n e { (1 T) }>

is isomorphic to the distributions on Y supported on 3. Then the space of functions vanishing
on ¥ is isomorphic to the Jacquet module F(Y)y. Since for any g € SLa, wy(g)®|x = 0, the
SLs-module generated by @ is cuspidal. But we know any such module cannot be unramified,
hence ¢ = 0. 4

Now let o € C be such that Re(o) > 1. Consider the following intertwining operators
introduced in [Ral82]:

Zo : F(Y) = C*(SOs, x SLy) : ® — (g1, 92) — /ww(gl,gg)_l@ . |a|”m,
F
which is absolutely convergent according to [Tat67].

Proposition 4.8 (Lemma 4.1 and Remark 4.4 in [Ral82]). When Re(o) > 1,
(1) Let s = (s1,52, - ,5n) € X*(A) ®z C = C", write

th

Si

t -
x(s): T—=C: 41 '_>H|ti
i=1

ot

and 1(x(s)) the correponding normalized induced representation of SOs,. Then Z,
factors through I(x(n—1—0o,n—2,n—3,---,0))®@1(x(c —n+1)) as representations
of SO, x SLo.
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(2) Write K for the mazimal compact subgroup of SO(V) fixzing the standard lattice 02"
under the ordered basis {e1, -+ ,epn, fn, -+, f1}. Let
)\X : H(SO(V), K) — %(SLQ, SLQ(UF))

be the morphism of the Hecke algebra corresponding to (4.1). Let ®q be the charac-
teristic function of Y(or), then we have

wy(h")Po = wy (Ax(h))Po.
for all h € H(SO(V),K).

Proof. (1) is simply a matter of computing the effect of A x T on Z, when Re(c) > 1.
As for (2), a first observation is that for any f € H(SO(V),K),

Z (wyp (") @ — wy (Ax (1)) Do)
= (Sat(h')(n—1—0,n—2,--- ,0) — Sat(Ax(h))(c —n+ 1)) Zy(Pg) =0
when Re(o) > 1. Hence for any ¢g; € SO(V) and g2 € SLo, as a function on F,

a

a = wy(g1, 92) " (wy(h') o — wy(Ax(h)®o) | | .
0
is op-invariant and its Mellin transform is zero. Hence according to the Mellin inversion
[Igu78, Chapter 1],

wy (g1, 92) " (wy (RY) By — wy(Ax(h))®o) | | .
0
for all @ € F. By varing g; € SO(V) and Lemma 4.6, we see for any g, € SLs,
wy (g2)(wy (") @0 — wy(Ax (R))Po)|z = 0.
Now as wy(h")®y — wy(Ax(h))®o € F(V)5207) " according to Lemma 4.7, we obtain that
o ()00 = wy (x (1)) .
0
Theorem 4.9. Theorem 1.6 is true for X of type D,,.

Proof. As the restriction map F (V) — F(X) is obviously SO(V)-equivariant, hence for any
h € H(SO(V),K),

1
T ores(wy(hY)®g) dz = Z(h * (res(Pg))) dx = h* = )L§(
L
On the other hand, as functions on SLs, since we know from Lemma 4.2

0)(5) = w(a)0(00) = 5 Priaann/(9).

hence we have
v 1 1
Q(wy(Ax(h))@o) = (Ax(h))" *

m@L(Ad,n—l)(g) = )\X(h) * )(DL(Ad,nfl) (g)

§F(2n -2
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Therefore, Theorem 1.6 is true for X of type D,,. U

5. FUNDAMENTAL LEMMA OF TYPE A4,,_;

In this section, take D = F x F, V=V x VY, where V is a vector space over F and V" its
dual space. Fix an ordered basis {e1, - ,e,} of F" and its dual basis {e},--- e’} of VY,
then we have an isomorphism V = F” x F", and take

By :F"xF*"—=F xF
T Y1 &1 G1 n n
: ) - (z 56, zyi@) |
Ty yn én CTL =1 =1

Similarly take W = W x WV, where W is a 2-dimensional vector space over F. Fix an
ordered basis {f1, fo} of W and its dual basis {f\, f5'} of WY, then we have an isomorphism
W = F2 x F2, and take

W:F?°xF?=SFxF

Z1 1 &1 G — 22:35(' _22: &

x2 ) y2 ) 52 ) CZ — 25 — yl 7 .
Write e := (f1,fy) and f = (—fa, f)). In this case, U(V,By) = GL(V) = GL, and
U(W,Bw) = GL(W) = GLy. Recall that vy = e, + ¢, and we have

X =GL,/GL,—1 Z{v e V| trBy(v,v) =2} C V: g guy,

where we identify U(vy) = GL,_;. Let X := X/G,, = PGL,,/GL,,_;, which classifies the
decompositions V = V; ®V,,_1, the direct sum of V as 1-dimensional and n — 1-dimensional
subspaces. Let @y be the characteristic function of Y(op).

5.1. Matching of unit elements.
Lemma 5.1. The push-forward of Z(Res(®y))(z)dx in A is
1 dimX
L= L 2.
Gr(n) #X(kr)

Proof. The first part follows from the same argument as in Lemma 4.1. It is well known that

qdimf _ 1

#X(KF) Cr(n)

Lemma 5.2.

/ Q(Po)(g2) dz = gF(l)gpl(n — 1)®L(Std,“T_1)(Std,“T—1)(g)-

m
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Proof. We only need to check that both sides match on the maximal torus. Note that

o) ((5) (7 1)) de= [t a:

= (1—¢7")[€]2 (1 —log, [¢])
B cp<1)§F1(n ) P (s ((5 1)) ‘

Therefore,

Theorem 5.3. Let Ly € S(GL,-1\PGL,/GL,1) be the push-forward of the probability
measure which is equal to the characteristic function of X(or) x X(og) times an invariant
measure, then we have

dim X
— __ q fL — CF (n) f 1 1
#X (k)G (2)Gr(sx) " G(DGr@)Gr(n — 1) HEF) (5025
5.2. Matching of Hecke elements. Let B be the Borel subgroup of GL,, consisting of all

upper triangular matrices and A the maximal torus consisting of diagonal matrices under
the ordered basis {ey, - ,e,}. Let B and A be their images in PGL,,.

T L)

Lemma 5.4. Let
X = {(V=VieV,1 | ViZ (e, ,en1),e1 ¢ Vo_1}
Then X is an open B-orbit in X.

Proof. Note that if we identify V,,_; with its normal direction Fn with n € VV, then the
action of GL(V) on n is given by the transpose. Hence, the Lemma follows easily. At this
time the decomposition V = Fe, @ {v € V | (v,€)) = 0} lies in X . O

Corollary 5.5. Let P(X) be the parabolic subgroup of PGL,, stabilizing X°, then its Levi

L(X) = g | t1,ty € Gy, 9 € GL,, o /Gm

Therefore,

Then C[A']Wrcrn — C[AY]Yx is given by

(Clat, - 2] /(@1 20 — 1)) = Cla*]H/?

(5.1) R O S e O A <

where &,, is the permutation group of of (1,2,3,--+ ,n).
Consider the nilpotent cone ¥ := {(v,v¥) € V| (v,v¥) =0} of V.
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Lemma 5.6.

1 0
ZO o 0 t —1 GL
L g . ) g O | g € n
0 1

1s an open GL,-orbit of 3.
Proof. Tt is clear that dim ¥ = 2n — 1. On the other hand, since the stabilizer of (ey,€)) is

1 % e %
0 % --- %
00 --- 1

hence dim¥° =n? — (n? — (2n — 1)) =2n — 1 = dim X. O

Let wy be the Weil representation of GL,, x GLy on F(Y).
Lemma 5.7. Let ® € F(Y)%200)  and wy,(g)®|s = 0 for all g € GLy, then ® = 0.
Proof. Similarly to 4.7, it suffices to show that the dual of the Jacquet module

fWM?;HYV<@%%WW|®€fW%nG{C D}>

is isomorphic to the distributions on Y supported on 3. Let ¢ be a distribution on F(Y)

that vanishes on every ® — wy, ((1 ?)) P for & € F(Y) and n € F. Since for y € Y, we
have
wo((1 1)) 2 =0 (B ) gy,
then
mw—¢(ﬁi§¥ﬁﬁ)ww:o
as distributions for any n € F. Then ¢ is supported {y € Y | 7(B(y,y)) =0} = X. O

Now let oy, 09 € C be such that Re(oy), Re(oz) > 1, and consider the following intertwining
operators

a 0
0 : da db
Zorrrs : F(Y) = C¥(GL, x GLy) : @ [ wylgng)™ @ | | ||| | a7 ol =,
FxF : 0 |a| [b]
0 b
which is absolutely convergent.
Proposition 5.8. When Re(oy),Re(os) > 1,
(1) Let s = (51,52, -+ ,5n) € X*(A) ®z C = C", write
t1 n
x(s):A—C: r—>H]tl o
tn i=1
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and I(x(s)) the correponding normalized mduced representation of GL,,. Then Z,, »,
factors through I(x ("5 — o1, %52, -+ , 352, 5% + 09)) @ L(x (01 — 5%, —02 + %57)).
(2) Let Ax : H(GL,,, GL,(or)) — "H(GLg, GLQ(UF)) be the morphism between Hecke al-

gebra whose Stakee transform is given by

Clof, - ,25)% — Clat, 7597 1 21 = 21,y = To, T qJT%1 2<j<n-1).
Then we have wy(fY)Po = wy(Ax(f))Po.
Proof. Tt follows from the same argument as in Proposition 4.8. OJ
Theorem 5.9. Theorem 1.6 is true for X of type A, _1.

Proof. Consider the natural homomorphism C[AY]"Wétn — C[A”]"?¢Ln and the correspond-
ing homomorphism between Hecke algebras H(GL,,, GL,,(0or)) — H(PGL,, PGL,(0r)). Then

we have a commutative diagram

H(GLy, GLa(0r)) —>— H(GLy, GLa(or))

ek

H(PGL,, PGL,(05)) — %> H(PGLa, PGLs(05)),

where the bottom arrow is given by (5.1). According to Lemma 3.3, we have a commutative
diagram

GL,/GL,_.; — A?
I I+
PGL,/GL, ; —— A!
where ¢ is given by (z,y) — zy, and m can be identified with the canonical quotient map
PGL,/GL,_; — GL,_1 \PGL, /GL,_;.

For simplicity of notation, let us identify functions with measures using the Haar measures
we specified, and let (-). denote the push-forward of measures. Let h € H(GL,, GL,(oF)).
Then we have

T Ha(h) * L) = T 1 (Ce(n) - m 0 pu(h % res(®y))) -
According to [Sat63, Section 7,
T 0 pi(h x1es(Po)) = 7. 0 pu(wy (R”)(res(2o))),
which is equal to

¢s 0 Z(wy (h7)(res(®o))) = gu © Z(wy(Ax (h))res(Po))

according to Proposition 5.8.
Due to Lemma 5.2, we have

/wa(gz)q)o(vo) dz = 1

Cr(1)¢p(n — 1

)q)L(Std,“T—l)(Std,nT—l)(g), Vg € PGL,,
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then for g € PGLy,

/Z wy(92)wy(Ax (R))Po(vo) dz = ( /Z Ax () * wy (-2)@o (vo) dZ)) (9)

= B(Ax(h)) * CF(l)CFl(n —1) (I)L(Std,“—;l)(Std,“T—l)(g)

due to [Sat63, Section 7]. Finally because « is surjective and S(Ax(h)) = Ax(a(h)), we
obtain that

TR *1LY) = Ax(h) *

Cr(1)¢r(2)Cr(n — 1)fL(Std,“T—1)(std,nT—1)-

6. FUNDAMENTAL LEMMA OF TYPE C,

In this section, let D = Maty(F), and fix the isomorphism F? @p F? = D:
a ac ad
(b) ® (¢,d) — <bc bd) )

BV:]D)n xD" = D: ((xla"' 7xn)7(y1>”' 7y'ﬂ)) Hza:_ly"'
=1

Take V = D", and

Under the above identification D = F? ®p F?, and D" = F?" ®p F2, the above form is given
by

V1 wy
® (z1,22), | 1 | @ (y1,92)
Von Wan,
J w1
H(Ulf" 7U2n)' ' "]_1 (§1> (y17y2)7
2
J Wan
0 1 . 9
where J = 1 o) Similarly take W = ID* and

BW : D2 X ]D2 —D: ((331,.1,‘2), (yhyQ)) = I_lyQ _l‘_le

Then under the identification D? = F* @y F? as above, this form is given by

(%1 w1
& (11]1,.1172), ® (y17y2)
V4 Wy
(AN
X
= (Ul7 U 7U4) <_J 0) ’ - (l’;) (y17y2)’
Wy

Let e := (I5,0) and f := (0,13). In this case, we have U(V,By) = Sp,,, and U(W,Byw) = Oy,.
To simplify the notation, let {e1, f1, -+ , en, fn} denote the standard basis of F?". Specifically,
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for 1 <i < n,let e; and f; be the column vectors with a 1 in the (2:—1)-th and 2i-th positions,
respectively, and zero elsewhere.
We have G = U(V,By) = Sp,,,, and U(W,By) = Oy, and

X = 8py,,/Spop_s = {v €V | tr By(v,v) =2} C V:g— gup,
0

where vy = 0 € D". Let X = Sp,,/SPy,_o X Spy, which classifies the 2-dimensional
I

non-degerate subspaces Vy of F?". Let @, be the characteristic function of Y(or),

6.1. Matching of unit elements.

Lemma 6.1. The push-forward of Z(Res(®g))(x)dx in S(X) is

1 #X(kr),
o (2n) Ly = Ly.

Proof. Replace n by 2n in Lemma 4.1, and apply [Igu00, Theorem 8.3.1] again, we see

/X . Bo(v)wr (v) = 1 — g~

qdiI‘ﬂX

On the other hand, according to [Tay92, Chapter 8], we have

n

#8p2n (hr) = ¢ [ [ (¢ = D),
=1

hence
X 71,2 n 2 - 1 1
T(X) = £ d'(KF) =1 EL:1SC11 . ) =1—q
qdimx q(n—l) H?:l (q27, _ 1) q"(2"+1)—(n—1)(2n—1)
O
Lemma 6.2.
re) 1
Q(dy) = o . o
) (r(2)(p(2n — 2)  L(Std.25t)(std,252)

Proof. Using the Iwasawa decompositon of SLy, write g = <(1) f) (73 m0_1> k with k €

SLs(or). But be careful that, according to our choices of measures, we have

1—q2 d
dg = 7qu|m|_2—mdk,
-1
1—g¢q |m|

where dk is the normalized measure such that

/ldkzl.
K
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Then we have

s ()12 L o) D )t

]_ _

1—qg2 d
= — / / dx|m|_2—m

1= g7 Jicimi<iel 1 Jizi<ime1) ml

1 _

-2 -1

q n—1 -1 1_q |£|

_ 1—gH)—L b1

(BRI E
1

(r(2n — 2)(r(2) q)L(Std,ngl)(Std’%).

—_

Combine Lemma 6.1 and Lemma 6.2 together, we get

Theorem 6.3. Let Lg € S(Spy,_o X SLo\Sps,,/SPa,_o X Spy) be the push-forward of the
probability measure which is equal to the characteristic function of X(or) x X(op) times an
mvariant measure, then we have

_ ¢dmX = Cr(2n) F - y
#X(kr)Cr(2)Cr(sx)” 7~ Cr(2)%¢r(2n —2) L(std,%51 ) (std, 253"

6.2. Matching of Hecke elements. Let B be the Borel subgroup of Sp,, fixing the
isotropic flag

T (L)

(e1) C(e1,e2) T+ Cer, - ,en),

and A the maximal torus of B fixing each line (e;) for 1 <i <n.

Lemma 6.4. Let X be the subset of X consisting of 2-dimensional non-degenerate subspaces
Vo C F2" such that Vo N (e1, e2) = {0}. Then X' is an open B-orbit in X.

Proof. Let Vo € X and is generated by

1 U
Lon yn
with
T1Yn + TpYnt1 — Tpi1¥Yn — - — Tophh = 1

under the ordered basis {e1, - ,€n, fu, -+, f1}. As Van{er, e}t = {0}, (xQ”—l y2n—1)

Ton Yon
is non-singular, and we may assume

Ton—-1 Yon-—1 _ 12
Ton Yon ’

Also from here one can see that X is open in X.



First observe that

1 —Tn+t1
1 —Tny2

and

1 —Tn41
1 —Tn42

for some 2, -+ 2l Y,

—Yn+1
“Yn+2

—Yn+1
—Yn+2

.y, € F. Then we can take

“Yn TYn—
—, Ty
0 0
L, . ,
0 0
0 0
0n,

—Tn1
—Tnt2

—Tn+1
—Tn42

—Yn+1
—Yn+2

—Yn+1
—Yn+2

/ /
Ty — Yo

€
T2

In
Tnt1
Tni2

n

Y2

Yn
Yn+1
Yn+2

55
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and
2 0
Yo “Yor - % W va 0
Iy —Tpq ot TEy Y
I 0 0 —r5 U 0
" : 01=10
0 0 —Tny ~Yna 0 0
0 0 0 -z -y, : :
0n, L, 0 0
1 1
Moreover, according to the choice of the vectors at the very beginning, actually 2} — v} = 1.
Therefore X' is an B-orbit with (e; + fo, fi) € X . O

Corollary 6.5. P(X) is the parabolic subgroup fixing the isotropic flag

<61, 62).

Then its Levi

o g
L(X) = h | g € GLy, h € Spy, 4 ¢ = GLs X Spy,_s
t 1
S2°9 " S2
Therefore,
t
2 tn 11, e
O®) 1 = [ta|2 [ta] 2 [t5]" - [t
tt
Moreover, the quotient map A — Ax = G,, is given by
3]
tn
t—l — t1t27
!

then after the Satake transform, the normalized map C[AYV]We — C[A%]Wf is given by
(6.1) Clat, -, 2t Wsoon — Cla®)%?% - 21,09 > @, x50 ¢ "L for 3 < j <n.
Write ¥ := {v € V | By(v,v) = 0} for the nilpotent cone.

Lemma 6.6.
U1 w1 J w1
Y= ®(1?0)+ ®(0,1)|(’U1,~--,U2n)- : =0,
V2n Wan J Wan
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and ¥ admits an open Sps,(F) x SLy(F)-orbit ¥°.

Proof. The first statement is clear. As for the second assertion, note that for any orthogonal
non-zero v,w € F?", as long as they are not parallel to each other, there is some g € Sp,,
such that ge; = v and gey, = w. 0

Lemma 6.7. Let ® € F(Y)PCl20r)  gnd

/ wy(g)wy ()@ (v)de =0, Yo € X°,
SLo

for all g € PGLy(F), then / wy(2)P(v) =0 for v € V°, where V° is the set of v® (1,0) +
SLo
w ® (0,1) such that v and w are not parallel.

Proof. Consider the PGLy-equivariant map

F(Y) = C®(V°) : & — (v — /S wy(9)P(v) dg> :

Lo

Let U be the image of F(Y). Note that for any <1 ?) € PGL,, similarly for any ® €

e (v°),
wo (M 1)) 20 - 0 = o (“TEHED ) ag),

the dual of the Jacquet module of C*(V®) is the space of compact support distributions
supported on V7 N ¥ = ¥°. As the Jacquet functor is exact, restriction to X° is the Jacquet
functor of *¥. Therefore, according to the condition, the PGLs-module generated by & inside
¥ is cuspidal, hence the only PGLy(og)-invariant element is 0.

g

Now let o € C be such that Re(c) > 1, and consider the intertwining operators
Zo : F(Y) — C*(Spy, x PGLy)

da
qDH((gl’gZ)H w@mm1mmq®@m+@®@nnmmWEO,

SL2 xF
then

Proposition 6.8. When Re(o) > 1,
(1) Let s = (51,52, - ,5n) € X*(A) ®z C = C", write
1]

x(s): A= C: tn NICE
=1

!

and 1(x(s)) the correponding normalized induced representation of Spy,. Then Z,
factors throughI(x(n—o,n—1—o,n—2,--- ,1))@I(x(c —n+3)) as representations
of Sp,,, X PGLs.
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(2) Write K for the maximal compact subgroup Sps,(or). Let
Ax : H(Spyy, K) — H(PGLy, PGLy(0r))

be the morphism of the Hecke algebra corresponding to (6.1). Let ®q be the charac-
teristic function of Y(or), then we have

/SL (wy(RY) — wyp(Ax(h)))wy ()P (v) dv = 0.

for allv € V° and h € H(Sp,,, K).

Proof. (1) follows immediately from the computation, and (2) is analogous to the arguments
presented in the previous sections. 0

Theorem 6.9. Theorem 1.6 is true for X of type C,,.
Proof. Consider the function Q(®,) on PGL,. As noted before,

[ (W (s 1) n) ¥ (n)dn = /S T(Z o res(20)) (€, 9) dg.

Then the proof of the theorem follows by an argument analogous to that employed in the
previous cases. O

7. FUNDAMENTAL LEMMA OF TYPE B,

In this section, we present two distinct approaches to proving the fundamental lemma.
The first is a direct computational method, where we demonstrate that
dim X

(T oY q =
M) = Ima@aty . Vssantsa)

without recourse to the metaplectic cover Mp,. We establish this identity for the unit element
in the initial section; while the computation is involved, this method offers a potential path
for a generalization to arbitrary Hecke elements.

The second approach utilizes a diagrammatic argument to establish the commutativity of
the diagram below. This commutativity, in conjunction with the fundamental lemmas for T,
U, and J, provides a structural proof of the fundamental lemma for the transfer operator 7.
This aligns the explicit computations required for our first approach with the computations
in [Jac87].

S(S02,\SO021+1/S03,) T > Sy(T)

\ ToT “~
T
J

(7.1) SL_( 1)L(st,%)(N’ Y\PGL2/N, ¢)

st,n—i
o

(A\PGL2/N, )

Slj(st,n—%)

We provide a brief overview of the operators appearing in the diagram above.

e T denotes the transfer operator arising from the Weil representation,
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e 7 is the transfer operator defined in [Sak21],

e U corresponds to the unfolding process, but with non-standard test measures to
ensure compatibility with the space of orbital integrals,

e J represents the comparison established by H. Jacquet in [Jac87], and we extend this
comparison from standard test measures to the non-standard unit element required
for our current setting.

Section 7.1 is devoted to the direct computational proof of the fundamental lemma. The
subsequent sections develop the structure proof by establishing the commutativity of the di-
agram relating the transfer operators, the Weil representations, and the Jacquet comparison.

In this section, let D = F, dimp V is odd, suppose there is an ordered basis

{er, - enw, fr,--, f1}
such that
By(ei, e;) = By(fi, f;) =0, and By(e;, f;) = 0;; V1 <i,5 <n,
By(e;, w) =By (fi,w) =0, V1 <i<mn,
and
By (w,w) = 2.
Under the isomorphism V = F?"*! under the above basis, we have
I n 2n+1
By : F2*H1 x F20tl  F S I =Y Tionta—i + Tne1Ynt-
Tont1 Yont1 =1

We take W to be a 2-dimensional symplectic space over F, and fix the ordered basis {e, f}
of W such that By(e, f) = 1. Under the isomorphism W = F? under this fixed basis, we

have
By : F2x F2 - F - ((xl) : (yl)) s 21Ys — Tyl
) Y2

In this case, U(V,By) = SO(V) and U(W, Bw) = SLy. Moreover, by the composition
Mp, — SL, — Mp(V ®p W)gx,

we obtain a Weil representation of Mp,. Let ®; be the characteristic function of Y(op).

7.1. Matching of unit elements. To compare fL(Std n-1)L(5t.1) with L, our strategy is
) 2

to compute ToT ( fL(St dn-1)L(Std,} >) and 'ﬁ(L%) separately. Let us start with computing

T(L%)-

Lemma 7.1. There is some k large enough, such that
(1) when |C| > 1,

/N* v (W (8 §91> u) Do (o)1~ (u) du

2n+1

=7(C )¢ ( Y (u) (uzz)dzdu—i—/
lul<1 2€0p

1<|ul<qk

D (u)|u| ™ /Usz(uz?) dzdu).
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(2) when |¢| <1,

/N* v (W (g gol) “) Do (vo)yp~ ! (u) du

2n+1 1 1 _n 9
UORNE /|¢|-1§|uqu v (UC2 +u) o /DFMUZ ) dzdu.
Proof.

/p—k““"( (C ¢ )(é 1f))<1>o<vo>w‘1<u>du
16) /k/mﬂ%((o go ( )) (@1, Tns 2y Yy )

Ny + yn) doy - dy dz - () d
1¢0) // < (G (@ays + - wugn + 2)Bo((Cor, oy €2, Gy Con))
F2’n+1

_2n c T Un 2 P e T, 2 Y
vew [ / 7 Yy + v+ ) Bl 200, )
'lp (C mn‘*’C yn)ditldyn’éb_l(U)du

Note that we have

/ q)o((xla Ty Tny 2 YL, 7yn))w(u(x1yl + - l'nyn))wil(cilwn) d_q;'l cu dl’n
FTL

= q)o(uyl) L, UYn—1, UYn — C_la Z,Y1, 7yn)7

then integrate over the other F", we obtain
/ q)O(uyla o, UYn—1, UYn — Cil, ZyY1, ,yn)’l/)fl(gflyn) dyl e dyn
FTL
= 1c‘F (Z) / 10;71(Uy1, e ,Uyn_1>10;*1(y1, e 7yn—1) dyl e dyn—l
Fn—1

| Lo = ¢ )76 )
F
It is easy to see that
1 for |ul <1,
/FloF(Uy)lw(y) dy = { lu|~! for |u| > 1.
Moreover, when u # 0,

\

puy — C L ()™ (Chy) dy

/ opN(¢—1u~ 1+u‘10F)(y),¢}_1(t2y) dy
Fy

(Lopnic-tut4utar)) (€71),
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where lo.n(c-1u-14u-10p) 18 the characteristic function of op N ((~'u™! + u~'op). Note that

op for |u| <1, |¢|>1;

0 for |ul <1, (<1
Clut+utop for |u|>1, [C| > |ul™;
0 for |ul>1, |¢] < |ul7t.

op N (C_lu_l + U_IOF) =

Then we have its Fourier transform

1 for |ul <1, (| >1,;

1y 0 for |ul <1, |C]<1;
By (ornicrumtsaton) (€)= 0 (020 Mg (¢ for Ju] > 1, [¢] > [u] "
0 for |ul>1, [¢] < |ul™ .

Therefore, when |u| < 1, we have the integrand function is

{ 7% ¢ (w) for [¢] > 1

0 otherwise.

And when |u| > 1, the integrand function is

¢t (L +u) Jul™ for u > max{q, ¢}
¢
0 otherwise.

Then, when k is large enough, the final integral becomes:
(1) when || > 1,
2n+1

Y(¢ )¢ 2 < v (w) (uzQ)dzdu—l—/ ¢_1(u)|u\_”/ @Z)(uzz)dzdu>.
lu|<1 2€E0p 1<|u|<qk op

(2) when [(] < 1,

2n+1 1
(G Y)IC = /<|—1<|u|<qk P (u_{Z + U) lu| ™" /OF Y(uz?) dz du.

Lemma 7.2.

1 for |uf <1
/ Y(uz?)dz = w2 for |u|l > 1, log,|u| =0 mod 2;
o 0 Ul ey ¥ (222) Jor Jul > 1, log, [ul =1 mod 2

wF

Proof. The case that |u| < 1 is obvious, and we only have to consider the case that |u| > 1.
In the case that |u| = ¢*" for some r > 0, we have

/OF¢(u22)dz= 3 /¢(u(a+z)2)dz

r Jpp
aeaF/pF

= Z Y(a*u + 2azu + z*u) dz

aGoF/pg P;

= Z ¢(a2u)/ Y(2azu)dz = q7" = |u|_%.
PR

aeap/pg
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If |z| = ¢**! for some r > 0, similarly we have

/OFw(uz2)dz: > /T+l¢(u(a+z)2)dz

aGOF/PT+1 pF
= Z Y(a®u + 2azu + 2*u) dz

aEuF/p’"+1 p;H
= Z V(a’u) ¥(2azu) dz

aeuF/pr+1 p£+1

a2

= > Yletu)g =g |u|22¢< )

aeph /pptt a€Kp

Lemma 7.3. When || < 1, we have

[t ((§ ) wotwratmoan=@oid (v (2) +0 (2)).

Proof. Let us start with the integral

7 [ o (G b [ st as

for some 7 such that |¢|™* < |u| < ¢*. In the case that i is even, this integral becomes

1
P! (—2 + “) ul "3 du,
|ul=¢* S

which is non-zero only when |u| = |¢|™!. In this case, we may make a change of variable u

to (~'u, then it becomes
-1
ICll/ y! (“ +C“ ) du.

F

IS

Write |¢| = ¢~%" with 7 > 0, then the above is

3 [ () g (0 (2) o0 ()

a€og /(1+pE)

When |u| = ¢* such that 7 > 1 is odd,

IS

—gt u
2
e (e o ()
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Replace u by ¢(lu,

2
IS /|u| iy (?w) DU (ac(f; i ) du
) L (u+ut ac(u)aQ) d
<1 /|u| |C|q’>1,¢) ( ¢ )(;1/) (aC(C)wF B

Write |¢|¢" = ¢" for some 7 > 0 and u = w"v with v € off, then

g s [u+u" ac(u
o [ (F0) 20 () ¢

aEKF
i—1 1 (g v+va
= 2 d
q /w o () 2 ()
FX AERKF
- T 1 2
Z (va+wFU __a™ )dv
AERF ’UEUF C aC(g)wF
) 1 1 2 2r
R L a5 F )
acrp ) VEOE ac(() Wp WF Wr
1 1— i—1_2 2r
S o A oy (5= S B
aCkp LIS ac(() wF wF

Write i = 2m + 1 with m > 1, v = b(1 + w) with b € 05 /(1 + pi*!) and w € pii*!. For the
integral being non-zero, we need

(1—wa®)b—wib ' €ppi & b—wib ' €pp.
The only possibility is 7 = 0, and we must have b = b~! mod p}¥, in which case

Z ( 1 (1—wZF 1a2/0+w%T 1)) do
vEo) ac(¢) Wy Wr

AERF

i—f —m—1 -1 ! b+b_1 b
=q 2q Z Z + Z ¥ (ac(() (w2m+1 - aW_F))

ACKF 1+pg1/1+pm+1 1+p%n/1+pm+l F

As m > 1, the summation over a is independent of b, hence it is

AT () 2 ()

AERF 1+p%n/1+pm+l

e (agm) 2 (B

aAERF *1+¢?/1+P?+1
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Write b = 1 + u with u € p/pi*!, then we have

s o)) 5 ()

bel+pm /1+ppt! uep /g

()2 (om)

UEKF

It is clear that

= ) e ) -

UERF AERR

hence, the original integral is still

P00 ()

The last case is when |(| = ¢'. When i > 3, we have r =4 — 1. At this time, we have

2r
‘ Lot <,
W
and
1 — oi~1g2
‘ =F > q,
Wg
hence
1 1 — i—1_2 2r
Z/ ( ( wFav+wF ))dv—()
2 )’ e\ = ot

So the only case left is when i = 1. Make a change of variable that x = (~'u, we have

241 B n )d
q /|x|=|<|‘1¢ (:):(2 +CU) |z|~ / U(x2%) dz

1 L (u+ut ua
=kl /‘D ( ¢ )ZFw(ac(owF) e

ack

Write u = b(1 + v) with b € 05 /1 + pr and v € pp, then we have

. <u +<u1) y (acéc;;F) _ (b(l +v) + b1(1<— v) —b(1 + v)a2>

b+ b~ — ba? b—b"! — ba?
() ()
¢ ¢
- (b+ bt — baQ)
— )
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Therefore,

q—%|<|—1/m g (““‘ )Zw(ac wF) .

AERF
11 L (b+bt—ba
et Y e (P
bEoy /14pp GERF
Then we claim first for o = £2,
#{(a € kp,b € kp) | b+b' —ba* = a} =2q — 3.

Indeed, for o = 2, this is equivalent to count the pairs (a,b) such that a* = (1 —b')?, so
there are totally 2(¢ — 1 — 1) + 1 = 2¢ — 3 pairs. Similarly fora # 2.
For a # 42, we claim

#{(aEKF,bE/ﬁﬁ)|b+b_1—ba2:a}:q—3,

In fact, when o — 4 is a square, it is known that there are q elements in kp such that

2% — az + 1 is a square, hence ther number of pairs (a, b) is

1
2(%—1—2>+2:q—3.

When a? — 4 is not a square, it is also known that there are 9= 2 lements in kr such that

2% — az + 1 is a square, hence, the total number is

q—1
2(1——-1)=¢-3.
(51
Therefore,

1 1.2
ce Y Y e ()

bEoy /1+pp GERF

Lemma 7.4. When || > 1, we have

/N* wo(W)wy (<8 ggl)) wis (1) o (vo)1y ! (u) du = (¢, V)¢ "2 (1 + 7).

Proof. When || > 1, according to the above Lemma 7.1, there is some k large enough such
that we have

/N* wp(W)ewy ((g g(—]l)> wy (1) @o (o)™ (1) du

= (¢ )¢ =R ( Y (u) w(uz2)dzdu+/ ¢*1(u)|u|"/ z/)(uzQ)dzdu).
lu|<1 z€Eop 1<|u|<q* oF
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It is clear that
Y (u) Y(uz?)dzdu = 1.
lu|<1 z€0p

Now, let us consider the integral
-1 u)|u|"/ Y(uz?) dz du,
lul=¢* oF
where 0 < ¢ < k. If 7 is even, we know
-1 u)|u|_"/ Y(uz?)dzdu =0
|ul=q¢* oF
due to Lemma 7.2. When i is odd, according to Lemma 7.2 again, we have

-1 u)|u|_"/ ¥(uz?) dz du

lul=¢*

= [ @l ZZ¢( 2)du

lul=¢* (IS
= q_Z s Z (u(1—d’wp!)) du.
a€KFp [ul=¢*
Ifi >3, |1 —a’wh | =1, then
v (u(l—d’wp ) du=0
[ul=¢*
for all @ € kp. If © = 1, then

-1 u)|u|_”/ Y(uz®) dz du

[ul=¢*

S [ v - @) du

aAERF |u|:q

o+ ) ¢ (u(l — a?)) du

a==*1 aeckp\{x1} lul=q
=¢ " (2(q— 1)+ (¢—2)(-1)

___—n

Therefore,

[ (ngwl(u) - Q/J(uz2)dzdu+/1<|u|§qk Y () u 7" /UF w(uzz)dzdu)

= E (L + g7,

Combine Lemma 7.3 and Lemma 7.4, we have
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Proposition 7.5.

s ((§ 2)) =] 501 ro(9) o s

I 2 (147 for || > 1.

Next let us compute To (fL Stdn—} )L (Std, 2 )) It is clear that

.0 o i I
L O | . | (fL(Std,n—%)L(Std l) ((0 1 )) (f) = (1 —q 2) 1(1 —q 1) 1 (1 —q )
"L — ) — g ( —q7%) for [£] <1;
: —q "+ " for €] =g
(1 - qn_l) f|:n|2:\§|—1 w_ (J?g +x 1) dz for |€| >q.
To calculate its Fourier transform, observe that the Kloosterman integrals are related to

1
the Fourier transform of 1,,(x)y " (—):
T

Lemma 7.6.

. l—q ' =q? for |yl <1
o (Lo (1)) 0 - = for lyl=q
* Sappmpy 2 7 (i + :zcy) dz  for |y| >q.

Proof. Since 1, (z)1" (l> € LY(F) N L*(F), we have
x

1 1
Fo (La@v (1)) )= [ 1w (3) o) ds
:/ U (l —l—xy) dx.
oF T
When |y| < 1, we have "' (zy) = 1 for all x € o, hence
(1 _ (1 _ 21
/UFTZJ ($+xy) d:v—/upv,b (x) dx /|z|21|$| Y (z) de
= dr + ¢ 2 Y (z)d
/|96|=1 e Af/‘:q (@) de

=(1—qg+q? (-1

When |y| = ¢, then ¢! (zy) = 1 for all |x| < ¢!, hence

(1 _ —1 —1 l
/OFi/) (§+xy> do = M:lz/) (xy)dx+LlSql¢ (x) dx

=—q '+ Y (@) |z Pde = —¢ " — ¢

lz|>¢

When |y| > g, it follows from, for example, the last paragraph in [Sak13a, Section 5]. d
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F,10.0 |- (fL(Stdsl L(Std,s2) (( O)))

B B O R L -y
SURT RETIORE A G

Proof. From Lemma 7.6,

== =)0 ]| (Jusasnsann ( (5 1)) ©

- =8 (100 (1)) ©

" =g ) g P g L g for ¢ <L
_ — " g g P for [¢] =g
0 for [£|>q.

Lemma 7.7.

Now, let us first compute the Fourier transform of

= (" A =a) +q 2+ g7 = 1—¢"7) L (6).
By definition, when |z| < 1,

7) = / f(E)(Ex) de

- /|| (€1 =g ) +q 2 +qg ' —1—¢"2) d¢
gl<1

= Y A YA =g+ g P g 1=
|€]=q—%,i=0

=(1-¢)A+g")+q +¢ " =1-¢""
— _q—n—l =+ q—n 4 q—2 - qn—2.
When |z| > 1,

r) = / f(E)(Ex) de

- { [+ } (1= ) + ¢ 4 ¢ — 1 — ") () de
[€]<|z| 1 |€|=|z|1q

Write |z| = ¢ with k& > 0, then

/|£|<| . (€ 1=g ) +q > +q¢ ' —1—¢"?) ¢(&x) d¢

=(1-q™) > N A —g ) +a[ g +g = 1—¢")
|€l=q—%i=k

=20 +¢ A —g )+l gt +g =1 =g").



And

hence
a(f)(@) =z —aT + 1= q"T)
= [a[" 1+ - ¢
To summarize,

—n—1 — -2 —2
g g g =g for 2] <1
Fy-1(fi)(z) = { lz| (1 + ¢ ™) (1 —q¢*Y) for |z|>1.

Next set

T g g =g for €] =g
9= { 0 for [€£4

When |z| < ¢!, we have
@) = [ e ) i
1€]=q

=== +a " +q=q"?)
— q—n—l _ q—n _ q—2 T qn—2 . qn—l‘
When |z| > 1, Fy-1(f2)(x) # 0 only when |z| = 1, in which case
a(fo)@) =" =g =g
Therefore,

" =g =g Pl =gt for o] < gt
2 (F)(@) = ¢ g g g for o = 1
0 for |z|>1.

Combine them together, and we have

1—qg" ! for |z|<q!
~1(fi+ fo)(z) = q (1—(1” 1) for |z|=1;
e (4 )1 — ) for o] > 1

Therefore,

Fy-10c0]-| (fL(Std,sl)L(Std s2) <<0 )

T () +1 for |zf <gt
- for |x|=1;
[ (1 +Q‘") for fa| > 1.

i)
=(1-¢?) =g 1+q
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Proposition 7.8.

ToT (fL(Std,sl)L(Std,SQ) <<0 (1)) )) ()

gy [ T @ () ot <
=1-q¢7)"(1-q¢") { |m|—n—%(1+q—n) for |z > 1.

Proof. This is according to Proposition 3.8 and Lemma 7.7. 0

Finally, let L% be the basic measure on X x X // SOq,1 = Al| then the image of ®, to
S(%) is
- Cr(n)
14+q¢ "MLy = >—-—+L%.
( q ) 0 CF(2n) X
Combine Proposition 7.5 and Proposition 7.8, we have
Theorem 7.9. Let Ly € S(SO03,\SO2,41/S02,) be the push-forward of 1x (o) Az ® 1x(op) dz,
then we have

1 oy qdimX _ CF(Qn)
T GRG0 T GG Hsan- (sl
7.2. Comparison between A\PGLy/(N, %) and (N,)\PGL2/(N, ). Let A be the max-

imal torus of PGLy consisting of diagonal matrices. For any s € C, write £ for the line
bundle on A\PGL;, induced by the unramified character

Ay - C*: (a 1> — |al®.

Write C2°(A\PGLg, L) be the Schwartz sections of L, which can be trivialized as functions

U on PGL, satisfying
v((*)9) =t

with compact support module A. Take U¢ to be the basic function such that its support is
A; - PGLy(op) and satisfying

v, ((a 1) k) el (a 1) = AR ko)

Consider the unfolding map

UTZJ : C?O(Al\PGLQ, L:s) — COO<N, Q/J\PGLQ)

U s (PGLQ Bgi—>/F\If (<1 ’f) g> ¢-1(n)dn).

Note that A\PGLy can be identified with the line bundle O(2) over B\PGL, = P!, and
N\PGL; is then identified with the open PGLy-orbit consisting of non-zero sections in the
total space of the dual bundle O(—2) in the usual way, or see [Sakl3a]. For any s € C, let
Ls be the following line bundle over O(—2):

L;’b = Qs X Ew.

Here the line bundle £, is the Whittaker bundle over N\PGLs, and the sections of the other
line bundle £, are the smooth functions over N\PGL,, and in any small neighborhood of
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the boundary (p,0) € O(-2), where p € P! and 0 means the zero cotangent vector at p,
the sections are of the form |a|*"'®(q,a) for some smooth function ® near (p,0). Then
according to [SV17, Section 9.5, (9.17)], the unfolding map U gives an isomorphism between
the Schwartz sections

F(A\PGLy, L,) = F(O(-2),LY).
Lemma 7.10. Let U2 be the basic function of C2°(A1\PGLs, L;), then
Uy (¥5) = (I>L(Std,s+%)

Proof. See [Sak13a, Lemma 5.5]. O

Note that F(A\PGL2) = F(A\PGLgy, L), which consists of usual Schwartz functions on
A\PGL;. While analogous results hold for the more general L, we restrict our attention to
the case Ly for the purposes of the present work.

Lemma 7.11. Let U, € F(A\PGLy) and ¥, € F(N\PGLy, LY "), when & € F, the orbital

integral
1
Og(\pl &® \1’2) = / \Ijl (W ( §> g) \IIZ(g) dg
PGL>

st 8+;)(A\PGL2/N, ) to be the space of
measures on ¥ of the form Og (¥1@W) d¢ for Wy € C2(A\PGL) and 3 € CX(N\PGL, L"),

is absolutely convergent when Re(s) > —1. Write S;(

Remark 7.12. The subscript L-value signifies the use of non-standard test measures derived

from the Whittaker space. In the subsequent unfolding of C:°*(A\PGLy), a second L (st, %)

is contributed. Specifically, the reader should view the space S;( . +1)(A\PGL2/N,1/J) in
st,s+3

relation to S; )(N,Q/J\PGLQ/N,"gb), a comparison which constitues the primary

(st,%)L(st,s—i—%
objective of this section.

Proof. Using the Iwasawa decomposition, we have

/pGL2 v (W (1 ﬁ) 9) Us(g) dg
B G [ D IS (G P R
Note that
v, (W (1 §-1Fn> <a 1) k) ., (W (1 %> k)

and since ¥, is a Schwartz function, for fixed &, there is some M > 0 such that ¥; # 0 only
when | +n| < |a|M. As ¥, is also a Schwartz section, we have

d
[ow(w(t §)a) wmds< [ el et <o
PGLs la|<1 |al

when Re(s) > —1.

On the other hand, let ®; € F(O(=2),LY) and &, € F(O(=2),LY™), for £ € FX,
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Lemma 7.13. When Re(s) > 0, the orbital integral

Oc(®) @ By) = /PGL2 P, (W <§ 1) g) P2 (g) dg,

1s absolutely convergent. Moreover, the twisted-push forward measure
O (1 ® ) d¢
lies in S;<St,s+%)L(st’%)(N, P \PGLy/N, ).

Proof. According to the Iwasawa decomposition, we have

/pGL2 o ((1 _1> (5 1) 9) ®s(9) dg
(GO

. D, ((a 1) k;> v (n)|a| ™! dnl%‘r dk.

As @, is a Schwartz section, there is some M > 0 such that |a| < M and near 0 we have

o0 (%)) 1. ot
O L LG L Y R G [ (o

when |n| < |a|, we have

(G )E D))= )

for some k' € PGLy(0p), then since @, is a Schwartz section, there is some N > 0 such that

el
la=1¢7] < N when &, ((a ¢ 1) k:') # 0, hence the integral is absolutely convergent

in this part. Moreover, it is clear that when £ < ——,
P SN

Jeosamen® (G 7)) (1) (1))

a _1 1, da B
- Oy (( 1) k:) Y (n)lal dnm dk = 0.

When ¢ — oo, we may first assume ®; and @, are PGLy(op)-invariant without loss of
generality. Over the domain {(n,a) € F x F* | |n| < |a| < 1}, write

= (€ o ((* )

c 1
o a gl for |a| > €74
ge(n, a) = |al ¢2<( 1>){ 0 for |a| < €7,

and
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where

o=tmiaa (1))

Then we have the pointwise convergence

|£1|iinoo (fﬁ(n’ a) - gﬁ(nva)) =0

and |f¢(n,a)] < max ®; - Dy <(a 1)) la|™t, |ge(n,a)] < C - @y ((a 1)) la|~t, both of

which are integrable when Re(s) > 0, hence by dominant convergence theorem,

da
lim / fe(n,a) — g, n,a) dn— = 0.
5*’0( FX xF,|a|<|a|<1 e(n.a) = ge(n,a) |al

As it is clear that there are some constants C’l and Cy such that
/ ge(m, a)dn —C'llf| L Cole5 7,
FX xF,|a|<|a|<1 |a|

and the integral of f¢(n,a) is a linear combination of complex powers of |{|, this yields the
required asymptotic expansion near oo.
When |n| > |a|, note that

() G )= )T ) ()

then

Therefore,

Loom (G 0)g) e
- /F‘xe xPGLa (o) n]>al v (n+ nif) . ((_# 1) <1 —alnl> (1 _1> k)
3, (( 1) k> dn|j|f; "

For fixed &, when Re(s) > 0,

__a_ _ d
/ o (7 ) () (7))o ((" 1)) s
FxFX xPGLa(0p)|n|>|al 1 —an |al
d
<</ {/ ) 1dn+/ nl? dn} |a|5+2|a|_1—a
la|<1 a<|n|<|a|2 In|>|al2 ‘al

da
< / (1 4l Ylal 2 < oo,
la|<1 |al

when Re(s) > 0.



74 ZHAOQOLIN LI

When |£| — 0, make a change of variable that n = %, then the integral over w is non-zero
if and only if |u|? = [¢], in which case the integral, up to a constant, is

/ P! (ﬁ + u_1> du - €]
Jul2=¢] §

When ¢ — oo, the expected asymptotic behavior follows from a similar argument using

the dominant convergence theorem as above.
O

Before proceeding to the analysis of the transfer operator between SL_(St 1) (A\PGLy/N, )

and SL_( st b ) 1)(N, Y \PGLy/N, ), we have the following lemma, which is analogous to
st,s+5 st,5
[Sak13a, Proposition 2.10].

Lemma 7.14. Let Uy, ¥, € C°(F). Write

Oc(¥1 & V) ¢=/ Iaﬁ\‘l%(a—lg‘l)\pg(a)%,
FX
and
Og(\I’h‘I’Q) = /FX \Ifl(ga)\IQ(a)'(%T‘

Write S(A*/(Gy,,| - |)) for the space of measures on ¥ of the form Of(¥; ® ¥y)d¢ and
S(A%/GZ,) for the space of measures on F of the form OF(¥y ® ¥y)dE. Then we have the
following commutative diagram

F,,®1d

C>(F) @ C2(F) —— Cx(F) @ 2 (F)

lo?(v) lol(') :

S(A%/GE) —T— S(A%/(GY,]|- )

where
G=|-["owoFy

Proof. Let h(§) € C.(F) be a test function on F, then we have
[ OHEuw) o wayhE o
——d
= [ [ lae Eu e R 1 e
F JFx |al

= [ [l @u@naTe i de

According to the Plancherel formula for the Fourier transform,

/FFw(‘I’l)(ﬁ)h(a‘lé‘l)IH*l d§=/F\Ifl(ﬁ)Fw—l(h(a‘l(')‘l)l 7D de.
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Note that

Fyr(h(a™ ()] 7€) = / h(a e )e| " (a€) de
= /Fh(x_1)|x|_lw (z€a™") dz

—Fyi0]- [ ouh)(Ea),

hence

/ Oé(Fw(\Ijl) ® Wy)h(£) d¢

= [ [m@w@m o T e g de
- [ m(ewa(@Fo o T T o @) o de

- / OW, @ Uy)Fy 1 0] [ Lo ulR)(E) dé

_ / [ 0 Lo Fy(O%(W) ® W) (€)A(E) dé.
[

Proposition 7.15. Let s € C such that Re(s) > 0, then we have a commutative diagram

Uy@ld

C¥(A\PGL2) ® C*(O(=2),LY) —— C2(0(-2), Lg) ® C*(O(=2),LY ™)

J ) | ’

Sy (etort) ANPGLa/(Nov)) ———= 871 (N APGLy/N )

st,s+%

with U given by the following formula on A':

|-|_10LOF¢.

Proof. Let ¥y € C°(A\PGLy) and W, € C*(O(—2),L¥ "), for a € F* and g € PGL,, write

U, (a,g) = /‘1’1 ((1 ?) 9) Y~ (an)dn

and Uy(a, g) —\Ifg(< ) ) Then for £ € F*, we have

- [ (s ) v
o Je (s (€ ) ))

vty (w(* 1)) = e Tilae o)

O¢(

Note that
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hence
Oc(Uy (W), ¥2) = / / |ag| "0 (a7, g) Us(a, g) dy.
A\PGLy JA
According to the above lemma,

/A a€] T e ) Talg) = | - | oo Fy(£)(E. g)

1(€,9) = /A w, ((1 §)w<a 1) g) Wy(g) da,

Oc(Uy(W1), ¥g) = |- |7 0L 0 Fy(O.(¥; @ Uy)).

where

and hence

O

7.3. Comparison between A\PGL,/(N,) and (N,#)\Mp,/(N,%). The results of this
section are due to [Jac87]. We present them here for the reader’s convenience and to clarify
the notation used throughout the paper.

Let us first recall the isomorphism

X : H(PGLy, PGLy(0r)) = H(Mpy, K)

as fixed in [Jac87, Section 2]. Let s € C, and consider the genuine character of the abelian

subgroup of Mp,
a - S
(" 41) ) ot are

and consider the induced representation I(x(s)) of Mp, by left shift on the space of functions

® such that
o (a((* 1) e)) =l 200 akeato)

Then the isomorphism X is such that for any h € H(PGLy, PGLy(or)), the action of A on the

unramified vector in I(x(s)) and (k) on the unramified vector in I(x(s)) are the same. More-

over, for any m > 0, let h,, be the characteristic function on PGLy(op) (w 1) PGLy(0p),

then A(hm)(9) = [al2v(a, ¢)e if
(0 )m

with the valuation of a is m: A(h,)(g) = 0 is g is not of this form.
Let F(N,1\Mp,/N, 1) be the space of functions on F* of the form

[0 () ) -acn

where @ is a smooth function of compact support on Mp,. Similarly let F(A\PGLy/N, 1)
be the space of orbital integrals

rove Lo (C ) () D) e
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Proposition 7.16. For any h € H(PGLy, PGL2(0r)), we have
~ 2
Ou(3(1) = la (a0 (2) 030 = 3.1 (@

Proof. See [Jac87, Section §]. O

Remark 7.17. In terms of measures, we should multiply by |a|% instead of |a|_%. And as a
result, the diagram 7.1 is a commutative diagram.

7.4. Comparison between SO3,\SO2,41/S02, and (N,)\Mp,/(N,v).

Lemma 7.18. Let
X ={v e X |By(v,e1) # 0}.
Then vy € X° and X° 1s an open B-orbit in X.

Proof. Same as Lemma 4.4. O
Corollary 7.19. P(X) is the mazimal proper parabolic subgroup fixing the isotropic flag

(e1).
Then under the above basis {e1,- -+ ,en, fn, -+, [1}, the Levi L(X) of P(X) is

t
L(X) = g 1 |t € Gpm,g €SO(vy) p =G, x SO(vy),
-
and hence
131
1 tn n—3,, |n_>5 1
6(2X) 1 = |t2| 2|t3| 2 "’|tn|2-
!
Moreover, the quotient map A — Ax = G,, is given by
ty
12
1 1
!
Then after the Satake transform, C[AV]Ye — C[AY]Wx is given by
(7.2) Claf, -, af]Wsoen — ClaE)%?2 . 2y v x, ¢ "2 for2<j<n.

Now consider the nilpotent cone ¥ := {v € V | By(v,v) = 0}.

Lemma 7.20.
1

0
Y i=<g]| .| g€SOV)
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is an open dense SO(V)-orbit of 3.

Proof. Same as Lemma 4.6. U

/7

Lemma 7.21. Let ® € F(Y)¥', and wy(h)®|s =0 for all h € Mp,, then ® = 0.

Proof. The same argument as in Lemma 4.7, noting that cuspidal genuine representations
of Mp, are not spherical according to [FK86, Proposition 17]. 0

Now let o € C be such that Re(c) > 1. Consider the following intertwining operators:

a

0
Zo : F(Y) = C™(SOq, x Mpy) : & +— (g, h) — /w¢(g, h)_ICIJ ) la|” da
F

jal

which is absolutely convergent.

Proposition 7.22. When Re(o) > 1,
(1) Let s = (1,52, ,5n) € X*(A) ®z C = C", write
t

x(s): T —C:

t
and 1(x(s)) the correponding normalized induced representation of SOz,. Then Z,
factors through I(x(n—3—o,n—3,n—35--- 2))@1(x(0—n+ 3)) as representations
Of SOQn X Mp2
(2) Write K for the mazimal compact subgroup of SO(V) fizing the standard lattice o
under the ordered basis {e1, -+ ,en,w, fn, -+, f1}. Let

Ax : H(SO(V), K) — H(Mp,, K')

be the morphism of the Hecke algebra corresponding to the above. Let ®y be the
characteristic function of V(or), then we have

wy ()P0 = wy(Ax(f)) Po.
for all f € H(SO(V),K).
Proof. (1) is simply a matter of computing the effect of A x T on Z,, noting that
()t (-1)"2) = A(t )
(2) is totally the same as in the previous sections. O
7.5. Comparison between (N,)\PGLy/(N, %) and SO2,\SO2,:1/SOs,.

Lemma 7.23. Let hgynm be the Satake inverse of the symmetric m-th power on H(PGLy, PGLy(0p)),
then

[o.°]

Q(Po)(g

mn-3) / X (hsyur)(ng)o" () dn.
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Proof. A first observation is that

%9 [ee)

1
S D g = 3 G (A Bz + )
m=0

m=0

—Zl_q 2n

According to [Jac87, Lemma on Page 143], we have

/NX(M) (n (a a_1)> Y~ (n)dn = |a!%’r(a,w)1wm0;w_10; (a),

we have when |a| < 1,

S [ (a(* ) et
- mio 1| |2;2+;n(1 +q")v(a, ),

and 0 otherwise.
Also note that

a _ [ e, 9)al™F it o < 15
“ (( a‘1>> Polvo) = { 0 otherwise.

Then the Lemma follows. O
Remark 7.24. Formally,

1 L

000 2 [ 3By ) - 00
@0 = o 3 (P yy) 9w )

Theorem 7.25. Theorem 1.6 is true for X of type B,,.

Proof. Let us start with the basic function 1(xy)\pParLs(or) @ ®; L(

h € H(SO(V),K), we have

O&( (N)\PGLa(or) * AX(A), P (g 1yr (st )) =0 (‘I’L(st,%)*Ax(h);q’L(st,nJQ

2 2

D)L (st,3)? and for any

st,n— 3

according to the commutativity of the Hecke algebra. Then, according to the unfolding,

O; (%(st,%) < Ax(h), @L(m_%)) _g! (og (1A\PGL2(UF) « Ax(h), @L(Sm_%)» ,

According to the above lemma,

O¢ <1A\PGL2(0F) * Ax(h), ‘I)L(st,n—l))

2

= Z ¢ " O¢ (1a\PGLy (o) * Sat ™ (Sym™) % Ax (h), LN p)\PGLa(or)) -

m=0

Then by Proposition 7.16,
O (1a\PCLa(or) * Sat ™ (Sym™) % Ax(h), 1 p\PGLa(or)) = I (o5 (X(sarl(symm) X )\X(h)))) :
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Since the orbital integral is absolutely convergent, combined with Lemma 7.23,

Wk

g T (O (1a\paLs(op) * Sat ™ (Sym™ ) x Ax(h), 1N y)\PaLa(or)))
0

= Ge(2)geln) [ o (w (¢ ) n) (RO Ro(an)o ),

N

3
]

which is
due to Proposition 7.22.

APPENDIX A. FUNDAMENTAL LEMMA OF TYPE F}

A.1. Structures of the spherical variety. We first briefly introduce the group F, and
the spherical variety Sping\Fy4, where more details can be found in [GG14, §4.2].

Let F be a non-Archimedean local field, J = Her3(Q) be the 27-dimensional Albert algebra
consisting of 3 x 3 Hermitian matrices over the split octonion algebra @ over F, and G =
F, := Aut(J), which is a connected split semisimple group over F of type Fy. Let Q be
the set of rank 1 elements in J, and Q, := {z € Q | tr(z) = a} for any @ € F. For
any nonzero a € F*, G acts transitively on (2,, and the stabilizer of a point is isomorphic
to Sping, thus we can realize the spherical variety X = Sping\ Fy as €, with base point
e = diag(1,0,0) € Q. The dual group of this spherical variety is SLy(C), thus we take

11
GX = PGLQ, and LX =L (Std, 7) L (Std, g) .

Fix a Borel subgroup B of G, and a maximal torus A C B. Let X° be the open B-orbit
of X, and P(X) the stabilizer of X°. Fix a highest vector vy with respect to B in the trace 0
part of J = Her3(Q). By [Sak21, Table 1], P(X) is the proper maximal standard parabolic
subgroup of G corresponding to the simple root ay !, which is the stabilizer of the singular
line Fvg. We use the following coordinates of the maximal torus:

A= {(tl,tQ,t3,t4) = OéY(tl)O[;/(tQ)Oég/(t:;)aé\{(t;l) | tz S FX, 1= 1, 2, 3,4}

The Levi factor L(X) of P(X) is isomorphic to GSpin;, and the action of A on Fuy factors
through the universal Cartan Ax of X

A — AX ~ Gm7 (tl,tz,tg,t4) — T4 ((tl,tg,tg,t4)) = t4.

The modulus character of the Borel subgroup B is 2(w; + w9 + w3 + wy), and that of P(X)
is wj!, so (5(1)/5 = @) + @y + w3 — Jws. The normalized map C[AY]We — C[AY]Wx is thus
given by

+ + x EW +1Z/27Z 9/2 -1 -
(C[$1,$2,333,£U4] F4_>C[x]/ ,x40—>q/x,$i+—>q 7Z:17273~

We follow the notations of roots and weights in [Bou02, pp.223-224].
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A.2. The smooth transfer. By Remark 1.2, the smooth transfer
T : S (N,¥\PGLy/N,9) — S(X x X/G)

constructed by Y. Sakellaridis can be written in terms of the usual additive Fourier trans-
forms: for f(§) = #(£)d§ € S; (N, 9\PGLy/N, %), where d¢ is the additive measure on
Al
T(F)(€) = (Fy-r10eo]-["oFyr0u0]- ) (4)(¢)ds.
Another smooth transfer is established via the minimal representation in [LW25], and we
are now going to recall this construction.
Inside the split group E;, (G, PGLy) forms a reductive dual pair. The minimal represen-

tation wy, of E7 can be realized on the space of Schwartz functions F(£2) on 2. We have the
following action of G x PGLy on F(2):
o wy(g)f(x) = flg™" - x), for g € G;
e wy (diag(a, 1)) f(z) = |al*f(az), for a € FX;
') s = stu@ns). e
0 -1
1 0

ow¢

e The Weyl element w = ( ) acts via a certain Fourier transform.

We have the following diagram:
F(Q)

res
p

€= (N, ¥\PGLy) ~ F(X)

Sr. (N, 9\PGLy /N, 1) S(X x X/G)

where

e res is the restriction from €2 to €2, = X

e 7 is the orbital integral with respect to the action of Sping, via the integration over
fibers of the submersion x — (z,e);

o for any ® € F(Q), p(®)(g9) = wy(g)P(e) for any g € PGLy;

e 7' is the regularized (N, )-orbital integral

T(f)(t) = (/Nf (w (t 1) n) o (n) dn) dt, t € F*.

This diagram gives a well-defined transfer map
T:S(X x X/G) — Si, (N,9\PGLy/N, %))
in the sense that for f(£) = ¢(§) d€ € S(X x X/G), there exists a & € F(Q2) such that
Z(res(®)) = f(€) and T(®) = T(f(£))-

By [LW25, Theorem 3.5], T is given by the formula that
T(4(§)d¢) = (|- [P oroFyo|- [T oroFyn) (¢)(€)dE.

The composition T o T of these two transfers is the identity map.
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A.3. Matching of unit elements. Let &, € F(£2) be the spherical vector fixed in [LW25,
§5]. We have:
p(Pg) = (F(8)_1<I>LX and res(®g) = 1x(op)-
Hence, T sends
T(res(®g)) = vol(X(op))Lg = ¢ '°|X(kp) L
to
T(®o) = (p(2) 7' Gr(8) ™ fix-
In conclusion, one has
16

“1/moy\ __ m/moN q
e R TP O

A.4. Matching of Hecke elements.
Lemma A.1. Let ® € F(Q)PG200) " [f w,(g)® |g,= 0 for any g € PGLy, then ® = 0.

Proof. As a representation of PGL,, the dual of the Jacquet module F(€2)y is isomorphic
to the distributions on €2 supported on €2y. Then the space of functions vanishing on € is
isomorphic to the kernel of the Jacquet functor F(Q2) — F(Q)n. Since for any g € PGL,,
wy(9)P|a, = 0, the PGLy-module generated by @ is cuspidal, but such a module cannot be
unramified, thus ® = 0. O

Let o € C be such that Re(c) > 1. Consider the intertwining operator:
_ ,da
(A1) Z,: F(Q) — C®(G x PGLy), ¢ — ((91792> > /w¢(gl,gg) L@ (avy)|al m) ,
F
which is absolutely convergent.
Proposition A.2. (1) For s = (sy, 89, 53,54) € C*, write

4

X(5) : A= C, (t, b, ts,ta) = [ ] 1t

i=1

Si
’

and 1(x(s)) the corresponding normalized induced representation of G = Fy. Then Z, factors

through
11
I(x(1,1,1,—0+1)) 1 <X (O’ — ?)> ,

as representations of G x PGLs.
(2) Let \x : H(G,K) — H(PGLy, PGLy(0r)) be the morphism of Hecke algebras. Let @
be the characteristic function of Q(og), then we have

wy(h*)@o = wy (Ax (1)) o,
for all h € H(G,K).



Proof. (1) For (t1,t9,t3,t4) € A and t € F*, we have
Zs(®)(g1(t1, ta, 3, ta), godiag(t, 1))
da

— / w¢ ((tl, tg, t3, t4), dlag(t, 1))_1 W¢(gl, gg)_1®(av0)|a|”m
F

da

:|t|6/w¢(91»92)1@(t4t1av0)]a\"—

F |al

—6 —1 “1,10 o.db

=11 [ wolor @) el b
=[t|7"O|ts| 77 Z, (@) (g1, g2).-

Hence, Z, factors through

(1,11, —0 +1) @1 <X (o— - 1—21)) |

(2) For any h € H(G,K) and Re(o) > 1,

Zg (wy(h*) @y — wy(Ax (7)) Do)

_ (Sat(hv)(l, 11,0 +1) — Sat(Ax (h)) (a _ %)) Z,(®0) = 0.

By the property of the Mellin transform, for any (g, ¢92) € G x PGLy and a € F,

wy (g1, 92) 7 (wy(hY) o — wy(Ax (h))®o) (avy) = 0.
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By [KS25, Lemma 5.3], G x G,, acts transitively on €y, where G,, acts on g by scaling.

Hence, for any g» € PGLs,
wa(g2) (@3 () B0 — wy(Ax (1))®o) |a, = 0.
According to Lemma A.1, we obtain the desired identity.
Theorem A.3. Theorem 1.6 is true for X of type F}.
Proof. On the one hand,
T'(p(wy (h")®o)) = T'(h" % p(Po)) = ¢~ "*[X(kr) | * L.

On the other hand,

Z(res(wy(Ax(h))®o)) = Z(Ax(h)" x res(Po)) = (r(2) ' ¢r(8) " Ax(h) * fry-

Hence, one has
16

1 oy q
T ) = M) e GG )
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