
FUNDAMENTAL LEMMA FOR RANK ONE SPHERICAL VARIETIES

ZHAOLIN LI, WITH AN APPENDIX BY YI SHAN

Abstract. According to the relative Langlands functoriality conjecture, an admissible
morphism between the L-groups of spherical varieties should induce a functorial transfer
of the corresponding local and global automorphic spectra. Via the relative trace formula
approach, two basic problems are the smooth transfer and the fundamental lemma on the
geometric side of the relative trace formulae. In this paper, we consider the rank one
spherical variety case, where the admissible morphism between the L-groups is the iden-
tity morphism, in which case, Y. Sakellaridis has already established the smooth transfer
([Sak21]). We formulate and prove the fundamental lemma in such cases.
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1. Introduction

The origins of the relative trace formula can be traced back to the early 1930s. In his
seminal work, H. Petersson expressed sums of products of Fourier coefficients of holomorphic
forms in terms of Bessel functions and Kloosterman sums in [Pet32]. Decades later, in 1980,
N.V. Kuznetsov established a similar formula for Maass forms in [Kuz80]. This Petersson-
Kuznetsov trace formula is now recognized as an early example of the relative trace formula.

To study periods of automorphic forms, H. Jacquet, S. Rallis, and their collaborators
developed the framework of the relative trace formula. The central idea is to compare geo-
metric sides of two relative trace formulae in order to establish relationships between different
automorphic periods, rather than analyzing a single relative trace formula in isolation. A
notable success of this method is Jacquet’s reproof of Waldspurger’s celebrated formula by
comparing the relative trace formula associated with a non-split torus and a split torus in
PGL2, see [Jac86, Sak13a, Sak19].

In the theory of automorphic forms, another central problem is the functoriality conjec-
ture, which aims to establish a correspondence between automorphic representations of two
reductive groups G1 and G2, given and L-homomorphism between their respective L-groups
LG1 → LG2.

Through the influential work of H. Jacquet, S. Rallis, A. Venkatesh, Y. Sakellaridis, and
others, it has become increasingly evident that the functoriality conjecture admits a natural
generalization to a broader class of G-spaces known as spherical varieties, which include
symmetric spaces as a prominent subclass. Notably, the group case can be interpreted as
a special instance of a symmetric space, wherein the group G × G acts on G via left and
right multiplication. Spherical varieties are expected to possess associated L-groups, and
according to [SV17], any morphism of L-groups LGX1 → LGX2 between the L-groups of two
spherical varieties X1 and X2 should induce relations between their automorphic spectra.

In this context, the relative trace formula is envisioned as a distribution on the quotient
stack X := [X × X/G], where X is a G-space, equipped with both geometric and spectral
expansions, see [Sak16]. The overarching goal is to deduce relations between the spectral
sides of two such relative trace formulas by comparing their corresponding geometric sides.

In [Sak21], Y. Sakellaridis proposed a new form of comparison for spherical varieties of rank
one, that is, in cases where the associated L-groups satisfy LGX = SL2 or PGL2. The central
idea is to compare the relative trace formula associated with an arbitrary rank one spherical
variety with the corresponding Kuznetsov trace formula, which is conjectured to represent a
fundamental case in this broader framework of comparisons. As far as current understanding
goes, there are principally two reasons for favoring the Kuznetsov trace formula over the
classical Arthur-Selberg trace formula in this context. First, given a spherical G-variety X,
the spectral side of the Kuznetsov trace formula is weighted by
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1

L(ϕ,Ad, 1)

while the relative trace formula will have an additional factor

LX(ϕ)

L(ϕ,Ad, 1)
,

where ϕ is a global Arthur parameter. In the Arthur-Selberg trace formula case, we have
LX(ϕ) = L(ϕ,Ad, 1). The second reason arises from geometric considerations, which lie
somewhat beyond the scope of this paper; we refer the interested reader to [Sak23] for
further details.

We now outline the strategy for approaching the functoriality conjecture for rank-one
spherical varieties via trace formulae. For simplicity, we assume throughout that all groups
and varieties are split over the global field under consideration. Let X be a G-spherical
variety, LGX = SL2 or PGL2, and write GX = PGL2 or SL2 respectively.

Locally, let S(X×X/G) be the push-forward of Schwartz measures S(X×X) to X×X//G ∼=
A1 along the canonical map fixed in [Sak21], L◦

X be the push-forward image of the probability
measure, which is equal to the characteristic function on X(oF) × X(oF) times an invariant
measure. On the Kuznetsov trace formula side, let S−

LX
(Nψ\GX/N,ψ) be an enlarged space

of test measures, and fLX
be the non-standard basic vector determined by LX, that we will

explain in Section 2.1. Due to [Sak21], there is a linear isomorphism

T : S−
LX

(Nψ\GX/N,ψ) → S(X× X/G),

with an explicit formula given by a composition of classical Fourier transforms with certain
simple correction factors. In this paper, we prove the fundamental lemma, that is, the
inverse of T takes L◦

X to an explicit multiple of fLX
, and is compatible with the action of

Hecke algebras.
Our approach is purely local, extending the methodology introduced by S. Rallis [Ral82],

and later in [GW21]. The primary objective of the present study is not to examine the
relative functoriality conjecture for each individual case using theta correspondence, but
rather to establish that the conjectural relative trace formula comparison introduced in
[Sak21] holds true. While theta correspondences provide a highly effective and streamlined
framework for relative functoriality conjecture when applicable, the relative trace formula
approach is conceptually more general, though its necessary technical machinery remains
largely underdeveloped. Therefore, the validation for rank one fundamental lemma consti-
tutes a critical prerequisite for extending the relative trace formula comparison framework
to the more general case, see also [MWZ26]. After establishing the comparison between the
transfer operators in [Sak21] and those arising from the Weil representation (see Section 3),
the fundamental lemma for the unit element allows readily for types An, Cn, and Dn. The
case of Bn is more nuanced, as the dual pair involves the metaplectic cover of SL2, precluding
the direct identification possible in the other cases. Nevertheless, a manual matching of the
orbital integrals remains feasible, as we demonstrate in Section 7.1. Regarding the general
Hecke elements, S. Rallis [Ral82] demonstrated that within the framework of Weil represen-
tation, the Hecke algebras of the even orthogonal and symplectic groups act compatibly. We
verify that this compatibility is consistent with the Hecke algebra homomorphism arising
from the map between the universal Cartan of G and X, as we detail in Section 1.1. This
correspondence ensures that the matching of the unit elements extends to the full Hecke



4 ZHAOLIN LI

algebra, thereby establishing the fundamental lemma for X = SO2n−1\SO2n. We further
generalize this technique to all rank one spherical varieties. A significant technical challenge
arises when X = SO2n\SO2n+1, again, as the dual pair setup involves the metaplectic cover
Mp2 of SL2. Here, we utilize a comparison between A\PGL2/(N,ψ) and (N,ψ)\Mp2/(N,ψ)
in the foundational work of H. Jacquet [Jac87]. Since the functions on Mp2 arising from
the Weil representation are non-standard, we enlarge the space of test measures in Jacquet’s
comparison. Specifically, to ensure the L-values match, we insert the factor L

󰀃
st, n− 1

2

󰀄
, a

procedure analogous to the one employed by Y. Sakellaridis in [Sak13a]. And the comparison
between A\PGL2/(N,ψ) and (N,ψ)\PGL2/(N,ψ) with non-standard test measures follows
from the unfolding procedure, as detailed in [SV17].

Our methods and results are strictly local in nature, but they are motivated by the global
problem of establishing relative functoriality for rank one spherical varieties via relative
trace formulae. This functoriality is predicated on the canonical map between dual groups
G∨

X → G∨, which, according to the relative Langlands functoriality conjecture, should induce
a functorial transfer of the corresponding automorphic spectra. Globally, the relative trace
formula should be viewed as a distribution

RTFX : S(X× X/G) → C.

The geometric expansion is given as the evaluation map in [Sak16]. We still need the spectral
expansion. On the Kuznetsov trace formula side, we have to extend the Kuznetsov trace
formula to these enlarged test measures

KTF : S−
LX

(Nψ\GX/N,ψ) → C

as in [Li25]. Subsequently, local transfer operators are employed to facilitate the formulation
of a Poisson summation formula, which is instrumental in comparing the geometric sides of
the relative trace formulas.

S−
LX

(Nψ\GX/N,ψ)
KTF

󰈛󰈛❖❖
❖❖❖

❖❖❖
❖❖❖

❖

T 󰈣󰈣 S(X× X/G),

RTFX
󰉭󰉭󰂻󰂻
󰂻󰂻
󰂻󰂻
󰂻󰂻
󰂻󰂻
󰂻

C

see [Sak19, Section 4].
For each X-distinguished cuspidal representation π of G, let RTF(π) be the π-component

in the spectral expansion. For every cuspidal representation σ of GX, let KTF(σ) be the
σ-component in the spectral expansion of KTF. Let π0 be an X-distinguished cuspidal
representation of G; in principle, we will be led to the following identity

󰁛

π

RTF(π) =
󰁛

σ

KTF(σ),

where the summation on the left-hand-side is over X-distinguished cuspidal representations
that are nearly isomorphic to π0, that is, πν

∼= π0,ν for all but finitely many places, and the
summation on the right-hand-side is over all the cuspidal representations σ such that the
Satake parameter of σν is mapped to πν at each unramified place under the canonical map

G∨
X → G∨.
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1.1. Relative trace formulae and fundamental lemmas. We first give an overview of
the relative trace formula. Let k be a global field, A its ring of adeles, G a split reductive
group over k, and X a smooth affine spherical variety over k. For the purpose of this paper,
we may take

F(X(A)) := ⊗′
νF(X(kν)),

where the tensor product is over all the places of k with respect to the characteristic function
1X(oF) of X(oν). The X-theta series is the following functional on F(X(A)):

Φ 󰀁→ θ(Φ, g) :=
󰁛

γ∈X(k)

Φ(γg) ∈ C∞([G]),

where the sum is absolutely convergent since X(k) is discrete in X(A) as X is affine.
Roughly speaking, the relative trace formula is the Plancherel formula for L2([G]), applied

to the inner product of two theta series:

RTFX : F(X(A))⊗ F(X(A)) ∋ Φ1 ⊗ Φ2 󰀁→
󰁝 ∗

[G]

θ(Φ1, g)θ(Φ2, g) dg.

This inner product does not converge in general and needs to be regularized. In the case
that X is smooth affine and G is split, there is a way to regularize it as described in [Sak16].

As for the Kuznetesov trace formula, one can define KTF similarly, but with non-standard
spaces of test measures, which we will describe in Section 2.1.

For the purpose of this paper, let us consider the case related to rank one spherical
varieties. The list of spherical varieties of rank 1 consists of a finite number of families,
classified by Ahiezer [Ahi83], also see [KVS06] and [Was96]. Up to an action of the center,
the affine homogeneous spherical varieties over an algebraically closed field in characteristic
0 are listed in the following table :

X G∨
X LX

An GLn\PGLn+1 SL2 L
󰀃
Std, n

2

󰀄2

Bn SO2n\SO2n+1 SL2 L
󰀃
Std, n− 1

2

󰀄
L
󰀃
Std, 1

2

󰀄

Cn Sp2n−2 × Sp2\Sp2n SL2 L
󰀃
Std, n− 1

2

󰀄
L
󰀃
Std, n− 3

2

󰀄

Dn SO2n−1\SO2n PGL2 L(Ad, n− 1)

B
′′
3 G2\Spin7 PGL2 L(Ad, 3)

D
′′
4 Spin7\Spin8 PGL2 L(Ad, 3)

F4 Spin9\F4 SL2 L
󰀃
Std, 11

2

󰀄
L
󰀃
Std, 5

2

󰀄

G2 SL3\G2 SL2 L
󰀃
Std, 5

2

󰀄
L
󰀃
Std, 1

2

󰀄

.

In this paper, we will only consider the split cases. For each spherical variety, LX stands

for a
1

2
Z-graded representation ρ =

󰁐

n∈ 1
2
Z

ρn of its dual group G∨
X, which is called the L-value

asssociated to X, thinking of the L-value
󰁜

n

L(ρn ◦ ϕ, n)

attached to any Langlands parameter ϕ into G∨
X. And the L-value here is determined in

terms of the geometry of X. For each LX, we define a space of non-standard test measures
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in Section 2.1, together with basic vectors

fLX
:=

󰀝
fL(Std,s1)L(Std,s2) for G∨

X = SL2;
fL(Ad,s0) for G∨

X = PGL2.

Here s1, s2 and s0 are also listed as in the above table, depending on X. We take

FLX
(N(kν),ψν\GX(kν))

to be the Schwartz sections of certain bundle over N\GX, together with basic vector

ΦLX
:=

󰀝
ΦL(Std,s1)L(Std,s2) for G∨

X = SL2;
ΦL(Ad,s0) for G∨

X = PGL2.

Here again ΦLX
is defined in Section 2.1. Then we have the Poincaré series

P(Φ, g) :=
󰁛

γ∈N(k)\GX(k)

Φ(γg)

for Φ ∈ FX(N(A),ψ\GX(A)) := ⊗′
νFX(N(kν),ψν\GX(kν)). Let F(N(A),ψ\G(A)) be the

space of standard test functions, then the Kuznetsov trace formula is the decomposition of

KTF : FX(N(A),ψ\GX(A))⊗ F(N(A),ψ\GX(A)) ∋ Φ1 ⊗ Φ2 󰀁→
󰁝 ∗

[GX]

P(Φ1, g)P(Φ2, g) dg.

Of course, the integral here also needs to be regularized.
The ultimate objective of this framework is to establish a rigorous global comparison

between RTFX and KTF. Locally, the smooth transfer has already been established in
[Sak21]. Let π : X×X → X×X //G be the canonical quotient map to the affine, invariant-
theoretic quotient Spec F[X×X]G, and the image π∗S(X×X) of the push-forward measure
will be denoted by S(X× X/G). Y. Sakellaridis proved the following theorem in [Sak21]:

Theorem 1.1 (Theorem 1.3.1 in [Sak21]). Let CX = (X×X) //G. There is an isomorphism
CX

∼= A1, and the map X× X → A1 is smooth away from the preimage of two points of A1,
which we will call singular. We fix the isomorphism as follows:

• When G∨
X = SL2, we take the set of singular points to be {0, 1}, with Xdiag ⊂ X× X

mapping to 1 ∈ CX
∼= A1.

• When G∨
X = PGL2, we take the set of singular points to be {−2, 2}, with Xdiag ⊂ X×X

mapping to 2 ∈ CX
∼= A1.

Then there is a continuous linear isomorphism:

T : S−
LX

(N,ψ\GX/N,ψ) → S(X× X/G),

given by the following formula:

• When G∨
X = SL2 with LX = L(Std, s1)L(Std, s2), s1 ≥ s2,

T f(ξ) = |ξ|s1− 1
2

󰀓
| · | 12−s1ψ(·) d·

󰀔
󰂏
󰀓
| · | 12−s2ψ(·) d·

󰀔
󰂏 f(ξ).

• When G∨
X = PGL2 with LX = L(Ad, s0),

T f(ζ) = |ζ|s0−1
󰀃
| · |1−s0ψ(·) d·

󰀄
󰂏 f(ζ).

Remark 1.2. Write f(ξ) = φ(ξ) dξ or φ(ζ) dζ, in terms of additive usual Fourier trans-
forms,
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• When G∨
X = SL2 with LX = L(Std, s1)L(Std, s2), s1 ≥ s2,

T f(ξ) =
󰀓
Fψ−1 ◦ ι ◦ | · |1+s1−s2 ◦ Fψ−1 ◦ ι ◦ | · |s2+ 1

2

󰀔
(φ)(ξ) dξ.

• When G∨
X = PGL2 with LX = L(Ad, s0),

T f(ζ) = (Fψ−1 ◦ ι ◦ | · |s0)(φ)(ζ) dζ.
For the notations, see Section 1.3.

To achieve the relative Langlands functoriality via comparing the relative trace formula for
X and the Kuznetsov trace formula, we also need the appropriate fundamental lemma, and
the first main result of this paper is the following fundamental lemma, which is a combination
of Theorem 4.3, Theorem 5.3, Theorem 6.3, and Theorem 7.9:

Theorem 1.3. Let X be a rank one spherical variety and CX = (X × X) // G. Fix the
isomorphism CX

∼= A1 as in Theorem 1.1, and under the transfer operator

T : S−
LX

(N,ψ\GX/N,ψ) → S(X× X/G)

there,

T −1(L◦
X) =

qdimX

#X(κF)ζF(2)ζF(sX)
fLX

.

where

sX =

󰀝
s1 + s2 =

dimX
2

for G∨
X = SL2;

2s0 = dimX− 1 for G∨
X = PGL2.

Here L◦
X is the push-forward image of the probability measure, which is equal to the charac-

teristic function on X(oF)× X(oF) times an invariant measure.

Remark 1.4. We prove Theorem 1.3 for spherical varieties of classical type by Theorem 4.3,
Theorem 5.3, Theorem 6.3, and Theorem 7.9, and the remaining cases follow from Remark
1.7.

Remark 1.5. If we write τ(X) for the local Tamagawa measure of X, then we have

τ(SL2) = τ(PGL2) = 1− q−2 =
1

ζF(2)
,

hence we can rewrite the above formula as

T −1(L◦
X) =

τ(GX)

τ(X)ζF(sX)
fLX

.

However, to globally implement the relative trace formula for establishing relative func-
toriality and the correlation between X-periods of automorphic forms and L-values, the
fundamental lemma for the full Hecke algebra is required to effectively isolate the spectral
contributions.

Fix a Borel subgroup B ⊂ G, the maximal torus A ⊂ B. Fix a hyperspecial vertex in
the Bruhat-Tits building of G that lies in the apartment determined by A. It determines a
hyperspecial maximal open compact subgroup K of G. Let X◦ ⊂ X be its open orbit under
the B-action. Let P(X) := {g ∈ G | X◦g = X◦}. Let N be the unipotent radical of B, then
the quotient X◦ // N is a homogeneous space under the action of A, whose action factors
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through the faithful action of a quotient A ↠ AX, the universal Cartan of X. It is known
that AX is a quotient of P(X) through the Levi L(X):

P(X) → L(X) → AX.

This gives rise to a map with finite kernel between the complex dual tori

A∨
X → A∨.(1.1)

While this map facilitates the study of the unramified spectrum of X, it necessitates a

modification as formulated in [Sak13b]. Let δ
1
2

(X) be the square root of the modular character,

which is defined as the quotient of the right by the left Haar measure of the group B∩L(X),
considered as an unramified character of B and hence as an element of T∨. It is stable under
the little Weyl group WX of X, and we consider the normalized morphism

A∨
X → A∨ : 󰁨χ 󰀁→ χδ

1
2

(X),(1.2)

where χ is the image of 󰁨χ under (1.1). Consider the spherical Hecke algebra H(G,K) of
G. By restriction via the above normalized morphism between tori, we get a morphism of
algebras

λX : H(G,K) ∼= C[A∨]WG → C[A∨
X]

WX ∼= H(GX,GX(oF)).

Theorem 1.6. Let X be a rank one spherical variety and CX = (X × X) // G. Fix the
isomorphism CX

∼= A1 as in Theorem 1.1, and under the transfer operator

T : S−
LX

(N,ψ\GX/N,ψ) → S(X× X/G)

there,

T −1(f 󰂏 L◦
X) = λX(f) 󰂏

qdimX

#X(κF)ζF(2)ζF(sX)
fLX

.

Remark 1.7. The author is grateful to Yi Shan for noting that Theorem 1.3 for B
′′
3 , D

′′
4 ,

and G2 follows from isomorphisms

G2\Spin7
∼= Spin7\Spin8

∼= SO7\SO8, and SL3\G2
∼= SO6\SO7,

effectively reducing them to the classical cases established herein. I would also like to thank
the anonymous referee who reviewed an early version of this work, for pointing out that
Theorem 1.6 for these cases follows directly from [Sak13b, Theorem 1.4.1] once established
for classical types, and then the only remaining case is of F4, which is dealt with in a recent
preprint of [LW25] and worked out by Y. Shan in the appendix.

Remark 1.8. Before moving on, let us clarify the notations. First, note that the Hecke
algebra does not act on the space of push-forward of measures. However, the Bernstein center
does, where the action is on the first copy, and the Bernstein center for the component of the
spectrum corresponding to the unramified principal series is isomorphic to the Hecke algebra
under the natural map. Of course, there is a more directed description of this action. Let
us follow the conversion used in [Sak13a]. Let Φ1 be a Schwartz function on X that is fixed
by K and h ∈ H(G,K), consider the right convolution, which is the push-forward under the
action map

h 󰂏 Φ(x) :=

󰁝

G

Φ(xg−1)h(g) dg.
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Then for Φ1 ⊗ Φ2, we interpret the action of h on its push-forward measure as the image
of (h 󰂏 Φ1) ⊗ Φ2. If one wants to consider the action on the second copy, the action of the
Bernstein center is also the image of the push-forward of Φ1 ⊗ (h∨ 󰂏 Φ2).

When X = H\G, under the various canonical identifications

(H\G× H\G) //G = G // (G/H×G/H) = (H\G) // H = H // (G/H),

One can check that the Hecke algebra action is realized either as the 󰂏 action on H\G or the
following right action of f ∈ H(G,K) on K-invariant functions on G/H defined by

h 󰂏 Φ(x) :=

󰁝

G

h(g)Φ(gx) dx, Φ ∈ F(G/H)K.

Remark 1.9. In view of the subsequent analysis involving Weil representations, we adopt
the left G-action on G/H for all cases. Consequently, to ensure consistency with (1.2), the
modular character δ(X) is replaced by its inverse, δ−1

(X), for the homomorphism between Hecke

algebras.

1.2. The organization of the paper. We begin by reviewing the necessary background
in Section 2. Section 2.1 focuses on the non-standard test measures for the Kuznetsov trace
formula on SL2 and PGL2, and Section 2.2 provides the requisite background on the Weil
representations employed in our proofs.

In Section 3, we described the construction of certain transfer operators via Weil repre-
sentations, following [GS12]. These operators are closely related to those studied in [Sak21].
Once the relationship between the transfer operators arising from Weil representations and
those defined in [Sak21] is established, the fundamental lemma for the unit elements fol-
lows from an explicit computation. Furthermore, the extension to the full Hecke algebra
is obtained by demonstrating the compatibility of the Hecke actions, as predicated on the
methods of S. Rallis [Ral82].

The ensuing sections, Section 4, Section 5, Section 6, and Section 7, are devoted to the
case-by-case analysis required to establish the fundamental lemma across all classical types.

1.3. Notations.

• For a finite set S, we will use #S to denote the cardinality of S, and 1S the charac-
teristic function of S.

• Let F be a non-Archimedean local field of characteristic zero, oF its ring of integers,
and pF its maximal ideal. Let q be the cardinality of the residue field κF := oF/pF.
Assume q is odd. Fix a uniformizer ϖF and for any x ∈ F, denote

ac(x) :=
x

ϖ
val(x)
F

∈ o×F ,

where val : F× → Z is the normalized valuation map such that val(ϖF) = 1. Fix a
non-trivial unramified character ψ of F.

• Let

ζF(s) :=
1

1− q−s

be the local zeta function, where s ∈ C.
• Let D be an algebra over F of one of the following types:

[(1)] the field F itself;
[(2)] the split etale quadratic extension of F, i.e., D = F× F;
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[(3)] the matrix algebra Mat2(F) of 2 × 2 matrices over F. In all the cases, we
identify F with the subfield of D consisting of scalar multiples of the identity. Equip
D with the F-involution ·, together with the (reduced) trace and (reduced) norm
τ, ν : D → F as follows:

[(1)] If D = F, let x := x, τ(x) := x, and ν(x) := x.
[(2)] If D = F× F, and x = (a, b), let x := (b, a), τ(x) := a+ b and ν(x) := ab.

[(3)] If D = Mat2(F), and x =

󰀕
a b
c d

󰀖
, let x :=

󰀕
d −b
−c a

󰀖
, τ(x) := a + b and

ν(x) := ad− bc.
• When the meaning is clear from the context, for a variety X over F, we denote the
set of F-rational points X(F) simply by X.

• For a smooth variety X over F, we denote by F(X) the space of Schwartz functions on
the rational points of X. It means smooth functions of compact support. Similarly, we
will use S(X) to denote the space of Schwartz measures. Often X(F) is a homogeneous
G(F)-space for some reductive group G, and admits an invariant positive measure
dx, then we have S(X) = F(X) · dx.

• If X is a homogeneous G-variety that admits an invariant rationally defined non-
vanishing top degree differential form, we use dx to denote the induced local unram-
ified measure, which satisfies

τ(X) :=

󰁝

X(oF)

1 dx =
#X(κF)

qdimX
,

where # means the cardinality. See [Wei82, Theorem 2.2.5]. Note that in the case
that X = Ga, dx is also the self-dual Haar measure on F. We also equip D with
the product Haar measure. It might be a little bit confusing between X = Gm and
X = Ga. When we use F or F× (instead of Ga and Gm) to denote the integral domain,
dx is always reserved to denote the additive Haar measure, i.e., for a function f on
Gm, we will write

󰁝

Gm

f(x) dx =

󰁝

F×
f(x)

dx

|x|
interchangeably. To emphasize the choice of the multiplicative Haar measure on the
torus, we adopt the notation d×x where appropriate

• For the notation of the Fourier transforms, let f be a measure on Ga, for s ∈ C, we
use (| · |sψ(·))󰂏 to denote the operator of multiplicative convolution by the measure
|x|sψ(x) dx:

(| · |sψ(·)) 󰂏 f(y) :=
󰁝

F

|x|sψ(x)f(x−1y) dx.

If the integral does not converge, then the convolution should be understood as the
Fourier transform. If φ is a function on F, we also use the usual Fourier transform
on the Affine line

Fψ(φ)(x) :=

󰁝

F

φ(y)ψ−1(xy) dy.

Then if f is represented by some function φ(x) dx, we have

(| · |sψ(·)) 󰂏 f(y) = (| · |s ◦ Fψ−1 ◦ ι ◦ | · |1−s)(φ)(y) dy,

where ι(φ)(x) := φ(x−1).
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2. Preliminaries

2.1. Test measures for the Kuznetsov formula. For the purpose of this paper, let G be
a split reductive group over F with fixed Borel pairs (B,A). Let G∨ be the dual group with
the corresponding Borel pair (B∨,A∨). Let X∗(A) be the F-rational characters of A and
X∗(A) be the F-rational co-characters of A. Then X∗(A) = X∗(A

∨) and X∗(A∨) = X∗(A).
We denote by X∗(A)+ and X∗(A)

+, respectively, the dominant cones in X∗(A) and X∗(A),
respectively, with the positivity being associated to the chosen Borel subgroup. We denote
by ∆ the set of simple roots and ∆∨ the set of simple coroots, respectively. In this way,
we obtain the based root datum (X∗(A),∆, X∗(A),∆

∨) of G with respect to (B,A) and the
based root datum (X∗(A),∆

∨, X∗(A),∆) of G∨ with respect to (B∨,A∨).
Fix a hyperspecial vertex in the Bruhat-Tits building of G that lies in the apartment

determined by A. It determines a hyperspecial maximal open compact subgroup K of G.
Note that KA := A ∩ K is a hyperspecial subgroup of A. Let A+ be the image of X∗(A)

+

under the map µ 󰀁→ µ(ϖF), where ϖF ∈ F is a fixed uniformizer. We have the Cartan
decomposition

G = KA+K.

Only here we take the Haar measure on G such that the volume of K is 1. The spherical
Hecke algebra of H(G,K) is defined as the convolution algebra of compactly supported K-
bi-invariant C-valued functions on G. The same definition applies to A with respect to KA

and the Weyl group WG acts on H(A,KA).
The Satake isomorphism, as is defined in [Sat63] yields an isomorphism of algebras:

H(G,K) → H(A,KA)
WG , h 󰀁→

󰀕
t 󰀁→ δ

1
2
B(t)

󰁝

N

h(tn) dn

󰀖
,(2.1)

where δB is the modular character on B and dn is the Haar measure on N such that the
volume of N ∩K is 1.

Note that X∗(A) ∼= A/KA : µ 󰀁→ µ(ϖF), which implies that

H(A,KA)
WG ∼= C[X∗(A)]

WG = C[X∗(A∨)]WG .

Write
Sat : H(G,K) → H(A,KA)

WG → C[X∗(A∨)]WG .

It is known that for any finite-dimensional algebraic representation ρ of G∨(C), we must
have tr ρ ∈ C[X∗(A∨)]WG , and there exists a canonical one-to-one correspondence between
the set ΠF(G,K) of equivalent classes of irreducible admissible spherical representations of
G with respect to K and the set of conjugacy classes c of A∨(C)/WG.
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More precisely, let s ∈ X∗(A) ⊗Z C/WG.
󰀓

2πi
log q

X∗(A)
󰀔
, where following [Sat63], we use

WG.
󰀓

2πi
log q

X∗(A)
󰀔
to denote the group of affine transformations of X∗(A) ⊗Z C generated

by the Weyl group WG and by the group of translations defined by 2πi
log q

X∗(A). On the one

hand, denote χ(s) to be the corresponding unramified character of A, and let I(χ(s)) be
the normalized induced representation, whose underlying space consists of locally constant
functions Φ on G with compact support module B, satisfying

Φ(gb) = δ
− 1

2
B (b)χ(s)(b)Φ(g), ∀g ∈ G, b ∈ B,

with the action of G given by g.Φ(x) := Φ(g−1x). I(χ(s)) admits a unique unramified
subquotient, which we denote π(s).

On the other hand, view s ∈ X∗(A
∨) ⊗C C/WG.

󰀓
2πi
log q

X∗(A
∨)
󰀔

and let c(s) = qs ∈
A∨(C)/W be the corresponding conjugacy class. Then we have

tr π(s)(h) = Sat(h)(c(s))

for any h ∈ H(G,K).

Example 2.1. Let G = SL2, B :=

󰀝󰀕
∗ ∗

∗

󰀖󰀞
and A :=

󰀝󰀕
∗

∗

󰀖󰀞
. Let s ∈ X∗(A)⊗ZC =

X∗(A
∨)⊗Z C ∼= C, which gives the unramified character χ(s) of A

A → C× :

󰀕
t

t−1

󰀖
󰀁→ |t|s.

and the normalized induced representation I(χ(s)). Let π(s) be the unique irreducible un-

ramified subquotient of I(χ(s)). On the other hand, c(s) is represented by

󰀕󰀕
qs

1

󰀖󰀖
, in

the maximal torus of PGL2. The Satake transform states that we have an isomorphism

Sat : H(SL2, SL2(oF)) → C[A∨]Z/2Z = C[x, x−1]Z/2Z

such that for any h ∈ H(SL2, SL2(oF)), we have

trπ(s)(h) = Sat(h)(qs).

Similarly for G = PGL2.

Let ρ be an algebraic representation of G∨(C). Consider the L-value

L(ρ, s) :=
1

det(1− q−sρ)
∈ C(G∨)G

∨
,

where C(G∨)G
∨
is the set of invariant rational functions on G∨ under the adjoint action.

When ρ =
m󰁐

i=1

ρi is reducible, we can allow s = (si)
m
i=1 to be a collection of complex numbers,

and define

L(ρ, s) :=
m󰁜

i=1

L(ρi, si).
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We proceed with a single s, and the arguments for general s are similar. The L-factor can
be written as a formal Taylor series in q−s:

L(ρ, s) =
∞󰁛

n=0

q−nstr (Symnρ).

The generating series of the local L-function is the Whittaker function

ΦL(ρ,s) :=
∞󰁛

n=0

q−nsSat−1(Symnρ) 󰂏 1N\G(oF).

When G = PGL2 or SL2, let B be the Borel subgroup consisting of upper triangular
matrices, A the maximal torus consisting of diagonal matrices. Let N be the unipotent

radical of B consisting of strictly upper triangular matrices. Choose w :=

󰀕
0 −1
1 0

󰀖
to

be the non-trivial Weyl element. Let C be the quotient N\G // N, and C◦ its open subset
corresponding to the open Bruhat cell. We embed A into it by t 󰀁→ [wt], the class of the
element wt. Let

S(N,ψ\G/N,ψ)

be the space of measures on A of the form

f(t) =
δB(t)

1− q−2

󰁝

N×N

Φ(n1wtn2)ψ
−1(n1n2) dn1 dn2 · dt,(2.2)

where recall dn is such that vol(N(oF), dn) = 1, dt is such that vol(A(oF), dt) = 1 − q−1,
and Φ is a Schwartz function on G. We also fix the coordinates of A by

ξ(t) = eα(t), if G = PGL2,

and

ζ(t) = e
α
2 (t), if G = SL2,

where α is the positive root, and we use the exponential notation to denote the corresponding
character. Then C◦ can be identified with Gm or G2

m with sections

ξ 󰀁→
󰀕
0 −1
ξ 0

󰀖
if G = PGL2,

and

ζ 󰀁→
󰀕
0 −ζ−1

ζ 0

󰀖
if G = SL2.

The elements of S(N,ψ\G/N,ψ), viewed as measures on F, are bounded, supported away
from zero, while in a neighborhood of 0 ∈ A1, they have a singularity which is called the
Kloosterman germ, because they are smooth multiples of the measures

ξ 󰀁→
󰁝

|u|2=|ξ|
ψ−1

󰀕
u

ξ
+ u−1

󰀖
du · d×ξ,

respectively,

ζ 󰀁→
󰁝

|u|∈±1+pF

ψ−1

󰀕
u+ u−1

ζ

󰀖
du · |ζ| d×ζ.

For more details, we refer the reader to [Sak13a, Sak21, Sak22].
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Now let us consider the twisted-push forward of the non-standard measure ΦL(ρ,s):

fL(ρ,s)(t) :=
δB(t)

1− q−2

󰁝 ∗

N

ΦL(s,ρ)(wtn)ψ−1(n) dn · dt.

We call fL(ρ,s) the basic vector in the Whittaker space of the L-value L(ρ, s).
Specialize to ρ being a sum of copies of the standard representations of G∨ = SL2 when

G = PGL2, and the sum of copies of adjoint representations of G∨ = PGL2 when G = SL2,
and write

ρ =
m󰁐

i=1

ρi,

correspondingly write s = (si)
m
i=1. We let S−

L(ρ,s)(N,ψ\G/N,ψ) be the space of measures on C

which on any compact set coincide with elements of S(N,ψ\G/N,ψ), while in a neighborhood
of infinity, in the above coordinates, when all of the si’s are distinct, are of the form

󰁛

j

Cj(ζ
−1)|ζ|1−si d×ζ,

in the case G = SL2, and 󰁛

j

Cj(ξ
−1)|ξ| 12−si d×ξ,

in the case G = PGL2, where Cj’s are locally constant functions in a neighborhood of zero.
When two or more of the si’s coincide with some complex number s0, the corresponding
summands at infinity will be replaced by

󰀃
C1(ζ

−1) + C2(ζ
−1) log |ζ|+ C3(ζ

−1) log2 |ζ|+ · · ·
󰀄
· |ζ|1−s0 d×ζ,

and similarly when G = PGL2. According to [Sak22], fL(ρ,s) ∈ S−
L(ρ,s)(N,ψ\G/N,ψ). More-

over, one can compute explicitly that

Proposition 2.2. Let G = PGL2 and ρ = Std be the standard representation of SL2(C).
For the L-value L (Std, s1)L (Std, s2), we have the following explicit expressions of the basic
vector:

ΦL(Std,s1)(Std,s2) =

󰀻
󰁁󰀿

󰁁󰀽

󰁓∞
m=0

q−m(s+1
2 )

1−q−2s (m+ 1)1xmK if s1 = s2 = s;
󰁓∞

m=0

󰀕
q−m(s1+

1
2 )−q−m(s2+

1
2 )qs1−s2

(1−qs1−s2 )(1−q−(s1+s2))

󰀖
1xmK if s1 ∕= s2.

,

where

1xmK

󰀕
n

󰀕
ϖℓ

F 0
0 1

󰀖
k

󰀖
=

󰀝
0 if ℓ ∕= m;

ψ(n) if ℓ = m.

Here n ∈ N and k ∈ PGL2(oF). And

• when s1 = s2 = s,

fL(Std,s1)L(Std,s2)

󰀕󰀕
ξ 0
0 1

󰀖󰀖

|ξ| d×ξ

= (1− q−2)−1(1− q−2s)−1

󰀻
󰁁󰀿

󰁁󰀽

|ξ|−s− 1
2

󰀃
(1− q−2s−1)) logq |ξ|+ (1− 3q−2s−1)

󰀄
for |ξ| ≥ 1;

−2q−s− 1
2 for |ξ| = q−1;

|ξ|−1
󰁕
|x|2=|ξ| ψ

−1
󰀓

x
ξ
+ x−1

󰀔
dx for |ξ| < q−1.
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Here d×ξ is the Haar measure such that vol(T(oF), d
×ξ) = 1− q−1.

• When s1 ∕= s2,

fL(Std,s1)L(Std,s2)

󰀕󰀕
ξ 0
0 1

󰀖󰀖

|ξ| d×ξ
= (1− q−2)−1(1− qs1−s2)−1

󰀃
1− q−(s1+s2)

󰀄−1

·

󰀻
󰁁󰀿

󰁁󰀽

|ξ|−s1− 1
2 (1− q−2s1−1))− |ξ|−s2− 1

2 qs1−s2(1− q−2s2−1) for |ξ| ≥ 1;

−q−(s1+
1
2
) + q−(s2+

1
2
)qs1−s2 for |ξ| = q−1;

(1− qs1−s2)|ξ|−1
󰁕
|x|2=|ξ| ψ

−1
󰀓

x
ξ
+ x−1

󰀔
dx for |ξ| < q−1.

Proof. Let us start with the series

L (Std, s1)L (Std, s2) =
1

det(1− q−s1Std)
· 1

det(1− q−s2Std)

=

󰀣 ∞󰁛

m=0

q−ms1tr (SymmStd)

󰀤󰀣 ∞󰁛

m=0

q−ms1tr (SymmStd)

󰀤

=
∞󰁛

m1,m2=0

q−m1s1−m2s2tr (Symm1Std⊗ Symm2Std).

According to [FH91, Section 11.2],

Symm1Std⊗ Symm2Std =

min{m1,m2}󰁛

ℓ=0

Symm1+m2−ℓStd.

Therefore, we have

L (Std, s1)L (Std, s2) =
1

det(1− q−s1Std)
· 1

det(1− q−s2Std)

=
∞󰁛

m1,m2=0

q−m1s1−m2s2tr

󰀳

󰁃
min{m1,m2}󰁛

ℓ=0

Symm1+m2−ℓStd

󰀴

󰁄

=
∞󰁛

m=0

󰀣 ∞󰁛

ℓ=0

q−(m+2ℓ)s1

m+ℓ󰁛

m2=ℓ

qm2(s1−s2)

󰀤
tr (SymmStd)

=

󰀫 󰁓∞
m=0

q−ms

1−q−2s (m+ 1)tr (SymmStd) for s1 = s2 = s;
󰁓∞

m=0

󰀓
q−ms1−q−ms2qs1−s2

(1−qs1−s2 )(1−q−(s1+s2))

󰀔
tr (SymmStd) for s1 ∕= s2.

The Casselman-Shalika formula tells us

Sat−1(SymmStd) 󰂏 1N\G(oF) = q−
m
2 1xmK.

Therefore,

ΦL(Std,s1)(Std,s2) =

󰀻
󰁁󰀿

󰁁󰀽

󰁓∞
m=0

q−m(s+1
2 )

1−q−2s (m+ 1)1xmK if s1 = s2 = s;
󰁓∞

m=0

󰀕
q−m(s1+

1
2 )−q−m(s2+

1
2 )qs1−s2

(1−qs1−s2 )(1−q−(s1+s2))

󰀖
1xmK if s1 ∕= s2.
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According to [Sak13a, Section 6.3], we have that
󰁝

N

1xmK

󰀕
w

󰀕
ξ 0
0 1

󰀖
n

󰀖
ψ−1(n) dn

=

󰀻
󰁁󰀿

󰁁󰀽

1 if |ξ| = qm;
−1 if |ξ| = qm−2,m ≥ 1;

|ξ|−1
󰁕
|x|2=|ξ| ψ

−1
󰀓

x
ξ
+ x−1

󰀔
dx if |ξ| < 1,m = 0.

Combine all these, in the case that s1 = s2 = s, we have

fL(Std,s1)L(Std,s2)

󰀕󰀕
ξ 0
0 1

󰀖󰀖

|ξ| d×ξ

= (1− q−2)−1(1− q−2s)−1

󰀻
󰁁󰀿

󰁁󰀽

|ξ|−s− 1
2

󰀃
(1− q−2s−1)) logq |ξ|+ (1− 3q−2s−1)

󰀄
for |ξ| ≥ 1;

−2q−s− 1
2 for |ξ| = q−1;

|ξ|−1
󰁕
|x|2=|ξ| ψ

−1
󰀓

x
ξ
+ x−1

󰀔
dx for |ξ| < q−1.

And in the case that s1 ∕= s2, we have

fL(Std,s1)L(Std,s2)

󰀕󰀕
ξ 0
0 1

󰀖󰀖

|ξ| d×ξ
= (1− q−2)−1(1− qs1−s2)−1

󰀃
1− q−(s1+s2)

󰀄−1

·

󰀻
󰁁󰀿

󰁁󰀽

|ξ|−s1− 1
2 (1− q−2s1−1))− |ξ|−s2− 1

2 qs1−s2(1− q−2s2−1) for |ξ| ≥ 1;

−q−(s1+
1
2
) + q−(s2+

1
2
)qs1−s2 for |ξ| = q−1;

(1− qs1−s2)|ξ|−1
󰁕
|x|2=|ξ| ψ

−1
󰀓

x
ξ
+ x−1

󰀔
dx for |ξ| < q−1.

□
Proposition 2.3. Let G = SL2 and ρ = Ad be the adjoint representation of PGL2(C). For
the L-value L(Ad, s), we have the following explicit expressions of the basic vector:

ΦL(Ad,s) =
∞󰁛

m=0

q−m(s+1)

1− q−2s
1xmK,

where

1xmK

󰀕
n

󰀕
ϖℓ

F 0
0 ϖ−ℓ

F

󰀖
k

󰀖
=

󰀝
0 if ℓ ∕= m;

ψ(n) if ℓ = m.

Here n ∈ N and k ∈ K. And

fL(Ad,s)

󰀕󰀕
ζ 0
0 ζ−1

󰀖󰀖

|ζ|2 d×ζ

= (1− q−2)−1(1− q−2s)−1

󰀫
|ζ|−s−1(1− q−s−1) for |ζ| ≥ 1;

|ζ|−1
󰁕
x∈±1+pF

ψ−1
󰀓

x+x−1

ξ

󰀔
dx for |ζ| ≤ q−1.

Proof. Let ρk be the descent of Sym
2kStd of SL2(C) to PGL2(C). Then according to [Rud90],

we have
SymmAd =

󰁛

k≤m,k≡m mod 2

ρk.
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Therefore,

L(Ad, s) =
1

det(1− q−sAd)
=

∞󰁛

m=0

q−ms SymmAd =
∞󰁛

m=0

󰀣 ∞󰁛

k=m,k≡m mod 2

q−ks

󰀤
ρm

=
∞󰁛

m=0

q−ms

1− q−2s
ρm.

Using the Casselman-Shalika formula again, we have

Sat−1(ρm) 󰂏 1N\G(oF) = q−m1xmK.

Therefore,

ΦL(Ad,s) =
∞󰁛

m=0

q−m(s+1)

1− q−2s
1xmK.

Similar to the computation in [Sak13a], it is easy to see that
󰁝

N

1xmK

󰀕
w

󰀕
ζ 0
0 ζ−1

󰀖
n

󰀖
ψ−1(n) dn

=

󰀻
󰁁󰀿

󰁁󰀽

1 if |ζ| = qm;
−1 if |ζ| = qm−1,m ≥ 1;

|ζ|−1
󰁕
x∈±1+pF

ψ−1
󰀓

x+x−1

ξ

󰀔
dx if |ξ| < 1,m = 0.

Combine them, and we have

fL(Ad,s)

󰀕󰀕
ζ 0
0 ζ−1

󰀖󰀖

|ζ|2 d×ζ

= (1− q−2)−1(1− q−2s)−1

󰀫
|ζ|−s−1(1− q−s−1) for |ζ| ≥ 1;

|ζ|−1
󰁕
x∈±1+pF

ψ−1
󰀓

x+x−1

ξ

󰀔
dx for |ζ| ≤ q−1.

□

2.2. 󰂃-Hermitian modules, unitary groups and Weil representations. Let V and W
be two right D-modules, which are finite dimensional over F. We will denote the set of right
D-module morphisms by

HomD(V,W) := {T : V → W | T (v1a+ v2b) = T (v1)a+ T (v2)b, ∀v1, v2 ∈ V, a, b ∈ D}.
If V = W, we will denote this set by EndD(V). Set GLD(V) to be the set of elements T in
EndD(V) such that T is invertible.

Definition 2.4. Let 󰂃 = ±1. We say that (V,B) is a right 󰂃-Hermitian D-module, if V is a
right D-module, and B : V× V → D is a map such that

(1) B is sesquilinear, i.e., for all v1, v2, v3 ∈ V, a, v ∈ D,

B(v1, v2a+ v3b) = B(v1, v2)a+ B(v1, v3)b

and

B(v1a+ v2b, v3) = aB(v1, v3) + bB(v2, v3).
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(2) B is 󰂃-Hermitian, i.e., for all v1, v2 ∈ V,

B(v1, v2) = 󰂃B(v2, v1).
(3) B is non-degenerate.

We call B an 󰂃-Hermitian form. Usually, 1-Hermitian D-modules (resp. forms) are also
called Hermitian modules (resp. forms), and −1-Hermitian modules (resp. forms) are called
skew-Hermitian modules (resp. forms).

Given a right 󰂃-Hermitian D-module (V,B), we write

U(V,B) := {g ∈ GLD(V) | B(gv1, gv2) = B(v1, v2), ∀v1, v2 ∈ V}
for the unitary group of (V,B). Then U(V,B) acts on V on the left. When B is clear from
the context, we will also write U(V) for simplicity.

Given a right 󰂃-Hermitian D-module (V,B), we can construct a left D-module V together
with B : V × V → D in the following way: as a set, V is the set of symbols {v | v ∈ V}.
Then we give V a left D-module structure by setting, for all v1, v2 ∈ V, a ∈ D,

v1 + v2 := v1 + v2, av := va,

and
B : V× V → D : (v1, v2) 󰀁→ B(v2, v1).

Let us briefly recall the classification of (skew-)Hermitian modules and the corresponding
unitary groups.

Example 2.5. If D = F, the Hermitian D-modules are classfied by the non-degenerate
quadratic forms over F, which are determined by the invariants: the discriminant disc(V) ∈
F×/(F×)2, the Hasse-Witt invariant 󰂃(V) = ±1, and the dimension dimF(V). For more
details, see [Ser73]. In this case, we have U(V,B) = O(V,B). When V = Fn, and B is given
by

Fn × Fn :

󰀳

󰁃

󰀳

󰁃
x1
...
xn

󰀴

󰁄 ,

󰀳

󰁃
y1
...
yn

󰀴

󰁄

󰀴

󰁄 󰀁→
n󰁛

i=1

xiyn+1−i,

we call it the standard Hermitian model of rank n over F. When n = 2m+ 1 is odd, we will
add one more xm+1ym+1 for the purpose of the paper.

The skew-Hermitian forms are classified by non-degenrate alternative formrs over F, which
is unique up to isomorphism, see [GW09, Lemma 1.1.5]. For the purpose of this paper, when
W = F2, and B is given by

F2 × F2 → F :

󰀕󰀕
x1

x2

󰀖
,

󰀕
y1
y2

󰀖󰀖
󰀁→ x1y2 − x2y1,

we call it the standard skew-Hermitian model of rank 2 over F. We also write e :=

󰀕
1
0

󰀖
and

f :=

󰀕
0
1

󰀖
, and call W = eD+ fD the standard polarization.

Example 2.6. If D = F×F. Since V is an F×F-module, and hence has the form V×V∨,
for some F-vector space V and its F-dual space V∨. Up to isomorphism, any Hermitian
D-module is isomorphic to the one defined by

B : ((v1, v
∨
1 ), (v2, v

∨
2 )) 󰀁→ (〈v1, v∨2 〉, 〈v2, v∨1 〉) ∈ D = F× F,
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where 〈·, ·〉 : V × V∨ → F is the canonical pair between V and V∨.
In this case, it is easy to see

U(V,B) ∼= GL(V),

where the embedding is given by GL(V) ∋ g 󰀁→
󰀕
g 0
0 tg−1

󰀖
in terms of matrices. We also fix

a basis of V and its dual basis, then V = Fn and B is given by

󰀳

󰁃

󰀳

󰁃

󰀳

󰁃
x1
...
xn

󰀴

󰁄 ,

󰀳

󰁃
y1
...
yn

󰀴

󰁄

󰀴

󰁄 ,

󰀳

󰁃

󰀳

󰁃
ξ1
...
ξn

󰀴

󰁄 ,

󰀳

󰁃
ζ1
...
ζn

󰀴

󰁄

󰀴

󰁄

󰀴

󰁄 󰀁→
󰀣

n󰁛

i=1

xiζi,

n󰁛

i=1

yiξi

󰀤
.

We call it the standard Hermitian model of rank n over F× F.
Similarly, any skew Hermitian space is of the form W = W ×W∨ with

B : ((w1, w
∨
1 ), (w2, w

∨
2 )) 󰀁→ (〈w1, w

∨
2 〉,−〈w2, w

∨
1 〉) ∈ D = F× F,

up to isomorphism. Then U(W,B) ∼= GL(W) as well. In the special case that W = W×W∨

for a two dimensional vector space W over F, we have U(W,B) ∼= GL2. Choose a basis
{e1, e2} of W and its dual basis {e∨1 , e∨2 } ∈ W∨, and let

e = (e1, e
∨
2 ), f = (−e2, e

∨
1 ),

then we have B(e, f) = 1 and B(e, e) = B(f, f) = 0. We call W the standard skew-Hermitian
model of rank 2 over F× F and W = eD+ fD the standard polarization of W.

Example 2.7. If D = Mat2(F). According to the structure theory of simple central algebras,
V has the form

F2 ⊕ F2 ⊕ · · ·⊕ F2 ∼= Fn ⊗F F2,

where we view F2 as the space of row vectors, and Mat2(F) acts on the right.
Let B be an 󰂃-Hermitian form on V, then B defines a map σB : EndD(V) → EndD(V),

which is called the adjoint involution, characterized by

B(v1, f(v2)) = B(σB(f)(v1), v2), ∀v1, v2 ∈ V, f ∈ EndD(V).

This map B 󰀁→ σB is a one-to-one correspondence between 󰂃-Hermitian forms on V up to a
scalar in F×, and involutions σ on EndD(V) such that σ(x) = x for all x ∈ F. See [KMRT98,
Chapter 1, Section 4 ]. Accoding to the Schur-Weyl duality, we know EndD(V) = EndF(F

n) =
Matn(F), acting on V = Fn ⊗F F2 on the left. Then the 󰂃-Hermitian forms are classified by
convolutions on Matn preserving F.

Let us consider the special case that V = Dn, where D acts on the right. Consider the
Hermitian form

B : Dn × Dn → D : ((x1, · · · , xn), (y1, · · · , yn)) 󰀁→
n󰁛

i=1

xiyi.
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If we identify D ∼= F2 ⊗F F2, and Dn ∼= F2n ⊗F F2 as above, then the above form is given by
󰀳

󰁃

󰀳

󰁃
v1
...
v2n

󰀴

󰁄⊗ (x1, x2) ,

󰀳

󰁃
w1
...

w2n

󰀴

󰁄⊗ (y1, y2)

󰀴

󰁄

󰀁→ (v1, · · · , v2n) ·

󰀳

󰁃
J

. . .
J

󰀴

󰁄 ·

󰀳

󰁃
w1
...

w2n

󰀴

󰁄 · J−1

󰀕
x1

x2

󰀖
(y1, y2),

where J =

󰀕
0 1
−1 0

󰀖
. At this time, we have U(V,B) = Sp2n, where Sp2n is defined by the

symplectic form given by diag(J, · · · , J), and Sp2n acts on Dn = F2n ⊗F F2 on the left. And
we call it the standard Hermitian model of rank n over D.

Another special case is that W = D2, and consider the skew-Hermitian form

B : D2 × D2 → D : ((x1, x2), (y1, y2)) 󰀁→ x1y2 − x2y1.

Then identify D ∼= F2 ⊗F F2, and Dn ∼= F2n ⊗F F2 as above, this form is given by
󰀳

󰁃

󰀳

󰁃
v1
...
v4

󰀴

󰁄⊗ (x1, x2) ,

󰀳

󰁃
w1
...
w4

󰀴

󰁄⊗ (y1, y2)

󰀴

󰁄

󰀁→ (v1, · · · , v4)
󰀕

0 J
−J 0

󰀖
·

󰀳

󰁃
w1
...
w4

󰀴

󰁄 · J
󰀕
x1

x2

󰀖
(y1, y2),

and hence U(W,B) = O4. Let e = (I2, 0) ∈ D2 and f = (0, I2) ∈ D2, then we have
B(e, f) = 1, and B(e, e) = B(f, f) = 0. In this case, we call it the standard skew-Hermitian
model of rank 2 over D.

Let (V,BV) be a Hermitian D-module, and (W,BW) be a skew Hermitian D-module. On
the F-vector space V⊗D W, one can define an alternating form B by setting

B(v1 ⊗ w1, v2 ⊗ w2) := τ(BV(v1, v2) · BW(w2, w1)) ∈ F

for v1, v2 ∈ V and w1, w2 ∈ W. Let

Sp(V⊗D W,B)

be the symplectic group for the above alternating form. Moreover, there is a natural map

U(V,BV)× U(W,BW) → Sp(V ⊗D W,B) : (g1, g2) 󰀁→ (v ⊗ w 󰀁→ g1v ⊗ g2w).

Let H = H(V⊗D W) = V⊗D W⋉ F be the Hsisenberg group associated with V⊗D W.
Assume now V is the standard Hermitian model of rank n over D, W is the standard

skew-Hermitian model of rank 2 over D, and V ⊗D W = X ⊕ Y be the complete polariza-
tion that corresponds to the standard polarization W = eD ⊕ fD. Let (ωψ,X,Y,F(Y)) be
the Schrodinger model of the Weil representation of H. According to Stone-von-Neumann
theorem, for each g ∈ Sp(V ⊗D W,B), there is an isomorphism M = M(g) ∈ GL(F(Y)) of
F(Y) such that

M ◦ ωψ,X,Y(h) = ωψ,X,Y(gh) ◦M.
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Define

Mp(V⊗DW)C
×

ψ,F(Y) := {(g,M) ∈ Sp(V⊗DW,B)×GL(F(Y)) | M◦ωψ,X,Y(h) = ωψ,X,Y(gh)◦M}.

Let cψX : Sp(V⊗D WB)× Sp(V⊗D W,B) → µ8 be the Leray cocycle, and define

Mp(V⊗D W)C
1

ψ,X := Sp(V⊗D W)× C1

as a set but with group structure given by the Leray cocycle cψX, namely

(g, z) · (g′, z′) := (gg′, cψX(g, g
′)zz′).

Let r = rX,Y be the standard Weil operator; then we have the Weil representation

ωψ,X,Y : Mp(V⊗D W)C
1

ψ,X → GL(F(Y)) : (g, z) 󰀁→ zr(g),

and the action of Mp(V⊗D W)C
1

ψ,X is explicitly described as follows: for any Φ ∈ F(Y), and
y ∈ Y, we have for

•
ωψ,X,Y (g, 1)Φ(y) = | det g|

1
2
VΦ(g

−1y), ∀g ∈ U(V,BV),

where | det g|V = 1 except when D = F and U(V,WV) = O(V), in which case
| det g|V = ±1 depending on whether g is in SO(V) or not.

•
ωψ,X,Y (1, z)Φ(y) = zΦ(y), ∀z ∈ C1.

For the action of U(W,BW), it is given as follows:

• For D = F, we have U(W,BW) = SL2, and

ωψ,X,Y

󰀕󰀕
ζ 0
0 ζ−1

󰀖
, 1

󰀖
Φ(y) = |ζ|

dimF V
2 Φ(ζy), ∀ζ ∈ F×,

ωψ,X,Y

󰀕󰀕
1 u
0 1

󰀖
, 1

󰀖
Φ(y) = ψ

󰀕
u · B(y, y)

2

󰀖
Φ(y), ∀u ∈ F,

ωψ,X,Y

󰀕󰀕
0 −1
1 0

󰀖
, 1

󰀖
Φ(y) =

󰁝

V
Φ(x)ψ−1(B(x, y)) dx.

• For D = F× F, we have U(W,BW) = GL2, and

ωψ,X,Y

󰀕󰀕
t1 0
0 t2

󰀖
, 1

󰀖
Φ(y) =

󰀏󰀏󰀏󰀏
t1
t2

󰀏󰀏󰀏󰀏

dimF V
4

Φ
󰀃
y(t1, t

−1
2 )

󰀄
, ∀t1, t2 ∈ F×,

ωψ,X,Y

󰀕󰀕
1 u
0 1

󰀖
, 1

󰀖
Φ(y) = ψ

󰀕
u · τ(B(y, y))

2

󰀖
Φ(y), ∀u ∈ F,

ωψ,X,Y

󰀕󰀕
0 −1
1 0

󰀖
, 1

󰀖
Φ(y) =

󰁝

V
Φ(x)ψ−1(τ(B(x, y))) dx.
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• For D = Mat2(F), we have U(W,BW) = O4, and

ωψ,X,Y

󰀕󰀕
g 0
0 g

󰀖
, 1

󰀖
Φ(v ⊗ f) = Φ(vg ⊗ f), ∀g ∈ SL2(F) ⊂ D,

ωψ,X,Y

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

t1 0 0 0
0 t2 0 0
0 0 t−1

2 0
0 0 0 t−1

1

󰀴

󰁆󰁆󰁄 , 1

󰀴

󰁆󰁆󰁄Φ(v ⊗ f) = |t1t2|
dimF V

4 Φ

󰀕
v

󰀕
t1 0
0 t2

󰀖
⊗ f

󰀖
, ∀t1, t2 ∈ F×,

ωψ,X,Y

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

󰀴

󰁆󰁆󰁄 , 1

󰀴

󰁆󰁆󰁄Φ(y) = ψ

󰀕
n · τ(BV(y, y))

2

󰀖
Φ(y), ∀u ∈ F,

ωψ,X,Y

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

󰀴

󰁆󰁆󰁄 , 1

󰀴

󰁆󰁆󰁄Φ(y) =

󰁝

V
Φ(x)ψ−1(τ(B(x, y))) dx.

For more details, see [GKT25].
In the following, for simplicity, write ωψ := ωψ,X,Y. In order to analyze the Hecke algebra

action, the following remarks on the splitting are in order. In the case that D = F and
dimF V is even, according to [GKT25, Theorem 11.6], the map

SO(V)× SL2 → Mp(V⊗D W)C
1

ψ,X : (g, h) 󰀁→ (g ⊗ h, 1)

is a splitting of SO(V)× SL2 to Mp(V⊗D W)C
1

ψ,X, hence the Weil representation is an honest
representation of SO(V)×SL2 by restriction. The same holds for the case when D = Mat2(F).

In the case that D = F×F, this map (g, h) 󰀁→ (g⊗h, 1) is also the Leray splitting according
to [GKT25, Proposition 12.21].

The only non-trivial case is when D = F and dimF V is odd. In this case, let

󰁪SL2 = Mp(W)µ2

X := Sp(W)× µ2 = SL2 × µ2

as a set, with group multiplication given by

(g1, 󰂃1)(g2, 󰂃2) := (g1g2, 󰂃1󰂃2cX(g1, g2)),

where cX is the Rao cocycle. In the case of SL2, recall that we have the Rao function

x

󰀕󰀕
a b
c d

󰀖󰀖
:=

󰀝
c if c ∕= 0;
d if c = 0,

and the Rao cocycle is given by

cX(g1, g2) := (x(g1),x(g2))F(−x(g1)x(g2),x(g1g2))F,

where (·, ·)F is the Hilbert symbol of F. Note that this cX corresponds to the α used in
[Jac87]. Then we have a group homomorphism [GKT25, Theorem 11.6]

󰁪SL2 → Mp(V⊗D W)C
1

ψ,X : (g, 󰂃) 󰀁→ (1⊗ g, 󰂃γ(x(g),ψ 1
2
)− dimF(V)(x(g), detV)F),

where det(V) = (−1)
dimF V−1

2 and γ(·,ψ 1
2
) is the normalized Weil index as in [GKT25, Section

3.3]. Following [Jac87], we employ the normalized cocycle β for the metaplectic group as
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defined in [Jac87]. To avoid confusion, we introduced the following notation to distinguish
it from the conventions used in the previous sections. Write

Mp2 := SL2 × {±1}

as a set, with multiplication given by

(g1, 󰂃1)(g2, 󰂃2) := (g1g2, 󰂃1󰂃2β(g1, g2)),

where β(g1, g2) := α(g1, g2)s(g1)s(g2)s(g1g2)
−1, and for g =

󰀕
a b
c d

󰀖
, we define

s(g) :=

󰀝
(c, d)F if cd ∕= 0 and val(c) ≡ 1 mod 2;

1 otherwise.

In this case k 󰀁→ (k, 1) is an isomorphism of SL2(oF) onto a subgroup K′ of Mp2. And

Mp2 → 󰁪SL2 : (g, 󰂃) 󰀁→ (g, 󰂃s(g)) is a group isomorphism. We view SL2 as a subset of Mp2

via g 󰀁→ (g, 1). Let H(Mp2,K
′) be the spherical Hecke algebra of Mp2, which consists of K′

bi-invariant functions with compact support. Then there is an isomorphism

H(PGL2,PGL2(oF)) ∼= H(Mp2,K
′) : h 󰀁→ h′.

as fixed in [Jac87, Section 2], which we review in Section 7.3 for the reader’s convenience. We
will identify U(W,BW) = SL2 as a subset of Mp2 using the set-theoretical section g 󰀁→ (g, 1).

Remark 2.8. For the sake of clarity, we provide a brief comparison between our notation
and that employed in [Jac87]. The additive character ψ used in [Jac87] should be ψ−2(x) :=
ψ(−2x) in our notaion. We take 󰂃 = 1 and η = 1 in [Jac87]. Note that the normalization
of the Weil constant in [Jac87] differs by a factor of −2 from the convention adopted in
[GKT25]. So the Weil constant in [Jac87] is γ(·,ψ(−2)(− 1

2
)) = γ(·,ψ) in our notation, and

the µ function in [Jac87] is still γ(·,ψ)(·,−1)F = γ(·,ψ)−1.

For U(W,BW), write

T :=

󰀻
󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰀽

󰀝󰀕
ζ 0
0 ζ−1

󰀖
| ζ ∈ F×

󰀞
if D = F;

󰀝󰀕
t1 0
0 t2

󰀖
| t1, t2 ∈ F×

󰀞
if D = F× F;

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

󰀳

󰁅󰁅󰁃

ξ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ξ−1

󰀴

󰁆󰁆󰁄 | ξ ∈ F×

󰀼
󰁁󰁁󰁀

󰁁󰁁󰀾
if D = Mat2(F).

N :=

󰀻
󰁁󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰁁󰀽

󰀝󰀕
1 u
0 1

󰀖
| u ∈ F

󰀞
if D = F, F× F;

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

󰀳

󰁅󰁅󰁃

1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

󰀴

󰁆󰁆󰁄 | u ∈ F

󰀼
󰁁󰁁󰁀

󰁁󰁁󰀾
if D = Mat2(F).
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We identify N with Ga in the obvious way. And finally write

w :=

󰀻
󰁁󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰁁󰀽

󰀕
0 −1
1 0

󰀖
if D = F, F× F;

󰀳

󰁅󰁅󰁃

0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

󰀴

󰁆󰁆󰁄 if D = Mat2(F).

3. Transfer operators from Weil representations

In this section, let (V,BV) be the standard Hermitian model of rank n and (W,BW)
be the standard sekw-Hermitian model of rank 2. Fix the following v0 ∈ V such that
τ(BV(v0, v0))

2
= 1 ∈ F:

v0 :=

󰀻
󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰀽

󰀳

󰁅󰁅󰁅󰁅󰁃

1
0
...
0
1

󰀴

󰁆󰁆󰁆󰁆󰁄
∈ Fn if D = F;

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

0
0
...
1

󰀴

󰁆󰁆󰁄 ,

󰀳

󰁅󰁅󰁃

0
0
...
1

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄 ∈ V × V∨ = Fn × Fn if D = F× F;

󰀳

󰁅󰁅󰁃

0
...
0
I2

󰀴

󰁆󰁆󰁄 ∈ Dn if D = Mat2(F).

Set

X :=

󰀝
v ∈ V | τ(BV(v, v))

2
= 1

󰀞
⊂ V.

Then X is a closed subvariety of V.

Lemma 3.1. U(V) acts transitively on X. Moreover, let

v⊥0 := {v ∈ V | BV(v, v0) = 0}.
The stabilizer of v0 in U(V) is U(v⊥0 ), where the Hermitian form on v⊥0 is the restriction of
BV to v⊥0 × v⊥0 . Therefore, we have

X ∼=

󰀻
󰀿

󰀽

SOn/SOn−1 if D = F;
GLn/GLn−1 if D = F× F;
Sp2n/Sp2n−2 if D = Mat2(F).

Proof. Let us prove it case by case.

(1) If D = F, it is Witt’s theorem. See [Ser73, Chapter 4]. In this case, we have
U(V) = O(V,BV) and U(v⊥0 ) = O(v⊥0 ,BV), where we still write the restriction of BV
to v⊥0 × v⊥0 by BV. Since we can always find some element g ∈ On \ SOn such that
gv0 = v0, SOn acts on X transitively as well.
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(2) If D = F× F, and V = Fn × Fn, then we have

X = {(v, v∨) ∈ Fn × Fn | B((v, v∨), (v, v∨)) = (〈v, v∨〉, 〈v, v∨〉) = (1, 1)}
= {(v, v∨) ∈ Fn × Fn | 〈v, v∨〉 = 1}.

For simplicity, write ei ∈ V = Fn for the standard vector with 1 in the i-th component
and 0 otherwise for 1 ≤ i ≤ n. Write {e∨i }ni=1 ⊂ V∨ = Fn for the dual basis, which can
be identified with {ei}ni=1 since we identify V∨ = Fn via the standard pair between
Fn and Fn. For g ∈ GLn, if gen = en, then g is of the form

󰀳

󰁅󰁅󰁃

∗ · · · ∗ 0
...

. . .
...

...
∗ · · · ∗ 0
∗ · · · ∗ 1

󰀴

󰁆󰁆󰁄 .

Similarly, tg−1e∨n = e∨n implies that g is of the form
󰀳

󰁅󰁅󰁃

∗ · · · ∗ ∗
...

. . .
...

...
∗ · · · ∗ ∗
0 · · · 0 1

󰀴

󰁆󰁆󰁄 .

Then g(en, e
∨
n) = (gen,

tg−1e∨n) = (en, e
∨
n) implies that g ∈ GLn−1 = GL((e∨n)

⊥) ∼=
U((en, e

∨
n)

⊥). As for the transitivity, suppose (v, v∨) ∈ V such that 〈v, v∨〉 = 1. Let
{e′1, · · · , e′n−1} be a basis of {w ∈ V | 〈w, v∨〉 = 0}. Let g ∈ GLn be such that gen = v
and gei = e′i for 1 ≤ i ≤ n− 1. Then we have for any 1 ≤ i ≤ n− 1

〈e′i, tg−1e∨n〉 = 〈g−1e′i, e
∨
n〉 = 〈ei, e∨n〉 = 0,

and

〈v, tg−1e∨n〉 = 〈g−1v, e∨n〉 = 〈en, e∨n〉 = 1.

Therefore, we have tg−1e∨n = v∨.

(3) If D = Mat2(F), write v0 =

󰀳

󰁅󰁅󰁃

0
...
1
0

󰀴

󰁆󰁆󰁄 ⊗ (1, 0) +

󰀳

󰁅󰁅󰁃

0
...
0
1

󰀴

󰁆󰁆󰁄 ⊗ (0, 1) under the isomorphism

Dn ∼= F2n ⊗F F2. Once we identitfy U(V) ∼= Sp2n, then the stabilizer of v0 is
󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽
g ∈ Sp2n | g

󰀳

󰁅󰁅󰁃

0
...
1
0

󰀴

󰁆󰁆󰁄 =

󰀳

󰁅󰁅󰁃

0
...
1
0

󰀴

󰁆󰁆󰁄 , g

󰀳

󰁅󰁅󰁃

0
...
0
1

󰀴

󰁆󰁆󰁄 =

󰀳

󰁅󰁅󰁃

0
...
0
1

󰀴

󰁆󰁆󰁄

󰀼
󰁁󰁁󰁀

󰁁󰁁󰀾
= Sp2n−2,

which is exactly U(v⊥0 ). To see the action is transitive, note that any v ∈ V can be
written as the form v1 ⊗ (1, 0) + v2 ⊗ (0, 1), and

B(v, v) = tv1

󰀳

󰁃
J

. . .
J

󰀴

󰁄 v2,
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it suffices to show that for any v1, v2 ∈ F2n such that tv1

󰀳

󰁃
J

. . .
J

󰀴

󰁄 v2=1, there is

some g ∈ Sp2n such that

g

󰀳

󰁅󰁅󰁃

0
...
1
0

󰀴

󰁆󰁆󰁄 = v1, g

󰀳

󰁅󰁅󰁃

0
...
0
1

󰀴

󰁆󰁆󰁄 = v2.

According to [Jac74, Section 6.1], we can extend {v1, v2} to a basis {v1, v2, · · · , v2n}
of F2n such that the symplectic matrix with respect to this basis is also given by

󰀳

󰁃
J

. . .
J

󰀴

󰁄 .

Write ei for the i-th standard vector of F2n with 1 in the i-th entry and 0 otherwise.
Consider g ∈ GL2n such that ge2n−1 = v1, ge2n = v2, and gei = vi−2 for 3 ≤ i ≤ 2n,
then we have g ∈ Sp2n.

□

There is a natural restriction map

res : F(V) → F(X),

which is surjective since X ↩→ V is a closed embedding. On the other hand, for any g ∈
U(W,BW), g acts on F(V) via the Weil representation. Write

Ω : F(V) → C∞(U(W,BW)) : Φ 󰀁→ (g 󰀁→ ωψ(g)Φ(v0)).

The first easy lemma is

Lemma 3.2. Given a function Φ ∈ F(V), the following regulized integral

T(Φ)(t) :=
󰁝 ∗

N

Ω(Φ)(wtu)ψ−1(u) du := lim
k→+∞

󰁝

p−k
F

Ω(Φ)(wtu)ψ−1(u) du(3.1)

stabilize for sufficiently large k and t ∈ T, where we identify N with Ga in the usual way.
We denote this space of such functions by

OrbV(T).

Proof. First note that Ω(Φ)(wtu) differs ωψ(w)ωψ(t)ωψ(u)Φ(v0) only by a factor of t, so let
us consider

lim
k→+∞

󰁝

p−k
F

ωψ(w)ωψ(t)ωψ(u)Φ(v0)ψ
−1(u) du

in the following.
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Note that for any k ∈ Z, we have
󰁝

p−k
F

ωψ(w)ωψ(t)ωψ(u)Φ(v0)ψ
−1(u) du

=

󰁝

p−k
F

󰁝

V
ωψ(t)ωψ(u)Φ(v)ψ

−1(τ(BV(v0, v))) dv · ψ−1(u) du

=

󰁝

p−k
F

󰁝

V
ωψ(t)ψ

󰀕
u · τ(BV(v, v))

2

󰀖
Φ(v)ψ−1(τ(BV(v0, v))) dv · ψ−1(u) du

Since v 󰀁→ ωψ(t)ψ

󰀕
u · τ(BV(v, v))

2

󰀖
Φ(v) is a Schwartz function on V, we are allowed to

change the order in the integration. Moreover, in all cases, it can be checked easily that
there are x(t), y(t) ∈ F×, n(V) ∈ Z and a smooth map z : T× V → V such that

ωψ(t)ψ

󰀕
u · τ(BV(v, v))

2

󰀖
Φ(v) = |y(t)|n(V)ψ

󰀕
u · x(t)τ(BV(v, v))

2

󰀖
Φ(z(t, v)).

Then the above integral becomes
󰁝

V
|y(t)|n(V)Φ(z(t, v))ψ−1(τ(BV(v0, v)))

󰁝

p−k
F

ψ

󰀕
u

󰀕
x(t)τ(B(v, v))

2
− 1

󰀖󰀖
du dv.

Note that the inner integral
󰁝

p−k
F

ψ

󰀕
u

󰀕
x(t)τ(B(v, v))

2
− 1

󰀖󰀖
du

is non-zero only if
τ(B(v, v))

2
∈ x(t)−1(1 + pkF),

in which case, we have
󰁝

p−k
F

ψ

󰀕
u

󰀕
x(t)τ(B(v, v))

2
− 1

󰀖󰀖
du = qk.

Consider the map V → F : w 󰀁→ τ(B(w,w))
2

, which is a submersion outside the zero vector.

According to [Igu00, Chapter 7], the Haar measure dv on V and dx on F induce measures
|ωx| on each fiber

Vx :=

󰀝
v ∈ V | τ(B(v, v))

2
= x

󰀞
,

such that for any Φ ∈ V,
󰁝

V
Φ(v) dv =

󰁝

F

󰁝

Vx

Φ(v)|ωx(v)|x.

Then the desired integral is

qk
󰁝

v∈V, τ(B(v,v))
2

∈x(t)−1(1+pkF)

|y(t)|n(V)Φ(z(t, v))ψ−1(τ(BV(v0, v))) dv

= qk
󰁝

x(t)−1(1+pkF)

󰁝

Vx

|y(t)|n(V)Φ(z(t, v))ψ−1(τ(BV(v0, v)))|ωx(v)| dx,
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and since Φ is locally constant of compact support, when k is large enough, over x(t)−1(1 +
pF)

k, we have
󰁝

Vx

Φ(z(t, v))ψ−1(τ(BV(v0, v)))|ωx(v)| =
󰁝

Vx(t)−1

Φ(z(t, v))ψ−1(τ(BV(v0, v)))|ωx(t)−1(v)|,

and hence

qk
󰁝

x(t)−1(1+pk−d
F )

󰁝

Vx

|y(t)|n(V)Φ(z(t, v))ψ−1(τ(BV(v0, v)))|ωx(v)| dx

= |x(t)|−1|y(t)|n(V)
󰁝

Vx(t)−1

Φ(z(t, v))ψ−1(τ(BV(v0, v)))|ωx(t)−1(v)|.

□
Now consider the U(v⊥0 )-invariant morphism

X → D : v 󰀁→ B(v0, v).
For any x ∈ D, the preimage of x is

Xx = {v ∈ X | B(v0, v) = x} =

󰀝
xv0 + u | u ∈ v⊥0 ,

τ(B(u, u))
2

= 1− ν(x)

󰀞
.

Outside D♥ := {x ∈ D | ν(x) = 1}, the map X → D is a submersion and by Lemma 3.1
again, U(v⊥0 ) acts transitively on Xx. Write X♥ to be the preimage of D♥, then we have

X♥/U(v⊥0 )
∼= D♥.

The following lemma is well-known for experts, but we also include the proof here for
completeness.

Lemma 3.3. (1) When D = F,

π : X ∼= SOn/SOn−1 → A1

can be identified with the canonical quotient map

SOn/SOn−1 → SOn−1 // SOn/SOn−1.

(2) When D = F× F, X → D induces morphisms

GLn/GLn−1 A2

PGLn/GLn−1 A1π

,

and π can be identified with the canonical quotient map

PGLn/GLn−1 → GLn−1 // PGLn/GLn−1.

(3) When D = Mat2(F), X → D induces morphisms

Sp2n/Sp2n−2 Mat2

Sp2n/Sp2n−2 × Sp2 A1

det

π

,



29

and π can be identified with the canonical quotient map

Sp2n/Sp2n−2 × Sp2 → Sp2n−2 × Sp2 // Sp2n/Sp2n−2 × Sp2.

Proof. Write

(G,H) :=

󰀻
󰀿

󰀽

(SOn, SOn−1) if D = F;
(PGLn,GLn−1) if D = F× F;

(Sp2n, Sp2n−2 × Sp2) if D = Mat2(F).

And X = G/H temporarily in this lemma. It has been proved in [Sak21] that we have an
isomorphism

H //G/H = AX //WX,

where AX is the universal Cartan of X and WX is the little Weyl group, which acts on AX by
inversion. Therefore, in all cases it suffices to show that the restriction of π to the universal
Cartan is a generator of F[AX]

WX . Write B for the Borel subgrou pf G consisting of upper
triangular matrices in the case that D = F and F × F, and let B be the Borel fixing the
complete anisotropic flag of {{e1} ⊂ {e1 + e3} ⊂ · · · ⊂ {e1 + · · · + e2n−1}} in the case
D = Mat2(F).

For (1), we first claim that Bv0 ⊂ X is an open B-orbit. In fact, it is easy to compute that
the stabilizers of v0 in B are of the form

󰀳

󰁃
1 0 0
0 g 0
0 0 1

󰀴

󰁄 ,

where g is an element in the Borel subgroup of SO(n − 2). Then, when n = 2k is even, we
have

dimBv0 = k2 − (k − 1)2 = 2k − 1 = dimX,

and when n = 2k + 1 is odd,

dimBv0 = k(k + 1)− (k − 1)k = 2k = dimX.

Then the universal Cartan can be identified with

AX = {diag{t, 1, · · · , 1, t−1}},

and the restriction of π to diag{t, 1, · · · , 1, t−1}v0 is exactly t+ t−1.

For (2), let x0 :=

󰀳

󰁃
1 0 −1
0 In−2 0
1 0 1

󰀴

󰁄, similarly one can easily compute that

dimBv0 = 2n− 2 = dimX,

then we can identify the universal Cartan as

AX = x−1
0 {diag{t, 1, · · · , 1, 1}}x0,
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and the restriction of π to x−1
0 diag{t, 1, · · · , 1, 1}x0 is

τ

󰀳

󰁅󰁅󰁅󰁅󰁃
B

󰀳

󰁅󰁅󰁅󰁅󰁃

󰀳

󰁅󰁅󰁅󰁅󰁃

󰀳

󰁅󰁅󰁅󰁅󰁃

−t
0
...
0
1

󰀴

󰁆󰁆󰁆󰁆󰁄
,

󰀳

󰁅󰁅󰁅󰁅󰁃

− 1
2t
0
...
0
1
2

󰀴

󰁆󰁆󰁆󰁆󰁄

󰀴

󰁆󰁆󰁆󰁆󰁄
,

󰀳

󰁅󰁅󰁅󰁅󰁃

󰀳

󰁅󰁅󰁅󰁅󰁃

−1
0
...
0
1

󰀴

󰁆󰁆󰁆󰁆󰁄
,

󰀳

󰁅󰁅󰁅󰁅󰁃

−1
2
0
...
0
1
2

󰀴

󰁆󰁆󰁆󰁆󰁄

󰀴

󰁆󰁆󰁆󰁆󰁄

󰀴

󰁆󰁆󰁆󰁆󰁄

󰀴

󰁆󰁆󰁆󰁆󰁄
=

󰀕
t

2
+

1

2

󰀖󰀕
1

2t
+

1

2

󰀖
=

t+ t−1 + 2

4
.

For (3), note that x0 =
1
4

󰀳

󰁅󰁅󰁅󰁅󰁃

−1 0 0 1 0
0 −1 0 0 1
0 0 I2n−4 0 0
1 0 0 1 0
0 1 0 0 1

󰀴

󰁆󰁆󰁆󰁆󰁄
is in the open B-orbit since x0 sending

the subspace generated by {en, fn} to the space generated by {e1 + en, f1 + fn}, and the
stabilizer in B preserving the space generated by {e1 + en, f1 + fn} has dimension n2 + n−
(4n− 4).

If we identify the universal Cartan as x−1
0 diag{t, t−1, 1, · · · , 1}x0, then it is clear that the

restriction of π is given by

1

4
det

󰀕󰀕
t−1 0
0 t

󰀖
+

󰀕
1 0
0 1

󰀖󰀖
=

t+ t−1 + 2

4
.

□
According to [Igu00, Chapter 7] again, the measure |ω1| on X = V1 and the Haar measure

on D give rise to measures |µx| on fibers Xx.

Definition 3.4. Let Φ be a Schwartz function on X. We define its orbital integral with
respect to the action of U(v⊥0 ), which is a function on D♥, to be

I(Φ) : D♥ ∋ x 󰀁→
󰀝 󰁕

X4x−2
Φ(v)|µ4x−2(v)| for D = F and dimF V ≡ 1 mod 2󰁕
Xx

Φ(v)|µx(v)| otherwise.

We denote this space of orbital integrals by F(X).

Remark 3.5. We choose x =
B(v0, v)

4
+

1

2
, as our coordinates in the case D = F and dimF V

is odd, to make it compatible with the coordinates chosen in Theorem 1.1.

Proposition 3.6. The morphism F(V) → OrbV(T) factors through

F(V) → F(X) → F(X),

i.e., we have a commutative diagram

F(V) OrbV(T)

F(X)

F(X)

T

res

I

󰁨T

Moreover, the morphism 󰁨T : F(X) → OrbV(T) is given by the following formulae:
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(1) if D = F and dimF V is even, we have

󰁨T(φ)
󰀕
ζ 0
0 ζ−1

󰀖
= |ζ|−

dimF V
2

󰁝

F♥
φ(x)ψ−1(ζ−1x) dx;

(2) if D = F and dimF V is odd, we have

󰁨T(φ)
󰀕
ζ 0
0 ζ−1

󰀖
= γ(t,ψ)|ζ|−

dimF V
2 ψ−1

󰀕
−2

ζ

󰀖󰁝

F♥
φ(x)ψ−1(4ζ−1x) dx;

(3) if D = F× F, wex have

󰁨T(φ)
󰀕󰀕

t1 0
0 t2

󰀖󰀖
=

󰀏󰀏󰀏󰀏
t1
t2

󰀏󰀏󰀏󰀏
−dimF V

4
󰁝

(F×F)♥
φ(x1, x2)ψ

−1(t2x1 + t−1
1 x2) dx1 dx2.;

(4) if D = Mat2(F), we have

󰁨T(φ)

󰀳

󰁅󰁅󰁃

ξ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ξ−1

󰀴

󰁆󰁆󰁄 = |ξ|−
dimF V

4

󰁝

Mat2(F)♥
φ(x)ψ−1

󰀕
τ

󰀕
x

󰀕
ξ−1 0
0 1

󰀖󰀖󰀖
dx.

Proof. When D = F and dimF V is even, this is [GW21, Proposition 11.1]. We also include
the proof here for the reader’s convenience. Let Φ ∈ F(V), for any integer k, we have

T(Φ)(t) =
󰁝

p−k
F

ωψ

󰀕
wt

󰀕
1 u
0 1

󰀖󰀖
Φ(v0)ψ

−1(u) du

=

󰁝

p−k
F

󰁝

V
ωψ

󰀕
t

󰀕
1 u
0 1

󰀖󰀖
Φ(v)ψ−1(B(v0, v)) dv · ψ−1(u) du.

Write t =

󰀕
ζ 0
0 ζ−1

󰀖
, we have

ωψ

󰀕󰀕
ζ 0
0 ζ−1

󰀖󰀕
1 u
0 1

󰀖󰀖
Φ(v) = |ζ|

dimF V
2 ωψ

󰀕󰀕
1 u
0 1

󰀖󰀖
Φ(ζv)

= |ζ|
dimF V

2 ψ

󰀕
u · B(ζv, ζv)

2

󰀖
Φ(ζv).

Then we have󰁝

p−k
F

ωψ

󰀕
wt

󰀕
1 u
0 1

󰀖󰀖
Φ(v0)ψ

−1(u) du

=

󰁝

p−k
F

|ζ|
dimF V

2

󰁝

V
ψ

󰀕
u · B(ζv, ζv)

2

󰀖
Φ(ζv)ψ−1(B(v0, v)) dv · ψ−1(u) du

= |ζ|−
dimF V

2

󰁝

V
Φ(v)ψ−1(B(v0, ζ−1v))

󰁝

p−k
F

ψ

󰀕
u

󰀕
B(v, v)

2
− 1

󰀖󰀖
du dv.

Note that 󰁝

p−k
F

ψ

󰀕
u

󰀕
(B(v, v)

2
− 1

󰀖󰀖
dn =

󰀝
qk if B(v,v)

2
∈ 1 + pkF

0 otherwise.
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Then, when k is large enough, we have

󰁝

p−k
F

ωψ(w)ωψ(t)ωψ

󰀕󰀕
1 u
0 1

󰀖󰀖
Φ(v0)ψ

−1(u) du

= |ζ|−
dimF V

2

󰁝

X

Φ(v)ψ−1(B(v0, ζ−1v))|ω1(v)|

= |ζ|−
dimF V

2

󰁝

F♥

󰁝

Xx

Φ(v)|µx(v)|ψ−1(ζ−1x) dx

= |ζ|−
dimF V

2

󰁝

F♥
I(res(Φ))(x)ψ−1(ζ−1x) dx.

In the case that dimF V is odd, using our coordinate, we have

󰁨T(φ)
󰀕
ζ 0
0 ζ−1

󰀖
= γ(t,ψ)|ζ|−

dimF V
2

󰁝

F♥
I(res(Φ))(x)ψ−1(ζ−1(4x− 2)) dx

= γ(t,ψ)|ζ|−
dimF V

2 ψ−1

󰀕
−2

ζ

󰀖󰁝

F♥
I(res(Φ))(x)ψ−1(4ζ−1x) dx.

When D = F× F, for Φ ∈ F(V) and t =

󰀕
t1 0
0 t2

󰀖
∈ T, we have

󰁝

p−k
F

ωψ

󰀕
wt

󰀕
1 u
0 1

󰀖󰀖
Φ(v0)ψ

−1(u) du

=

󰁝

p−k
F

󰁝

V
ωψ

󰀕󰀕
t1 0
0 t2

󰀖󰀕
1 u
0 1

󰀖󰀖
Φ(v)ψ−1(τ(B(v0, v))) dv · ψ−1(u) du

Write V = Fn × Fn and its elements as (v, v∨), then we have

ωψ

󰀕󰀕
t1 0
0 t2

󰀖󰀕
1 u
0 1

󰀖󰀖
Φ((v, v∨)) =

󰀏󰀏󰀏󰀏
t1
t2

󰀏󰀏󰀏󰀏

dimF V
4

ψ(n〈t1v, t−1
2 v∨〉)Φ((t1v, t−1

2 v∨)),

hence
󰁝

p−k
F

ωψ

󰀕
wt

󰀕
1 u
0 1

󰀖󰀖
Φ(v0)ψ

−1(u) du

=

󰁝

p−k
F

󰁝

Fn×Fn

󰀏󰀏󰀏󰀏
t1
t2

󰀏󰀏󰀏󰀏

n
2

ψ(u〈v, v∨〉)Φ((v, v∨)) · ψ−1(τ(B(v0, (t−1
1 v, t2v

∨)))) dv dv∨ · ψ−1(u) du

=

󰀏󰀏󰀏󰀏
t1
t2

󰀏󰀏󰀏󰀏
−n

2
󰁝

Fn×Fn

Φ((v, v∨))ψ−1(〈t−1
1 v, e∨n〉+ 〈en, t2v∨〉)

󰁝

p−k
F

ψ (u (〈v, v∨〉 − 1)) du dv dv∨

Since we have
󰁝

p−k
F

ψ (u (〈v, v∨〉 − 1)) du =

󰀝
qk if 〈v, v∨〉 ∈ 1 + pkF
0 otherwise,
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hence when k is large enough,

󰁝

p−k
F

ωψ

󰀕
wt

󰀕
1 u
0 1

󰀖󰀖
Φ(v0)ψ

−1(u) du

=

󰀏󰀏󰀏󰀏
t1
t2

󰀏󰀏󰀏󰀏
−n

2
󰁝

X

Φ((v, v∨))ψ−1(〈t−1
1 v, e∨n〉+ 〈en, t2v∨〉)|ω1((v, v

∨))|

=

󰀏󰀏󰀏󰀏
t1
t2

󰀏󰀏󰀏󰀏
−n

2
󰁝

(F×F)♥
I(res(Φ))(x1, x2)ψ

−1(t2x1 + t−1
1 x2) dx1 dx2.

If D = Mat2(F), for Φ ∈ F(V) and t =

󰀳

󰁅󰁅󰁃

ξ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ξ−1

󰀴

󰁆󰁆󰁄 ∈ T, we have

󰁝

p−k
F

ωψ

󰀕
wt

󰀕
1 u
0 1

󰀖󰀖
Φ(v0)ψ

−1(u) du

=

󰁝

p−k
F

󰁝

V
ωψ,X,Y

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

ξ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ξ−1

󰀴

󰁆󰁆󰁄n

󰀴

󰁆󰁆󰁄Φ(v)ψ−1(τ(B(v0, v))) dv · ψ−1(u) du

Since we have

ωψ (tu)Φ(v) = |ξ|
dimF V

4 ψ

󰀳

󰁅󰁅󰁃

u · τ
󰀕
BV

󰀕
v

󰀕
ξ 0
0 1

󰀖
, v

󰀕
ξ 0
0 1

󰀖󰀖󰀖

2

󰀴

󰁆󰁆󰁄Φ

󰀕
v

󰀕
ξ 0
0 1

󰀖󰀖
,

then

󰁝

p−k
F

ωψ

󰀕
wt

󰀕
1 u
0 1

󰀖󰀖
Φ(v0)ψ

−1(u) du

=

󰁝

p−k
F

󰁝

V
|ξ|−

dimF V
4 ψ

󰀕
u · τ (BV(v, v))

2

󰀖
Φ(v) · ψ−1

󰀕
τ

󰀕
B
󰀕
v0, v

󰀕
ξ−1 0
0 1

󰀖󰀖󰀖󰀖
dv · ψ−1(u) du

= |ξ|−
dimF V

4

󰁝

V
Φ(v)ψ−1

󰀕
τ

󰀕
BV(v0, v)

󰀕
ξ−1 0
0 1

󰀖󰀖󰀖󰁝

p−k
F

ψ

󰀕
u

󰀕
τ(BV(v, v))

2
− 1

󰀖󰀖
du dv

Again

󰁝

p−k
F

ψ

󰀕
u

󰀕
τ(BV(v, v))

2
− 1

󰀖󰀖
du =

󰀝
qk if τ(BV(v,v))

2 ∈ 1 + pkF
0 otherwise,
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when k is large enough,
󰁝

p−k
F

ωψ

󰀕
wt

󰀕
1 u
0 1

󰀖󰀖
Φ(v0)ψ

−1(u) du

= |ξ|−
dimF V

4

󰁝

X
Φ(v))ψ−1

󰀕
τ

󰀕
BV(v0, v)

󰀕
ξ−1 0
0 1

󰀖󰀖󰀖
|ω1(v)|

= |ξ|−
dimF V

4

󰁝

Mat2(F)♥
I(res(Φ))(x)ψ−1

󰀕
τ

󰀕
x

󰀕
ξ−1 0
0 1

󰀖󰀖󰀖
dx.

□

To facilitate a comparison with the transfer operators established in Theorem 1.1, we
examine each case in detail. We begin with the case D = F, which is the most direct. Let
S(X) = F(X) dx and SV(T) := OrbV(T)|ζ2| d×ζ denote the respective spaces of measures.
Retaining the notation T for the extension to S(X).

Proposition 3.7. In the case where dimV is even, let T denote the transfer established in
Theorem 1.1. Then, on the space of push-forward measures, we have the identity

󰁨T ◦ T = Id.

Proof. According to Proposition 3.6, for φ ∈ F(X), we have

󰁨T(φ)(ζ) = |ζ|−
dimD V

2

󰁝

D♥
φ(x)ψ−1(ζ−1x) dx = (| · |−n · ι ◦ Fψ(φ))(ζ).(3.2)

□
Proposition 3.8. When dimF V is odd, we have

󰁨T ◦ T = γ(·,ψ)ψ
󰀕
2

·

󰀖
·
󰀓
| · | 12 ◦ ◦Fψ−1 ◦ ι ◦ | · |

󰀔󰀓 ·
4

󰀔
.

Proof. The result is also a direct consequence of Proposition 3.6. □
Next, consider the case that D = F× F. Consider the following Gm-action on A2:

z(x1, x2) := (zx1, z
−1x2), ∀z ∈ Gm, (x1, x2) ∈ A2.

It is clear that A2 //Gm = A1 via the map (x1, x2) 󰀁→ x1x2.

Lemma 3.9. For any φ ∈ F(X), x1, x2 ∈ F× such that x1x2 ∕= 0, 1,
󰁝

Gm

φ(z−1x1, zx2) dz

is absolutely converget.

Proof. Let Φ ∈ F(X) and φ = I(Φ). Note that for fixed (x1, x2) ∈ (F × F)♥ such that
x1x2 ∕= 0, 1,

φ(z−1x1, zx2) ∕= 0

only when the support of Φ has a non-empty intersection with X(z−1x1,zx2). Since the support
of Φ is compact, and X → F is a submersion away from 0, 1, the integral

󰁝

Gm

φ(z−1x1, zx2) dz

is actually over some compact subsect of F×, hence is absolutely convergent. □
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On the other hand, consider the center integrals of elements in OrbV(T), we also have

Lemma 3.10. For f ∈ OrbV(T),
󰁝

Gm

f

󰀕󰀕
ξ 0
0 1

󰀖󰀕
z 0
0 z

󰀖󰀖
dz

is absolutely convergent for ξ ∈ F×.

Proof. According to the proof of Proposition 3.6, the choice of k in the regularized integral
is independent of t and only depends on the function Φ. Let us fix such a k. We first claim
that when |z| is large enough,

f

󰀕󰀕
ξ 0
0 1

󰀖󰀕
z 0
0 z

󰀖󰀖
= 0.

In fact, we may assume f = 󰁨T(φ) for some φ = I(res(Φ)), and Φ = Φ1 ⊗ · · ·Φn ⊗ Ψ1 ⊗ Ψn

is a pure tensor. Then we have

f

󰀕󰀕
ξ 0
0 1

󰀖󰀕
z 0
0 z

󰀖󰀖

=

󰁝

p−k
F

󰁝

Fn×Fn

|ξ|−
dimD V

2 ψ(u(x1y1 + · · · xnyn))Φ1(x1) · · ·Φn(xn)Ψ1(y1) · · ·Ψn(yn)

· ψ−1(ξ−1z−1xn + zyn) dx1 · · · dxn dy1 · · · dyn · ψ−1(u) du

=

󰁝

p−k
F

󰁝

Fn

|ξ|−
dimD V

2 Fψ−1(Φ1)(uy1) · · ·Fψ−1(Φn−1)(uyn−1)Fψ−1(Φn)(−ξ−1z−1 + uyn)

·Ψ1(y1) · · ·Ψn(yn)ψ
−1(zyn) dy1 · · · dynψ−1(u) du.

For fixed ξ, when z is large enough, we have Fψ−1(Φn)(ξ
−1z−1 − uyn) = Fψ−1(Φn)(uyn), and

󰁝

F

Fψ−1(Φn)(−ξ−1z−1 + uyn)Ψn(yn)ψ
−1(zyn) dyn =

󰁝

F

Fψ−1(Φn)(uyn)Ψn(yn)ψ
−1(zyn) dyn.

It is not hard to see that when |u| ≤ qk,
󰁝

F

Fψ−1(Φn)(uyn)Ψn(yn)ψ
−1(zyn) dyn = 0

when |z| is large enough. Similarly by changing z to z−1, we see

f

󰀕󰀕
ξ 0
0 1

󰀖󰀕
z 0
0 z

󰀖󰀖
= 0.

when |z| is small enough, hence
󰁝

Gm

f

󰀕󰀕
ξ 0
0 1

󰀖󰀕
z 0
0 z

󰀖󰀖
dz

is absolutely convergent for ξ ∈ F×.
□

Definition 3.11. (1) For any φ ∈ F(X), and x ∈ F \ {0, 1}, write

󰁨φ(x) :=
󰁝

F

φ(z−1x, z) d×z.
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We will use F(X) to denote the space of such functions and S(X) := F(X) dx.
(2) Let OrbV(T) be the space of functions obtained from Orb(T) by taking integrals over

the center, namely, they are functions of ξ ∈ F× of the form

󰁨f (ξ) :=

󰁝

Gm

f

󰀕󰀕
ξ 0
0 1

󰀖󰀕
z 0
0 z

󰀖󰀖
dz, f ∈ OrbV(T).

Write SV(T) := OrbV(T)|ξ| d×ξ.

Lemma 3.12. We have a commutative diagram

F(X)

󰈃󰈃

󰈣󰈣 OrbV(T)

󰈃󰈃

S(X) 󰈣󰈣 SV(T),

where the bottom arrow is given by

T : | · |−n
2 ◦ ι ◦ Fψ ◦ | · |−1 ◦ ι ◦ Fψ

in the sense of measures.

Proof. Let ϕ ∈ C∞
c (F×) be a test function, and f = 󰁨T(φ) for φ ∈ F(X), then we have

〈 󰁨f,ϕ〉 =
󰁝

F

󰁨f(ξ)ϕ(ξ) dξ.

Using Fubini’s theorem, we have

〈 󰁨f,ϕ〉 =
󰁝

F

󰁝

F×
|ξ|−

n
2

󰁝

(F×F)♥
φ(ξ1, ξ2)ψ

−1(zξ1 + ξ−1z−1ξ2) dξ1 dξ2
dz

|z|ϕ(ξ) dξ

=

󰁝

F×

󰁝

(F×F)♥
φ(ξ1, ξ2)ψ

−1(zξ1 + ξ−1z−1ξ2)ϕ(ξ)|ξ|−
n
2 dξ dξ1 dξ2

dz

|z|

=

󰁝

F×

󰁝

(F×F)♥
φ(ξ1, ξ2)ψ

−1(zξ1)Fψ(| · |−2 ◦ ι ◦ | · |−n
2ϕ)(z−1ξ2) dξ1 dξ2

dz

|z| .

As Fψ(| · |−2 ◦ ι ◦ | · |−n
2ϕ) vanishes near 0 and ∞, we can apply the Fubini’s theorem again

to obtain

〈 󰁨f,ϕ〉 =
󰁝

(F×F)♥
φ(ξ1, ξ2)

󰁝

F×
Fψ(| · |−2 ◦ ι ◦ | · |−n

2ϕ)(z−1)|z−1|−1ψ−1(ξ1ξ2z)
dz

|z|2 dξ1 dξ2

= 〈󰁨φ,Fψ ◦ | · |−2 ◦ ι ◦ | · |−1 ◦ Fψ ◦ | · |−2 ◦ ι ◦ | · |−n
2ϕ〉.

Note that for a measure µ and a test function ϕ, we have

〈ι(µ),ϕ〉 = 〈µ, | · |−2 ◦ ι(ϕ)〉,
hence

〈󰁨φ,Fψ ◦ | · |−2 ◦ ι ◦ | · |−1 ◦ Fψ ◦ | · |−2 ◦ ι ◦ | · |−n
2ϕ〉

= 〈| · |−n
2 ◦ ι ◦ Fψ ◦ | · |−1 ◦ ι ◦ Fψ,ϕ〉.

□
Proposition 3.13. Let T be the transfer operator in Theorem 1.1, then we have

T ◦ T = Id.
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Proof. This is a direct consequence of Lemma 3.12. □
The last case is when D = Mat2(F). Consider the action of SL2 on Mat2 by left or right

multiplication. Then according to [GW09, Theorem 5.3.3], Mat2 // SL2 = A1 via g 󰀁→ det g.
Write S(X) := F(X) dx for measures on Mat2(F)

♥ by multiplying an additive Haar measure.

Lemma 3.14. For φ ∈ F(X), and x ∈ F \ {0, 1},

󰁨φ(x) :=
󰁝

SL2

φ

󰀕󰀕
x 0
0 1

󰀖
g

󰀖
dg

is absolutely convergent.

Proof. This is similar to Lemma 3.9. □
In this case, we have to make some modifications to the transfer operator 󰁨T. Now, consider

the embedding

SL2 ↩→ SO4 : g 󰀁→
󰀕
g 0
0 g

󰀖
.

Consider the adjoint action of PGL2 on gl2 = Mat2(F), which is equipped with the quadratic
form given by the determinant. The ordered basis

󰀝󰀕
0 1
0 0

󰀖
,

󰀕
1 0
0 0

󰀖
,

󰀕
0 0
0 −1

󰀖
,

󰀕
0 0
1 0

󰀖󰀞

gives an embedding PGL2 → O4 such that

󰀕
t

1

󰀖
󰀁→

󰀳

󰁅󰁅󰁃

t
1

1
t−1

󰀴

󰁆󰁆󰁄 ,

󰀕
1 n

1

󰀖
󰀁→

󰀳

󰁅󰁅󰁃

1 n
1 n

1
1

󰀴

󰁆󰁆󰁄 ,

and

󰀕
−1

1

󰀖
󰀁→

󰀳

󰁅󰁅󰁃

−1
1

1
−1

󰀴

󰁆󰁆󰁄 .

We also identify PGL2 with its image in O4. Note that PGL2 normalizes SL2. Then, let us
consider the function

Ω(Φ) : PGL2 → C

g 󰀁→
󰁝

SL2

Ωψ(Φ)(gg
′) dg′.

For Φ ∈ F(V), replace Φ by ωψ(g)Φ for g ∈ SL2 in Proposition 3.6,we have

󰁝 ∗

N

ωψ(w)ωψ

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

ξ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ξ−1

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄ωψ(u)ωψ(g)Φ(v0)ψ
−1(u) du

= |ξ|−
dimF V

4

󰁝

Mat2(F)♥
I(res(Φ))(x)ψ−1

󰀕
τ

󰀕
xg−1

󰀕
ξ−1 0
0 1

󰀖󰀖󰀖
dx =: 󰁥T(φ)(ξ, g),
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where φ = I(Res(Φ)). Denote the space of such functions by OrbV(T× SL2).

Lemma 3.15. For φ ∈ F(X),

󰁝

SL2

󰁥T(φ)(ξ, g) dg

is absolutely convergent for ξ ∈ F×.

Proof. Let φ = I(res(Φ)) with Φ ∈ F(V). Assume K′ ⊂ K = SL2(oF) such that ωψ(k)Φ = Φ
for any k ∈ K′. According to the Iwasawa decomposition, we have

󰁝

SL2

󰁥T(φ)(ξ, g) dg =

󰁝

F×F×

󰁝

K

󰁥T(φ)
󰀕
ξ,

󰀕
1 x
0 1

󰀖󰀕
m 0
0 m−1

󰀖
k

󰀖
|m|−2 dx

dm

|m| dk

=
󰁛

ki∈K/K′

vol(K′)

󰁝

F×F×

󰁥T(φi)

󰀕
ξ,

󰀕
1 x
0 1

󰀖󰀕
m 0
0 m−1

󰀖󰀖
|m|−2 dx

dm

|m| ,

where φi = I(res(ωψ(ki)Φ)). For simplicity of notations, replace Φ by ωψ(ki)Φ, it suffices to
show that

󰁝

F×F×

󰁥T(φ)
󰀕
ξ,

󰀕
1 x
0 1

󰀖󰀕
m 0
0 m−1

󰀖󰀖
|m|−2 dx

dm

|m|

is absolutely convergent.
Note that we have

󰀳

󰁅󰁅󰁃

0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

ξ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ξ−1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

1 x 0 0
0 1 0 0
0 0 1 x
0 0 0 1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

m 0 0 0
0 m−1 0 0
0 0 m 0
0 0 0 m−1

󰀴

󰁆󰁆󰁄

=

󰀳

󰁅󰁅󰁃

1 ξx 0 0
0 1 0 0
0 0 1 ξx
0 0 0 1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

ξm 0 0 0
0 m−1 0 0
0 0 m 0
0 0 0 ξ−1m−1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

󰀴

󰁆󰁆󰁄 ,
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then

ωψ

󰀳

󰁅󰁅󰁃w

󰀳

󰁅󰁅󰁃

ξ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ξ−1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

1 x 0 0
0 1 0 0
0 0 1 x
0 0 0 1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

m 0 0 0
0 m−1 0 0
0 0 m 0
0 0 0 m−1

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄Φ(v0)

= ωψ

󰀳

󰁅󰁅󰁃w

󰀳

󰁅󰁅󰁃

ξm 0 0 0
0 m−1 0 0
0 0 m 0
0 0 0 ξ−1m−1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄Φ

󰀕
v0

󰀕
1 ξx
0 1

󰀖󰀖

=

󰁝

V
ωψ

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

ξm 0 0 0
0 m−1 0 0
0 0 m 0
0 0 0 ξ−1m−1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄Φ(v)

· ψ−1

󰀕
τ

󰀕
BV

󰀕
v0

󰀕
1 ξx
0 1

󰀖
, v

󰀖󰀖󰀖
dv

=

󰁝

V
|ξm ·m−1|nψ

󰀳

󰁅󰁅󰁃

u · BV

󰀕
v

󰀕
ξm 0
0 m−1

󰀖
, v

󰀕
ξm 0
0 m−1

󰀖󰀖

2

󰀴

󰁆󰁆󰁄Φ

󰀕
v

󰀕
ξm 0
0 m−1

󰀖󰀖

ψ−1

󰀕
τ

󰀕
BV

󰀕
v0

󰀕
1 ξx
0 1

󰀖
, v

󰀖󰀖󰀖
dv

=

󰁝

V
|ξ|−nψ

󰀕
u · BV(v, v)

2

󰀖
Φ(v)ψ−1

󰀕
τ

󰀕
BV

󰀕
v0

󰀕
1 ξx
0 1

󰀖
, v

󰀕
ξ−1m−1 0

0 m

󰀖󰀖󰀖󰀖
dv.

Write v =

󰀕󰀕
x1 z1
w1 y1

󰀖
, · · · ,

󰀕
xn zn
wn yn

󰀖󰀖
, then

τ

󰀕
BV

󰀕
v0

󰀕
1 ξx
0 1

󰀖
, v

󰀕
ξ−1m−1 0

0 m

󰀖󰀖󰀖
= τ

󰀕󰀕
1 −ξx
0 1

󰀖󰀕
xn zn
wn yn

󰀖󰀕
ξ−1m−1 0

0 m−1

󰀖󰀖

= τ

󰀕󰀕
ξ−1m−1xn − xm−1wn ∗

∗ myn

󰀖󰀖

= ξ−1m−1xn +myn −m−1xwn,

so

ωψ

󰀳

󰁅󰁅󰁃w

󰀳

󰁅󰁅󰁃

ξ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ξ−1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

1 0 u 0
0 1 0 u
0 0 1 0
0 0 0 1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

1 x 0 0
0 1 0 0
0 0 1 x
0 0 0 1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

m 0 0 0
0 m−1 0 0
0 0 m 0
0 0 0 m−1

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄Φ(v0)

= |ξ|−n

󰁝

F4n

Φ

󰀕󰀕󰀕
x1 z1
w1 y1

󰀖
, · · · ,

󰀕
xn zn
wn yn

󰀖󰀖󰀖

· ψ(u(x1y1 + · · ·+ xnyn − z1w1 − · · ·− znwn))ψ
−1(ξ−1m−1xn +myn −m−1xwn).

Without loss of generality, we may assume

Φ = Φ1(x1, · · · , xn, y1, · · · , yn)Φ2(z1, · · · , zn, w1, · · · , wn)
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with Φ1,Φ2 ∈ F(Fn). Then for some k large enough,

󰁥T(φ)
󰀕
ξ,

󰀕
1 x
0 1

󰀖󰀕
m 0
0 m−1

󰀖󰀖

= |ξ|−n

󰁝

p−k
F

󰁝

F2n

Φ1(x1, · · · , xn, y1, · · · , yn)ψ(u(x1y1 + · · ·+ xnyn))ψ
−1(ξ−1m−1xn +myn)

·
󰁝

F2n

Φ2(z1, · · · , zn, w1, · · · , wn)ψ(−u(z1w1 + · · ·+ znwn))ψ
−1(−m−1xwm)ψ

−1(u) du.

From the proof of Lemma 3.10,
󰁝

F2n

Φ1(x1, · · · , xn, y1, · · · , yn)ψ(u(x1y1 + · · ·+ xnyn))ψ
−1(ξ−1m−1xn +myn) dx1 · · · dyn ∕= 0

implies that M1 ≤ |m| ≤ M2 for some M1,M2 > 0. Then since
󰁝

F2n

Φ2(z1, · · · , zn, w1, · · · , wn)ψ
−1(−u(z1w1 + · · ·+ znwn))ψ

−1(−m−1xwn) dz1 · · · dwn

=

󰁝

Fn

Fψ,1 ◦ · · · ◦ Fψ,nΦ2(−uw1, · · · ,−uwn−1,−uwn, w1, · · · , wn)ψ
−1(−m−1xwn) dw1 · · · dwn,

which is non-zero only when |x| ≤ A for some A > 0 depending on Φ2, p−k
F , and M .

Therefore,
󰁝

SL2

󰁥T(φ)(ξ, g) dg

is absolutely convergent for ξ ∈ F×.
□

Definition 3.16. (1) For φ ∈ S(X), let 󰁨φ be the push-forward of the measure φ to A1

along the determinant map. We will use S(X) to denote the space of such measures.
(2) Let OrbV(T) be the space of functions

ξ 󰀁→
󰁝

SL2

󰁥T(φ)(ξ, g) dg,

and SV(T) := OrbV(T)|ξ| d×ξ.

Remark 3.17. Observe that󰀳

󰁅󰁅󰁃

1
−1

1
−1

󰀴

󰁆󰁆󰁄

󰀳

󰁅󰁅󰁃

−1
−1

1
1

󰀴

󰁆󰁆󰁄 =

󰀳

󰁅󰁅󰁃

−1
1

1
−1

󰀴

󰁆󰁆󰁄

with

󰀳

󰁅󰁅󰁃

1
−1

1
−1

󰀴

󰁆󰁆󰁄 ∈ SL2(F), hence on the maximal torus of PGL2,

󰁝 ∗

N

Ω(Φ)

󰀕
w

󰀕
ξ

1

󰀖
n

󰀖
ψ−1(n) dn =

󰁝

SL2

󰁥T(I(Res(Φ)))(ξ, g) dg.
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Lemma 3.18. We have a commutative diagram

F(X)

󰈃󰈃

󰈣󰈣 OrbV(T× SL2)

󰈃󰈃

S(X) 󰈣󰈣 SV(T),

where the bottom arrow is given by

T : | · |−n+1 ◦ ι ◦ Fψ ◦ | · |−2 ◦ ι ◦ Fψ

in the sense of measures or distributions.

Proof. Let ϕ ∈ C∞
c (F×) be a test function, and f = 󰁥T(φ) with φ ∈ F(X), then we have

〈 󰁨f,ϕ〉 =
󰁝

F

|ξ|−n

󰁝

SL2

󰁝

Mat2(F)♥
φ(x)ψ−1

󰀕
tr

󰀕󰀕
1 0
0 ζ−1

󰀖
gx

󰀖󰀖
dx dg · ϕ(ξ) dξ.

Write x =

󰀕
x1 x2

x3 x4

󰀖
and using the Brahut decomposition to write

g =

󰀕
1 0
u 1

󰀖󰀕
t 0
0 t−1

󰀖󰀕
1 v
0 1

󰀖
.

Then

τ

󰀕
xg−1

󰀕
ξ−1 0
0 1

󰀖󰀖
= tr

󰀕󰀕
ξ−1tuvx1 + ξ−1t−1x1 − ξ−1tux2 ∗

∗ −tvx3 + tx4

󰀖󰀖

= ξ−1tuvx1 + ξ−1t−1x1 − ξ−1tux2 − tvx3 + tx4

As ϕ is a Schwartz function, we can apply Fubini’s theorem, then

〈 󰁨f,ϕ〉 =
󰁝

F××F×F

󰁝

Mat2(F)♥
φ(x)ψ−1(tx4 − tvx3)

·
󰁝

F

ϕ(ζ)|ζ|−nψ−1(ξ−1tuvx1 + ξ−1t−1x1 − ξ−1tux2) dξ dx1 dx2 dx3 dx4|t|2
dt

|t| du dv

Since 󰁝

F

ϕ(ξ)|ξ|−nψ−1(ξ−1tuvx1 + ξ−1t−1x1 − ξ−1tux2) dζ

= (Fψ ◦ | · |−2 ◦ ι ◦ | · |−n)(ϕ)(tuvx1 + t−1x1 − tux2)

and (Fψ ◦ | · |−2 ◦ ι ◦ | · |−n)(ϕ) also vanishes at 0 and ∞, we can first integral over v and

replace v by
v + tux2 − t−1x1

tux1

, then

󰁝

F

(Fψ ◦ | · |−2 ◦ ι ◦ | · |−n)(ϕ)(tuvx1 + t−1x1 − tux2)ψ
−1(−tvx3) dv

=

󰁝

F

(Fψ ◦ | · |−2 ◦ ι ◦ | · |−n)(ϕ)(v)ψ−1

󰀕
−v

x3

ux1

󰀖
1

|tux1|
dv · ψ−1

󰀕
−−t−1x1x3 + tux2x3

ux1

󰀖

= (| · |−2 ◦ ι ◦ | · |−n)(ϕ)

󰀕
x3

ux1

󰀖
1

|tux1|
ψ−1

󰀕
−−t−1x1x3 + tux2x3

ux1

󰀖
.
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We can further integral over u first, and make a change of variable by replacing u by
x3

ux1

,

then
󰁝

F

(| · |−2 ◦ ι ◦ | · |−n)(ϕ)

󰀕
x3

ux1

󰀖
1

|u|ψ
−1

󰀕
t−1x3

u

󰀖
du

=

󰁝

F

(| · |−2 ◦ ι ◦ | · |−n)(ϕ)(u)ψ−1(t−1x1u)
du

|u|

= (Fψ ◦ | · |−1 ◦ | · |−2 ◦ ι ◦ | · |−n)(ϕ)
󰀓x1

t

󰀔
.

Finally, replace t by tx1, then we have
󰁝

F

(Fψ ◦ | · |−1 ◦ | · |−2 ◦ ι ◦ | · |−n)(ϕ)
󰀓x1

t

󰀔 1

|tx1|
ψ−1

󰀕
t
x1x4 − x2x3

x1

󰀖
|t|2 dt|t|

=

󰁝

F

(Fψ ◦ | · |−1 ◦ | · |−2 ◦ ι ◦ | · |−n)(ϕ)

󰀕
1

t

󰀖
ψ−1(t(x1x4 − x2x3)) dt

= (Fψ ◦ ι ◦ Fψ−1 ◦ | · |−1 ◦ | · |−2 ◦ ι ◦ | · |−n)(ϕ)(x1x4 − x2x3),

hence

〈 󰁨f,ϕ〉 = 〈󰁨φ, (Fψ ◦ ι ◦ Fψ ◦ | · |−1 ◦ | · |−2 ◦ ι ◦ | · |−n)(ϕ)〉
= 〈(| · |−n ◦ ι ◦ | · |−1 ◦ Fψ ◦ | · |−2 ◦ ι ◦ Fψ)(φ),ϕ〉
= 〈(| · |−n+1 ◦ ι ◦ Fψ ◦ | · |−2 ◦ ι ◦ Fψ)(φ),ϕ〉.

□

Proposition 3.19. Let T be the transfer operator in Theorem 1.1, then we have

T ◦ T = Id.

Proof. It follows from Lemma 3.18. □

4. Fundamental lemma of type Dn

The results of this section are fundamentally contained in the works of S. Rallis [Ral82]
and W. Gan-X. Lei [GW21]. While we provide a reformulation of these results in the present
framework, the author wishes to emphasize that the credit for the fundamental lemma for the
full Hecke algebra in the Dn case belongs to S. Rallis. We include the details here to ensure
the manuscript remains self-contained and to clarify the compatibility with our notation.

In this section, let D = F, and dimF V is even such that there is an ordered basis
{e1, · · · , en, fn, · · · , f1} satisfying

BV(ei, ej) = BV(fi, fj) = 0, and BV(ei, fj) = δij ∀ 1 ≤ i, j ≤ n,

where δij is the Kronecker symbol. Under the isomorphism V ∼= F2n under the above basis,
we have

BV : F2n × F2n → F :

󰀳

󰁃

󰀳

󰁃
x1
...

x2n

󰀴

󰁄 ,

󰀳

󰁃
y1
...

y2n

󰀴

󰁄

󰀴

󰁄 󰀁→
2n󰁛

i=1

xiy2n+1−i.
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Take W to be a 2-dimensional symplectic space over F, and fix the ordered basis {e, f} of
W such that BW(e, f) = 1. Under the isomorphism W ∼= F2 under this fixed basis, we have

BW : F2 × F2 → F :

󰀕󰀕
x1

x2

󰀖
,

󰀕
y1
y2

󰀖󰀖
󰀁→ x1y2 − x2y1.

In this case, U(V,BV) = SO(V) and U(W,BW) = SL2. Recall that we take v0 = e1 + f1 =󰀳

󰁅󰁅󰁅󰁅󰁃

1
0
...
0
1

󰀴

󰁆󰁆󰁆󰁆󰁄
∈ F2n and

X = SO(V)/SO(v⊥0 )
∼= {v ∈ V | BV(v, v) = 2} ⊂ V : g 󰀁→ gv0.

Let Φ0 be the characteristic function of Y(oF).

4.1. Matching of unit elements.

Lemma 4.1.

I(Res(Φ0))(x) dx =
1

ζF(n)
L◦

X =
#X(κF)

qdimX
L◦

X.

Proof. Denote

F (x) :=

󰁝

Vx

Φ0(v)ωx(v), x ∕= 0.

Then we only need to compute F (1). To do this, let

F ∗(x) :=

󰁝

V
Φ0(v)ψ

󰀕
x · τ(BV(v, v))

2

󰀖
dv.

According to [Igu00, Section 8.3, Theorem 8.3.1], we know that

F ∗(x) = max{1, |x|}−n,

and

F (0) = lim
k→∞

󰁝

|x|≤qk
F ∗(x)ψ(−x) dx

=

󰁝

|x|≤1

1 dx+ lim
k→∞

󰁝

q≤|x|≤qk
|x|−nψ(−x) dx

= 1− q−n.

On the other hand, due to [Tay92, Chapter 11],

#O(V)(κF) = 2qn(n−1)(qn − 1)
n−1󰁜

i=0

(q2i − 1)

and

#O(v⊥0 )(κF) = 2q(n−1)2
n−1󰁜

i=0

(q2i − 1),

hence
#X(κF)

qdimX
= 1− q−n = ζF(n)

−1.
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□

Lemma 4.2.

Ω(Φ0) =
1

ζF(2n− 2)
ΦLX.

Proof. The identity follows from the fact that both functions are (N,ψ)-left invariant and
SL2(oF)-right invariant; since they agree on the torus T, they must coincide everywhere by
the Iwasawa decomposition. □

As a consequence,

Theorem 4.3 (fundamental lemma for the unit element). Let L◦
X ∈ S(SO2n−1\SO2n/SO2n−1)

be the basic measure on A1, then we have

T −1 (L◦
X) =

qdimX

#X(κF)ζF(2)ζF(sX)
fLX

=
ζF(n)

ζF(2)ζF(2n− 2)
fL(Ad,n−1)

4.2. Matching of Hecke elements. Let B be the Borel subgroup of SO(V) fixing the
isotropic flag

〈e1〉 ⊂ 〈e1, e2〉 ⊂ · · · ⊂ 〈e1, · · · , en〉,

and A the maximal torus consisting of elements fixing each line 〈ei〉 for every 1 ≤ i ≤ n.

Lemma 4.4.

X◦ = {v ∈ X | BV(x, e1) ∕= 0}.

Then v0 ∈ X◦ and X◦ is an open B-orbit in X.

Proof. It is clear that X◦ is open in X, stable under the action of B and v0 ∈ X◦. So we only
need to show X◦ = Bv0.

Indeed, let x =
n󰁛

i=1

xiei +
n󰁛

i=1

yifi ∈ X◦, then y1 ∕= 0. By the action of A, we may assume

y1 = 1. Under the ordered basis {e1, · · · , en, fn, · · · , f1}, we have

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

sn

󰀳

󰁅󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

1 −yn
1 −yn−1

...
...
1

󰀴

󰁆󰁆󰁄

t −1
󰀴

󰁆󰁆󰁆󰁄
sn 0n

0n

󰀳

󰁅󰁅󰁃

1 −yn
1 −yn−1

...
...
1

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

x1

x2
...
xn

yn
yn−1
...
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

=

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

1
x′
2
...
x′
n

0
0
...
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

,
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for some x′
2, · · · , x′

n ∈ F. And here sn =

󰀳

󰁅󰁃
1

...

1

󰀴

󰁆󰁄. Then one can take

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

In

󰀳

󰁅󰁅󰁅󰁅󰁃

x′
n x′

n−1 · · · x′
2 0

0 0 · · · 0 −x′
2

...
...

...
...

...
0 0 · · · 0 −x′

n−1

0 0 0 0 −x′
n

󰀴

󰁆󰁆󰁆󰁆󰁄

0n In

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

1
x′
2
...
x′
n

0
0
...
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

=

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

1
0
...
0
0
0
...
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

.

□

Corollary 4.5. P(X) is the maximal proper parabolic subgroup fixing the isotropic flag

〈e1〉.

Then under the above basis {e1, · · · , en, fn, · · · , f1}, the Levi L(X) of P(X) is

L(X) =

󰀻
󰀿

󰀽

󰀳

󰁃
t

g
t−1

󰀴

󰁄 | t ∈ Gm, g ∈ SO(v⊥0 )

󰀼
󰁀

󰀾
∼= Gm × SO(v⊥0 ),

and hence

δ
1
2

(X)

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

t1
...

tn
t−1
n

...
t−1
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄
= |t2|n−2|t3|n−3 · · · |tn|0.

Moreover, the quotient map A → AX
∼= Gm is given by

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

t1
...

tn
t−1
n

...
t−1
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄
󰀁→ t1.

Then the normalized map C[A∨]WG → C[A∨
X]

WX is given by

C[x±
1 , · · · , x±

n ]
WSO2n → C[x±]Z/2Z : x1 󰀁→ x, xj 󰀁→ qj−n for 2 ≤ j ≤ n.(4.1)

Now consider the nilpotent cone Σ := {v ∈ V | BV(v, v) = 0}.
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Lemma 4.6 (Lemma 3.1 in [Ral82]).

Σ◦ :=

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽
g

󰀳

󰁅󰁅󰁃

1
0
...
0

󰀴

󰁆󰁆󰁄 | g ∈ SO(V)

󰀼
󰁁󰁁󰁀

󰁁󰁁󰀾

is an open dense SO(V)-orbit of Σ.

Proof. According to Witt’s Theorem, Σ = Σ◦ 󰁉{0}, see [Ser73, Chapter 4]. See also [Ral82,
Lemma 3.1]. □

Let ωψ be the Weil representation of SO(V)× SL2 on F(Y).

Lemma 4.7 (Proposition 2.2 in [Ral82]). Let Φ ∈ F(Y)SL2(oF), and ωψ(g)Φ|Σ = 0 for all
g ∈ SL2, then Φ = 0.

Proof. This is a special case of [Ral82, Proposition 2.2]. But let us include the proof here for
the convenience of the reader. Note that as a representation of SL2, the dual of the Jacquet
module

F(Y)N := F(Y)/
󰀟
Φ− ωψ(n)Φ | Φ ∈ F(Y), n ∈

󰀝󰀕
1 ∗

1

󰀖󰀞󰀠

is isomorphic to the distributions on Y supported on Σ. Then the space of functions vanishing
on Σ is isomorphic to the Jacquet module F(Y)N. Since for any g ∈ SL2, ωψ(g)Φ|Σ = 0, the
SL2-module generated by Φ is cuspidal. But we know any such module cannot be unramified,
hence Φ = 0. □

Now let σ ∈ C be such that Re(σ) > 1. Consider the following intertwining operators
introduced in [Ral82]:

Zσ : F(Y) → C∞(SO2n × SL2) : Φ 󰀁→ (g1, g2) 󰀁→
󰁝

F

ωψ(g1, g2)
−1Φ

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

a
0
...
0

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄 |a|σ da

|a| ,

which is absolutely convergent according to [Tat67].

Proposition 4.8 (Lemma 4.1 and Remark 4.4 in [Ral82]). When Re(σ) > 1,

(1) Let s = (s1, s2, · · · , sn) ∈ X∗(A)⊗Z C = Cn, write

χ(s) : T → C :

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

t1
...

tn
t−1
n

...
t−1
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄
󰀁→

n󰁜

i=1

|ti|si

and I(χ(s)) the correponding normalized induced representation of SO2n. Then Zσ

factors through I(χ(n−1−σ, n−2, n−3, · · · , 0))⊗ I(χ(σ−n+1)) as representations
of SO2n × SL2.
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(2) Write K for the maximal compact subgroup of SO(V) fixing the standard lattice o2nF
under the ordered basis {e1, · · · , en, fn, · · · , f1}. Let

λX : H(SO(V),K) → H(SL2, SL2(oF))

be the morphism of the Hecke algebra corresponding to (4.1). Let Φ0 be the charac-
teristic function of Y(oF), then we have

ωψ(h
∨)Φ0 = ωψ(λX(h))Φ0.

for all h ∈ H(SO(V),K).

Proof. (1) is simply a matter of computing the effect of A× T on Zσ when Re(σ) > 1.
As for (2), a first observation is that for any f ∈ H(SO(V),K),

Zσ(ωψ(h
∨)Φ0 − ωψ(λX(h))Φ0)

= (Sat(h∨)(n− 1− σ, n− 2, · · · , 0)− Sat(λX(h))(σ − n+ 1)) Zσ(Φ0) = 0

when Re(σ) > 1. Hence for any g1 ∈ SO(V) and g2 ∈ SL2, as a function on F,

a 󰀁→ ωψ(g1, g2)
−1(ωψ(h

∨)Φ0 − ωψ(λX(h))Φ0)

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

a
0
...
0

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄

is o×F -invariant and its Mellin transform is zero. Hence according to the Mellin inversion
[Igu78, Chapter 1],

ωψ(g1, g2)
−1(ωψ(h

∨)Φ0 − ωψ(λX(h))Φ0)

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

a
0
...
0

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄

for all a ∈ F. By varing g1 ∈ SO(V) and Lemma 4.6, we see for any g2 ∈ SL2,

ωψ(g2)(ωψ(h
∨)Φ0 − ωψ(λX(h))Φ0)|Σ = 0.

Now as ωψ(h
∨)Φ0 − ωψ(λX(h))Φ0 ∈ F(V)SL2(oF), according to Lemma 4.7, we obtain that

ωψ(h
∨)Φ0 = ωψ(λX(h))Φ0.

□
Theorem 4.9. Theorem 1.6 is true for X of type Dn.

Proof. As the restriction map F(V) → F(X) is obviously SO(V)-equivariant, hence for any
h ∈ H(SO(V),K),

I ◦ res(ωψ(h
∨)Φ0) dx = I(h 󰂏 (res(Φ0))) dx = h 󰂏

1

ζF(n)
L◦

X.

On the other hand, as functions on SL2, since we know from Lemma 4.2

Ω(Φ0)(g) = ωψ(g)Φ0(v0) =
1

ζF(2n− 2)
ΦL(Ad,n−1)(g),

hence we have

Ω(ωψ(λX(h))Φ0) = (λX(h))
∨ 󰂏

1

ζF(2n− 2)
ΦL(Ad,n−1)(g) = λX(h) 󰂏

1

ζF(2n− 2)
ΦL(Ad,n−1)(g).
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Therefore, Theorem 1.6 is true for X of type Dn. □

5. Fundamental lemma of type An−1

In this section, take D = F×F, V = V×V∨, where V is a vector space over F and V∨ its
dual space. Fix an ordered basis {e1, · · · , en} of Fn and its dual basis {e∨1 , · · · , e∨n} of V∨,
then we have an isomorphism V ∼= Fn × Fn, and take

BV : Fn × Fn → F× F
󰀳

󰁃

󰀳

󰁃

󰀳

󰁃
x1
...
xn

󰀴

󰁄 ,

󰀳

󰁃
y1
...
yn

󰀴

󰁄

󰀴

󰁄 ,

󰀳

󰁃

󰀳

󰁃
ξ1
...
ξn

󰀴

󰁄 ,

󰀳

󰁃
ζ1
...
ζn

󰀴

󰁄

󰀴

󰁄

󰀴

󰁄 󰀁→
󰀣

n󰁛

i=1

xiζi,
n󰁛

i=1

yiξi

󰀤
.

Similarly take W = W × W∨, where W is a 2-dimensional vector space over F. Fix an
ordered basis {f1, f2} of W and its dual basis {f∨

1 , f
∨
2 } of W∨, then we have an isomorphism

W ∼= F2 × F2, and take

W : F2 × F2 → F× F
󰀕󰀕󰀕

x1

x2

󰀖
,

󰀕
y1
y2

󰀖󰀖
,

󰀕󰀕
ξ1
ξ2

󰀖
,

󰀕
ζ1
ζ2

󰀖󰀖󰀖
󰀁→

󰀣
2󰁛

i=1

xiζi,−
2󰁛

i=1

yiξi

󰀤
.

Write e := (f1, f
∨
2 ) and f := (−f2, f

∨
1 ). In this case, U(V,BV) = GL(V) = GLn and

U(W,BW) = GL(W) = GL2. Recall that v0 = en + e∨n , and we have

X = GLn/GLn−1
∼= {v ∈ V | tr BV(v, v) = 2} ⊂ V : g 󰀁→ gv0,

where we identify U(v⊥0 ) = GLn−1. Let X := X/Gm = PGLn/GLn−1, which classifies the
decompositions V = V1⊕Vn−1, the direct sum of V as 1-dimensional and n− 1-dimensional
subspaces. Let Φ0 be the characteristic function of Y(oF).

5.1. Matching of unit elements.

Lemma 5.1. The push-forward of I(Res(Φ0))(x) dx in A1 is

1

ζF(n)
L◦

X =
qdimX

#X(κF)
L◦

X.

Proof. The first part follows from the same argument as in Lemma 4.1. It is well known that

qdimX

#X(κF)
=

1

ζF(n)
.

□

Lemma 5.2.
󰁝

Gm

Ω(Φ0)(gz) dz =
1

ζF(1)ζF(n− 1)
ΦL(Std,n−1

2 )(Std,n−1
2 )(g).
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Proof. We only need to check that both sides match on the maximal torus. Note that
󰁝

Gm

Ω(Φ0)

󰀕󰀕
ξ

1

󰀖󰀕
z

1

󰀖󰀖
dz =

󰁝

Gm

|ξ|n2 1oF(ζz)1oF(z−1) dz

= (1− q−1)|ξ|n2 (1− logq |ξ|)

=
1

ζF(1)ζF(n− 1)
ΦL(Std,n−1

2 )(Std,n−1
2 )

󰀕󰀕
ξ

1

󰀖󰀖
.

□

Therefore,

Theorem 5.3. Let L◦
X ∈ S(GLn−1\PGLn/GLn−1) be the push-forward of the probability

measure which is equal to the characteristic function of X(oF) × X(oF) times an invariant
measure, then we have

T −1 (L◦
X) =

qdimX

#X(κF)ζF(2)ζF(sX)
fLX

=
ζF(n)

ζF(1)ζF(2)ζF(n− 1)
fL(Std,n−1

2 )(Std,n−1
2 ).

5.2. Matching of Hecke elements. Let B be the Borel subgroup of GLn consisting of all
upper triangular matrices and A the maximal torus consisting of diagonal matrices under
the ordered basis {e1, · · · , en}. Let B and A be their images in PGLn.

Lemma 5.4. Let

X
◦
:= {V = V1 ⊕ Vn−1 | V1 ⊈ 〈e1, · · · , en−1〉, e1 /∈ Vn−1}.

Then X
◦
is an open B-orbit in X.

Proof. Note that if we identify Vn−1 with its normal direction Fn with n ∈ V∨, then the
action of GL(V) on n is given by the transpose. Hence, the Lemma follows easily. At this

time the decomposition V = Fen ⊕ {v ∈ V | 〈v, e∨1 〉 = 0} lies in X
◦
. □

Corollary 5.5. Let P(X) be the parabolic subgroup of PGLn stabilizing X
◦
, then its Levi

L(X) =

󰀻
󰀿

󰀽

󰀳

󰁃
t1

g
t2

󰀴

󰁄 | t1, t2 ∈ Gm, g ∈ GLn−2

󰀼
󰁀

󰀾 /Gm.

Therefore,

δ
1
2

(X)

󰀳

󰁃

󰀳

󰁃
a1

...
an

󰀴

󰁄

󰀴

󰁄 = |a2|
n−3
2 |a3|

n−5
2 · · · |an−1|

3−n
2 .

Then C[A∨
]WPGLn → C[A∨

X
]WX is given by

󰀃
C[x±

1 , · · · , x±
n ]/(x1 · · · xn − 1)

󰀄Sn → C[x±]Z/2Z

x1 󰀁→ x, xn 󰀁→ x−1, xj 󰀁→ q
2j−n−1

2 (2 ≤ j ≤ n− 1),(5.1)

where Sn is the permutation group of of (1, 2, 3, · · · , n).

Consider the nilpotent cone Σ := {(v, v∨) ∈ V | 〈v, v∨〉 = 0} of V.
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Lemma 5.6.

Σ◦ :=

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

󰀳

󰁅󰁅󰁃g

󰀳

󰁅󰁅󰁃

1
0
...
0

󰀴

󰁆󰁆󰁄 , tg−1

󰀳

󰁅󰁅󰁃

0
...
0
1

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄 | g ∈ GLn

󰀼
󰁁󰁁󰁀

󰁁󰁁󰀾

is an open GLn-orbit of Σ.

Proof. It is clear that dimΣ = 2n− 1. On the other hand, since the stabilizer of (e1, e
∨
n) is

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

󰀳

󰁅󰁅󰁃

1 ∗ · · · ∗
0 ∗ · · · ∗
...

... ...
...

0 0 · · · 1

󰀴

󰁆󰁆󰁄

󰀼
󰁁󰁁󰁀

󰁁󰁁󰀾
,

hence dimΣ◦ = n2 − (n2 − (2n− 1)) = 2n− 1 = dimΣ. □
Let ωψ be the Weil representation of GLn ×GL2 on F(Y).

Lemma 5.7. Let Φ ∈ F(Y)GL2(oF), and ωψ(g)Φ|Σ = 0 for all g ∈ GL2, then Φ = 0.

Proof. Similarly to 4.7, it suffices to show that the dual of the Jacquet module

F(Y)N := F(Y)/
󰀟
Φ− ωψ(n)Φ | Φ ∈ F(Y), n ∈

󰀝󰀕
1 ∗

1

󰀖󰀞󰀠

is isomorphic to the distributions on Y supported on Σ. Let ϕ be a distribution on F(Y)

that vanishes on every Φ − ωψ

󰀕󰀕
1 n

1

󰀖󰀖
Φ for Φ ∈ F(Y) and n ∈ F. Since for y ∈ Y, we

have

ωψ

󰀕󰀕
1 n

1

󰀖󰀖
Φ(y) = ψ

󰀕
n · τ(B(y, y))

2

󰀖
Φ(y),

then

ϕ(y)− ψ

󰀕
n · τ(B(y, y))

2

󰀖
ϕ(y) = 0

as distributions for any n ∈ F. Then ϕ is supported {y ∈ Y | τ(B(y, y)) = 0} = Σ. □
Now let σ1, σ2 ∈ C be such that Re(σ1),Re(σ2) > 1, and consider the following intertwining

operators

Zσ1,σ2 : F(Y) → C∞(GLn ×GL2) : Φ 󰀁→
󰁝

F×F

ωψ(g1, g2)
−1Φ

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

a
0
...
0

󰀴

󰁆󰁆󰁄 ,

󰀳

󰁅󰁅󰁃

0
...
0
b

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄 |a|σ1 |b|σ2
da

|a|
db

|b| ,

which is absolutely convergent.

Proposition 5.8. When Re(σ1),Re(σ2) > 1,

(1) Let s = (s1, s2, · · · , sn) ∈ X∗(A)⊗Z C ∼= Cn, write

χ(s) : A → C :

󰀳

󰁃
t1

...
tn

󰀴

󰁄 󰀁→
n󰁜

i=1

|ti|si ,
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and I(χ(s)) the correponding normalized induced representation of GLn. Then Zσ1,σ2

factors through I(χ(n−1
2

− σ1,
n−3
2
, · · · , 3−n

2
, 1−n

2
+ σ2))⊗ I(χ(σ1 − n−1

2
,−σ2 +

n−1
2
)).

(2) Let λX : H(GLn,GLn(oF)) → H(GL2,GL2(oF)) be the morphism between Hecke al-
gebra whose Stakee transform is given by

C[x±
1 , · · · , x±

n ]
Sn → C[x±

1 , x
±
2 ]

S2 : x1 󰀁→ x1, xn 󰀁→ x2, xj 󰀁→ q
2j−n−1

2 (2 ≤ j ≤ n− 1).

Then we have ωψ(f
∨)Φ0 = ωψ(λX(f))Φ0.

Proof. It follows from the same argument as in Proposition 4.8. □

Theorem 5.9. Theorem 1.6 is true for X of type An−1.

Proof. Consider the natural homomorphism C[A∨]WGLn → C[A∨
]WPGLn , and the correspond-

ing homomorphism between Hecke algebrasH(GLn,GLn(oF)) → H(PGLn,PGLn(oF)). Then
we have a commutative diagram

H(GLn,GLn(oF))

α

󰈃󰈃

λX 󰈣󰈣 H(GL2,GL2(oF))

β
󰈃󰈃

H(PGLn,PGLn(oF))
λX 󰈣󰈣 H(PGL2,PGL2(oF)),

where the bottom arrow is given by (5.1). According to Lemma 3.3, we have a commutative
diagram

GLn/GLn−1 A2

PGLn/GLn−1 A1

p q

π

,

where q is given by (x, y) 󰀁→ xy, and π can be identified with the canonical quotient map

PGLn/GLn−1 → GLn−1 // PGLn/GLn−1.

For simplicity of notation, let us identify functions with measures using the Haar measures
we specified, and let (·)∗ denote the push-forward of measures. Let h ∈ H(GLn,GLn(oF)).
Then we have

T −1(α(h) 󰂏 L◦
X) = T −1 (ζF(n) · π∗ ◦ p∗(h 󰂏 res(Φ0))) .

According to [Sat63, Section 7],

π∗ ◦ p∗(h 󰂏 res(Φ0)) = π∗ ◦ p∗(ωψ(h
∨)(res(Φ0))),

which is equal to

q∗ ◦ I(ωψ(h
∨)(res(Φ0))) = q∗ ◦ I(ωψ(λX(h))res(Φ0))

according to Proposition 5.8.
Due to Lemma 5.2, we have

󰁝

Z

ωψ(gz)Φ0(v0) dz =
1

ζF(1)ζF(n− 1)
ΦL(Std,n−1

2 )(Std,n−1
2 )(g), ∀g ∈ PGL2,
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then for g ∈ PGL2,󰁝

Z

ωψ(gz)ωψ(λX(h))Φ0(v0) dz =

󰀕󰁝

Z

λX(h) 󰂏 ωψ(·z)Φ0(v0) dz)

󰀖
(g)

= β(λX(h)) 󰂏
1

ζF(1)ζF(n− 1)
ΦL(Std,n−1

2 )(Std,n−1
2 )(g)

due to [Sat63, Section 7]. Finally because α is surjective and β(λX(h)) = λX(α(h)), we
obtain that

T −1(h 󰂏 L◦
X) = λX(h) 󰂏

ζF(n)

ζF(1)ζF(2)ζF(n− 1)
fL(Std,n−1

2 )(Std,n−1
2 ).

□

6. Fundamental lemma of type Cn

In this section, let D = Mat2(F), and fix the isomorphism F2 ⊗F F2 ∼= D:
󰀕
a
b

󰀖
⊗ (c, d) 󰀁→

󰀕
ac ad
bc bd

󰀖
.

Take V = Dn, and

BV : Dn × Dn → D : ((x1, · · · , xn), (y1, · · · , yn)) 󰀁→
n󰁛

i=1

xiyi.

Under the above identification D ∼= F2 ⊗F F2, and Dn ∼= F2n ⊗F F2, the above form is given
by

󰀳

󰁃

󰀳

󰁃
v1
...

v2n

󰀴

󰁄⊗ (x1, x2) ,

󰀳

󰁃
w1
...

w2n

󰀴

󰁄⊗ (y1, y2)

󰀴

󰁄

󰀁→ (v1, · · · , v2n) ·

󰀳

󰁃
J

. . .
J

󰀴

󰁄 ·

󰀳

󰁃
w1
...

w2n

󰀴

󰁄 · J−1

󰀕
x1

x2

󰀖
(y1, y2),

where J =

󰀕
0 1
−1 0

󰀖
. Similarly take W = D2 and

BW : D2 × D2 → D : ((x1, x2), (y1, y2)) 󰀁→ x1y2 − x2y1.

Then under the identification D2 ∼= F4 ⊗F F2 as above, this form is given by
󰀳

󰁃

󰀳

󰁃
v1
...
v4

󰀴

󰁄⊗ (x1, x2) ,

󰀳

󰁃
w1
...
w4

󰀴

󰁄⊗ (y1, y2)

󰀴

󰁄

󰀁→ (v1, · · · , v4)
󰀕

0 J
−J 0

󰀖
·

󰀳

󰁃
w1
...
w4

󰀴

󰁄 · J
󰀕
x1

x2

󰀖
(y1, y2).

Let e := (I2, 0) and f := (0, I2). In this case, we have U(V,BV) = Sp2n and U(W,BW) = O4.
To simplify the notation, let {e1, f1, · · · , en, fn} denote the standard basis of F2n. Specifically,
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for 1 ≤ i ≤ n, let ei and fi be the column vectors with a 1 in the (2i−1)-th and 2i-th positions,
respectively, and zero elsewhere.

We have G = U(V,BV) = Sp2n, and U(W,BW) = O4, and

X = Sp2n/Sp2n−2
∼= {v ∈ V | tr BV(v, v) = 2} ⊂ V : g 󰀁→ gv0,

where v0 =

󰀳

󰁅󰁅󰁃

0
...
0
I2

󰀴

󰁆󰁆󰁄 ∈ Dn. Let X = Sp2n/Sp2n−2 × Sp2, which classifies the 2-dimensional

non-degerate subspaces V2 of F2n. Let Φ0 be the characteristic function of Y(oF),

6.1. Matching of unit elements.

Lemma 6.1. The push-forward of I(Res(Φ0))(x) dx in S(X) is

1

ζF(2n)
L◦

X =
#X(κF)

qdimX
L◦

X.

Proof. Replace n by 2n in Lemma 4.1, and apply [Igu00, Theorem 8.3.1] again, we see
󰁝

X=V1

Φ0(v)ω1(v) = 1− q−2n.

On the other hand, according to [Tay92, Chapter 8], we have

#Sp2n(κF) = qn
2

n󰁜

i=1

(q2i − 1),

hence

τ(X) =
#X(κF)

qdimX
=

qn
2 󰁔n

i=1(q
2i − 1)

q(n−1)2
󰁔n−1

i=1 (q
2i − 1)

1

qn(2n+1)−(n−1)(2n−1)
= 1− q−2n.

□

Lemma 6.2.

Ω(Φ0) =
1

ζF(2)ζF(2n− 2)
ΦL(Std,n−1

2 )(Std,n−3
2 ).

Proof. Using the Iwasawa decompositon of SL2, write g =

󰀕
1 x
0 1

󰀖󰀕
m 0
0 m−1

󰀖
k with k ∈

SL2(oF). But be careful that, according to our choices of measures, we have

dg =
1− q−2

1− q−1
dx|m|−2 dm

|m| dk,

where dk is the normalized measure such that
󰁝

K

1 dk = 1.
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Then we have

Ω(Φ0)

󰀕󰀕
ξ

1

󰀖󰀖
=

1− q−2

1− q−1

󰁝

SL2

Ω(Φ0)

󰀕󰀕
ξ

1

󰀖󰀕
1 x

1

󰀖󰀕
m

m−1

󰀖
k

󰀖
dx|m|−2 dm

|m| dk

=
1− q−2

1− q−1

󰁝

1≤|m|≤|ξ|−1

󰁝

|x|≤|mξ−1|
dx|m|−2 dm

|m|

=
1− q−2

1− q−1
|ξ|n−1(1− q−1)

1− q−1|ξ|
1− q−1

=
1

ζF(2n− 2)ζF(2)
ΦL(Std,n−1

2 )(Std,n−3
2 ).

□

Combine Lemma 6.1 and Lemma 6.2 together, we get

Theorem 6.3. Let L◦
X ∈ S(Sp2n−2 × SL2\Sp2n/Sp2n−2 × Sp2) be the push-forward of the

probability measure which is equal to the characteristic function of X(oF) × X(oF) times an
invariant measure, then we have

T −1 (L◦
X) =

qdimX

#X(κF)ζF(2)ζF(sX)
fLX

=
ζF(2n)

ζF(2)2ζF(2n− 2)
fL(Std,n−1

2 )(Std,n−3
2 ).

6.2. Matching of Hecke elements. Let B be the Borel subgroup of Sp2n fixing the
isotropic flag

〈e1〉 ⊂ 〈e1, e2〉 ⊂ · · · ⊂ 〈e1, · · · , en〉,

and A the maximal torus of B fixing each line 〈ei〉 for 1 ≤ i ≤ n.

Lemma 6.4. Let X
◦
be the subset of X consisting of 2-dimensional non-degenerate subspaces

V2 ⊂ F2n such that V2 ∩ 〈e1, e2〉⊥ = {0}. Then X
◦
is an open B-orbit in X.

Proof. Let V2 ∈ X
◦
and is generated by

󰀳

󰁃
x1
...

x2n

󰀴

󰁄 ,

󰀳

󰁃
y1
...
yn

󰀴

󰁄

with

x1yn + · · · xnyn+1 − xn+1yn − · · ·− x2ny1 = 1

under the ordered basis {e1, · · · , en, fn, · · · , f1}. As V2 ∩ {e1, e2}⊥ = {0},
󰀕
x2n−1 y2n−1

x2n y2n

󰀖

is non-singular, and we may assume
󰀕
x2n−1 y2n−1

x2n y2n

󰀖
= I2.

Also from here one can see that X
◦
is open in X.
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First observe that

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

sn

󰀳

󰁅󰁅󰁅󰁅󰁅󰁃

󰀳

󰁅󰁅󰁅󰁅󰁃

1 −xn+1 −yn+1

1 −xn+2 −yn+2

...
...

...
1 0
0 1

󰀴

󰁆󰁆󰁆󰁆󰁄

t −1
󰀴

󰁆󰁆󰁆󰁆󰁆󰁄
sn 0n

0n

󰀳

󰁅󰁅󰁅󰁅󰁃

1 −xn+1 −yn+1

1 −xn+2 −yn+2

...
...

...
1 0
0 1

󰀴

󰁆󰁆󰁆󰁆󰁄

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

x1

x2
...
xn

xn+1

xn+2
...
1
0

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

=

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

x′
1

x′
2
...
x′
n

0
0
...
1
0

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

,

and

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

sn

󰀳

󰁅󰁅󰁅󰁅󰁅󰁃

󰀳

󰁅󰁅󰁅󰁅󰁃

1 −xn+1 −yn+1

1 −xn+2 −yn+2

...
...

...
1 0
0 1

󰀴

󰁆󰁆󰁆󰁆󰁄

t −1
󰀴

󰁆󰁆󰁆󰁆󰁆󰁄
sn 0n

0n

󰀳

󰁅󰁅󰁅󰁅󰁃

1 −xn+1 −yn+1

1 −xn+2 −yn+2

...
...

...
1 0
0 1

󰀴

󰁆󰁆󰁆󰁆󰁄

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

y1
y2
...
yn
yn+1

yn+2
...
0
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

=

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

y′1
y′2
...
y′n
0
0
...
0
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

for some x′
1, · · · , x′

n, y
′
1, · · · , y′n ∈ F. Then we can take

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

In

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

−y′n −y′n−1 · · · −y′2 −y′1
−x′

n −x′
n−1 · · · −x′

2 −y′2
0 0 · · · −x′

3 −y′3
...

... ...
...

...
0 0 · · · −x′

n−1 −y′n−1

0 0 0 −x′
n −y′n

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄

0n In

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

x′
1

x′
2
...
x′
n

0
0
...
1
0

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

=

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

x′
1 − y′2
0
...
0
0
0
...
1
0

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

,
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and

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

In

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

−y′n −y′n−1 · · · −y′2 −y′1
−x′

n −x′
n−1 · · · −x′

2 −y′2
0 0 · · · −x′

3 −y′3
...

... ...
...

...
0 0 · · · −x′

n−1 −y′n−1

0 0 0 −x′
n −y′n

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄

0n In

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

y′1
y′2
...
y′n
0
0
...
0
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

=

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

0
0
...
0
0
0
...
0
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

.

Moreover, according to the choice of the vectors at the very beginning, actually x′
1 − y′2 = 1.

Therefore X
◦
is an B-orbit with 〈e1 + f2, f1〉 ∈ X

◦
. □

Corollary 6.5. P(X) is the parabolic subgroup fixing the isotropic flag

〈e1, e2〉.
Then its Levi

L(X) =

󰀻
󰀿

󰀽

󰀳

󰁃
g

h
s2

tg−1s2

󰀴

󰁄 | g ∈ GL2, h ∈ Sp2n−4

󰀼
󰁀

󰀾
∼= GL2 × Sp2n−2

Therefore,

δ
1
2

(X)

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

t1
...

tn
t−1
n

...
t−1
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄
= |t1|

1
2 |t2|−

1
2 |t3|n−2 · · · |tn|1.

Moreover, the quotient map A → AX
∼= Gm is given by

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

t1
...

tn
t−1
n

...
t−1
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄
󰀁→ t1t2,

then after the Satake transform, the normalized map C[A∨]WG → C[A∨
X
]WX is given by

C[x±
1 , · · · , x±

n ]
WSp2n → C[x±]Z/2Z : x1, x2 󰀁→ x, xj 󰀁→ qj−n−1 for 3 ≤ j ≤ n.(6.1)

Write Σ := {v ∈ V | BV(v, v) = 0} for the nilpotent cone.

Lemma 6.6.

Σ =

󰀻
󰀿

󰀽

󰀳

󰁃
v1
...
v2n

󰀴

󰁄⊗ (1, 0) +

󰀳

󰁃
w1
...

w2n

󰀴

󰁄⊗ (0, 1) | (v1, · · · , v2n) ·

󰀳

󰁃
J

. . .
J

󰀴

󰁄 ·

󰀳

󰁃
w1
...

w2n

󰀴

󰁄 = 0

󰀼
󰁀

󰀾 ,
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and Σ admits an open Sp2n(F)× SL2(F)-orbit Σ
◦.

Proof. The first statement is clear. As for the second assertion, note that for any orthogonal
non-zero v, w ∈ F2n, as long as they are not parallel to each other, there is some g ∈ Sp2n

such that ge1 = v and ge2 = w. □
Lemma 6.7. Let Φ ∈ F(Y)PGL2(oF), and

󰁝

SL2

ωψ(g)ωψ(x)Φ(v) dx = 0, ∀v ∈ Σ◦,

for all g ∈ PGL2(F), then

󰁝

SL2

ωψ(x)Φ(v) = 0 for v ∈ V◦, where V◦ is the set of v⊗ (1, 0) +

w ⊗ (0, 1) such that v and w are not parallel.

Proof. Consider the PGL2-equivariant map

F(Y) → C∞(V◦) : Φ 󰀁→
󰀕
v 󰀁→

󰁝

SL2

ωψ(g)Φ(v) dg

󰀖
.

Let V be the image of F(Y). Note that for any

󰀕
1 n

1

󰀖
∈ PGL2, similarly for any Φ ∈

C∞(V◦),

ωψ

󰀕󰀕
1 n

1

󰀖󰀖
Φ(v)− Φ(v) = ψ

󰀕
n · τ(BV(v, v))

2

󰀖
Φ(v),

the dual of the Jacquet module of C∞(V◦) is the space of compact support distributions
supported on Vσ ∩Σ = Σ◦. As the Jacquet functor is exact, restriction to Σ◦ is the Jacquet
functor of V. Therefore, according to the condition, the PGL2-module generated by Φ inside
V is cuspidal, hence the only PGL2(oF)-invariant element is 0.

□
Now let σ ∈ C be such that Re(σ) > 1, and consider the intertwining operators

Zσ : F(Y) → C∞(Sp2n × PGL2)

Φ 󰀁→
󰀕
(g1, g2) 󰀁→

󰁝

SL2×F

ωψ(g1, g2)
−1Φ((ae1 ⊗ (1, 0) + e2 ⊗ (0, 1))x) dx|a|σ da

|a|

󰀖
,

then

Proposition 6.8. When Re(σ) > 1,

(1) Let s = (s1, s2, · · · , sn) ∈ X∗(A)⊗Z C = Cn, write

χ(s) : A → C :

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

t1
...

tn
t−1
n

...
t−1
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄
󰀁→

n󰁜

i=1

|ti|si

and I(χ(s)) the correponding normalized induced representation of Sp2n. Then Zσ

factors through I(χ(n−σ, n−1−σ, n−2, · · · , 1))⊗ I(χ(σ−n+ 1
2
)) as representations

of Sp2n × PGL2.
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(2) Write K for the maximal compact subgroup Sp2n(oF). Let

λX : H(Sp2n,K) → H(PGL2,PGL2(oF))

be the morphism of the Hecke algebra corresponding to (6.1). Let Φ0 be the charac-
teristic function of Y(oF), then we have

󰁝

SL2

(ωψ(h
∨)− ωψ(λX(h)))ωψ(x)Φ0(v) dv = 0.

for all v ∈ V◦ and h ∈ H(Sp2n,K).

Proof. (1) follows immediately from the computation, and (2) is analogous to the arguments
presented in the previous sections. □
Theorem 6.9. Theorem 1.6 is true for X of type Cn.

Proof. Consider the function Ω(Φ0) on PGL2. As noted before,
󰁝

F

Ω(Φ0)

󰀕
w

󰀕
ξ

1

󰀖
n

󰀖
ψ−1(n) dn =

󰁝

SL2

󰁥T(I ◦ res(Φ0))(ξ, g) dg.

Then the proof of the theorem follows by an argument analogous to that employed in the
previous cases. □

7. Fundamental lemma of type Bn

In this section, we present two distinct approaches to proving the fundamental lemma.
The first is a direct computational method, where we demonstrate that

󰁨T(L◦
X) =

qdimX

#X(κF)ζF(2)ζF(sX)
󰁨T ◦ T

󰀓
fL(Std,n− 1

2)L(Std,
1
2)

󰀔

without recourse to the metaplectic cover Mp2. We establish this identity for the unit element
in the initial section; while the computation is involved, this method offers a potential path
for a generalization to arbitrary Hecke elements.

The second approach utilizes a diagrammatic argument to establish the commutativity of
the diagram below. This commutativity, in conjunction with the fundamental lemmas for T,
U, and J, provides a structural proof of the fundamental lemma for the transfer operator T .
This aligns the explicit computations required for our first approach with the computations
in [Jac87].

(7.1)

S(SO2n\SO2n+1/SO2n) SV(T)

S−
L(st,n− 1

2)L(st,
1
2)
(N,ψ\PGL2/N,ψ)

S−
L(st,n− 1

2)
(A\PGL2/N,ψ)

󰁨T

T

󰁨T◦T

U

J

We provide a brief overview of the operators appearing in the diagram above.

• 󰁨T denotes the transfer operator arising from the Weil representation,
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• T is the transfer operator defined in [Sak21],
• U corresponds to the unfolding process, but with non-standard test measures to
ensure compatibility with the space of orbital integrals,

• J represents the comparison established by H. Jacquet in [Jac87], and we extend this
comparison from standard test measures to the non-standard unit element required
for our current setting.

Section 7.1 is devoted to the direct computational proof of the fundamental lemma. The
subsequent sections develop the structure proof by establishing the commutativity of the di-
agram relating the transfer operators, the Weil representations, and the Jacquet comparison.

In this section, let D = F, dimF V is odd, suppose there is an ordered basis

{e1, · · · , en, w, fn, · · · , f1}

such that

BV(ei, ej) = BV(fi, fj) = 0, and BV(ei, fj) = δij ∀ 1 ≤ i, j ≤ n,

BV(ei, w) = BV(fi, w) = 0, ∀ 1 ≤ i ≤ n,

and

BV(w,w) = 2.

Under the isomorphism V ∼= F2n+1 under the above basis, we have

BV : F2n+1 × F2n+1 → F :

󰀳

󰁃

󰀳

󰁃
x1
...

x2n+1

󰀴

󰁄 ,

󰀳

󰁃
y1
...

y2n+1

󰀴

󰁄

󰀴

󰁄 󰀁→
2n+1󰁛

i=1

xiy2n+2−i + xn+1yn+1.

We take W to be a 2-dimensional symplectic space over F, and fix the ordered basis {e, f}
of W such that BW(e, f) = 1. Under the isomorphism W ∼= F2 under this fixed basis, we
have

BW : F2 × F2 → F :

󰀕󰀕
x1

x2

󰀖
,

󰀕
y1
y2

󰀖󰀖
󰀁→ x1y2 − x2y1.

In this case, U(V,BV) = SO(V) and U(W,BW) = SL2. Moreover, by the composition

Mp2 → 󰁪SL2 → Mp(V⊗D W)C
1

ψ,X,

we obtain a Weil representation of Mp2. Let Φ0 be the characteristic function of Y(oF).

7.1. Matching of unit elements. To compare fL(Std,n− 1
2)L(Std,

1
2)

with L◦
X, our strategy is

to compute 󰁨T ◦ T
󰀓
fL(Std,n− 1

2)L(Std,
1
2)

󰀔
and 󰁨T(L◦

X) separately. Let us start with computing

󰁨T(L◦
X).

Lemma 7.1. There is some k large enough, such that

(1) when |ζ| ≥ 1,
󰁝 ∗

N

ωψ

󰀕
w

󰀕
ζ 0
0 ζ−1

󰀖
u

󰀖
Φ0(v0)ψ

−1(u) du

= γ(ζ,ψ)|ζ|− 2n+1
2

󰀕󰁝

|u|≤1

ψ−1(u)

󰁝

z∈oF
ψ(uz2) dz du+

󰁝

1<|u|≤qk
ψ−1(u)|u|−n

󰁝

oF

ψ(uz2) dz du

󰀖
.
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(2) when |ζ| < 1,
󰁝 ∗

N

ωψ

󰀕
w

󰀕
ζ 0
0 ζ−1

󰀖
u

󰀖
Φ0(v0)ψ

−1(u) du

= γ(ζ,ψ)|ζ|− 2n+1
2

󰁝

|ζ|−1≤|u|≤qk
ψ−1

󰀕
1

uζ2
+ u

󰀖
|u|−n

󰁝

oF

ψ(uz2) dz du.

Proof.
󰁝

p−k
F

ωψ

󰀕
w

󰀕
ζ

ζ−1

󰀖󰀕
1 u
0 1

󰀖󰀖
Φ0(v0)ψ

−1(u) du

= γ(ζ,ψ)

󰁝

p−k
F

󰁝

F2n+1

ωψ

󰀕󰀕
ζ 0
0 ζ−1

󰀖󰀕
1 u
0 1

󰀖󰀖
Φ0((x1, · · · , xn, z, y1, · · · , yn))

· ψ−1(xn + yn) dx1 · · · dyn dz · ψ−1(u) du

= γ(ζ,ψ)

󰁝

p−k
F

󰁝

F2n+1

|ζ|
2n+1

2 ψ(uζ2(x1y1 + · · · xnyn + z2))Φ0((ζx1, · · · , ζxn, ζz, ζy1, · · · , ζyn))

· ψ−1(xn + yn) dx1 · · · dyn dz · ψ−1(u) du

= γ(ζ,ψ)

󰁝

p−k
F

󰁝

F2n+1

|ζ|−
2n+1

2 ψ(u(x1y1 + · · · xnyn + z2))Φ0((x1, · · · , xn, z, y1, · · · , yn))

· ψ−1(ζ−1xn + ζ−1yn) dx1 · · · dyn · ψ−1(u) du.

Note that we have󰁝

Fn

Φ0((x1, · · · , xn, z, y1, · · · , yn))ψ(u(x1y1 + · · · xnyn))ψ
−1(ζ−1xn) dx1 · · · dxn

= Φ0(uy1, · · · , uyn−1, uyn − ζ−1, z, y1, · · · , yn),
then integrate over the other Fn, we obtain

󰁝

Fn

Φ0(uy1, · · · , uyn−1, uyn − ζ−1, z, y1, · · · , yn)ψ−1(ζ−1yn) dy1 · · · dyn

= 1oF(z)

󰁝

Fn−1

1on−1
F

(uy1, · · · , uyn−1)1on−1
F

(y1, · · · , yn−1) dy1 · · · dyn−1

·
󰁝

F

1oF(uyn − ζ−1)1oF(yn)ψ
−1(ζ−1yn) dyn.

It is easy to see that
󰁝

F

1oF(uy)1oF(y) dy =

󰀝
1 for |u| ≤ 1;

|u|−1 for |u| > 1.

Moreover, when u ∕= 0,
󰁝

F

1oF(uy − ζ−1)1oF(y)ψ
−1(ζ−1y) dy

=

󰁝

F

1oF∩(ζ−1u−1+u−1oF)(y)ψ
−1(t2y) dy

= Fψ

󰀃
1oF∩(ζ−1u−1+u−1oF)

󰀄
(ζ−1),
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where 1oF∩(ζ−1u−1+u−1oF) is the characteristic function of oF ∩ (ζ−1u−1 + u−1oF). Note that

oF ∩ (ζ−1u−1 + u−1oF) =

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

oF for |u| ≤ 1, |ζ| ≥ 1;
∅ for |u| ≤ 1, |ζ| < 1;

ζ−1u−1 + u−1oF for |u| > 1, |ζ| ≥ |u|−1;
∅ for |u| > 1, |ζ| < |u|−1.

Then we have its Fourier transform

Fψ

󰀃
1oF∩(ζ−1u−1+u−1oF)

󰀄
(ζ−1) =

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

1 for |u| ≤ 1, |ζ| ≥ 1;
0 for |u| ≤ 1, |ζ| < 1;

ψ(−ζ−2u−1)|u|−11uoF(ζ
−1) for |u| > 1, |ζ| ≥ |u|−1;
0 for |u| > 1, |ζ| < |u|−1.

Therefore, when |u| ≤ 1, we have the integrand function is
󰀝

|ζ|−
2n+1

2 ψ−1(u) for |ζ| ≥ 1;
0 otherwise.

And when |u| > 1, the integrand function is
󰀫

|ζ|− 2n+1
2 ψ−1

󰀓
1

uζ2
+ u

󰀔
|u|−n for u ≥ max{q, |ζ|−1}

0 otherwise.

Then, when k is large enough, the final integral becomes:

(1) when |ζ| ≥ 1,

γ(ζ,ψ)|ζ|−
2n+1

2

󰀕󰁝

|u|≤1

ψ−1(u)

󰁝

z∈oF
ψ(uz2) dz du+

󰁝

1<|u|≤qk
ψ−1(u)|u|−n

󰁝

oF

ψ(uz2) dz du

󰀖
.

(2) when |ζ| < 1,

γ(ζ,ψ)|ζ|− 2n+1
2

󰁝

|ζ|−1≤|u|≤qk
ψ−1

󰀕
1

uζ2
+ u

󰀖
|u|−n

󰁝

oF

ψ(uz2) dz du.

□
Lemma 7.2.

󰁝

oF

ψ(uz2) dz =

󰀻
󰁁󰀿

󰁁󰀽

1 for |u| ≤ 1;

|u|− 1
2 for |u| > 1, logq |u| ≡ 0 mod 2;

q−
1
2 |u|− 1

2

󰁓
a∈κF

ψ
󰀓

ac(u)·a2
ϖF

󰀔
for |u| > 1, logq |u| ≡ 1 mod 2.

Proof. The case that |u| ≤ 1 is obvious, and we only have to consider the case that |u| > 1.
In the case that |u| = q2r for some r > 0, we have

󰁝

oF

ψ(uz2) dz =
󰁛

a∈oF/prF

󰁝

prF

ψ(u(a+ z)2) dz

=
󰁛

a∈oF/prF

󰁝

prF

ψ(a2u+ 2azu+ z2u) dz

=
󰁛

a∈oF/prF

ψ(a2u)

󰁝

prF

ψ(2azu) dz = q−r = |u|− 1
2 .
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If |x| = q2r+1 for some r ≥ 0, similarly we have
󰁝

oF

ψ(uz2) dz =
󰁛

a∈oF/pr+1
F

󰁝

pr+1
F

ψ(u(a+ z)2) dz

=
󰁛

a∈oF/pr+1
F

󰁝

pr+1
F

ψ(a2u+ 2azu+ z2u) dz

=
󰁛

a∈oF/pr+1
F

ψ(a2u)

󰁝

pr+1
F

ψ(2azu) dz

=
󰁛

a∈prF/p
r+1
F

ψ(a2u)q−(r+1) = q−
1
2 |u|− 1

2

󰁛

a∈κF

ψ

󰀕
ac(u) · a2

ϖF

󰀖
.

□

Lemma 7.3. When |ζ| < 1, we have
󰁝 ∗

N

ωψ(w)ωψ

󰀕󰀕
ζ 0
0 ζ−1

󰀖󰀖
ωψ(u)Φ0(v0)ψ

−1(u) du = γ(ζ,ψ)|ζ|− 1
2

󰀕
ψ

󰀕
2

ζ

󰀖
+ ψ

󰀕
−2

ζ

󰀖󰀖
.

Proof. Let us start with the integral

|ζ|−
2n+1

2

󰁝

|x|=qi
ψ−1

󰀕
1

uζ2
+ u

󰀖
|u|−n

󰁝

oF

ψ(uz2) dz du

for some i such that |ζ|−1 ≤ |u| ≤ qk. In the case that i is even, this integral becomes

|ζ|−
2n+1

2

󰁝

|u|=qi
ψ−1

󰀕
1

uζ2
+ u

󰀖
|u|−n− 1

2 du,

which is non-zero only when |u| = |ζ|−1. In this case, we may make a change of variable u
to ζ−1u, then it becomes

|ζ|−1

󰁝

o×F

ψ−1

󰀕
u+ u−1

ζ

󰀖
du.

Write |ζ| = q−2r with r > 0, then the above is

|ζ|−1
󰁛

a∈o×F /(1+prF)

󰁝

prF

ψ−1

󰀕
a(1 + z) + a−1(1− z)

ζ

󰀖
dz = |ζ|−1 · |ζ| 12

󰀕
ψ

󰀕
2

ζ

󰀖
+ ψ

󰀕
−2

ζ

󰀖󰀖

= |ζ|− 1
2

󰀕
ψ

󰀕
2

ζ

󰀖
+ ψ

󰀕
−2

ζ

󰀖󰀖
.

When |u| = qi such that i > 1 is odd,

|ζ|−
2n+1

2

󰁝

|u|=qi
ψ−1

󰀕
1

uζ2
+ u

󰀖
|u|−n

󰁝

oF

ψ(uz2) dz du

= |ζ|− 2n+1
2

󰁝

|u|=qi
|u|−n− 1

2 q−
1
2ψ−1

󰀕
1

uζ2
+ u

󰀖 󰁛

a∈κF

ψ

󰀕
ac(x) · a2

ϖF

󰀖
du.
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Replace u by ζ−1u,

|ζ|−
2n+1

2

󰁝

|u|=qi
|u|−n− 1

2 q−
1
2ψ−1

󰀕
1

uζ2
+ u

󰀖 󰁛

a∈κF

ψ

󰀕
ac(x) · a2

ϖF

󰀖
du

= q−
1
2 |ζ|−1

󰁝

|u|=|ζ|qi≥1

ψ−1

󰀕
u+ u−1

ζ

󰀖 󰁛

a∈κF

ψ

󰀕
ac(u)a2

ac(ζ)ϖF

󰀖
du.

Write |ζ|qi = qr for some r ≥ 0 and u = ϖ−r
F v with v ∈ o×F , then

q−
1
2 |ζ|−1

󰁝

|u|=|ζ|qi≥1

ψ−1

󰀕
u+ u−1

ζ

󰀖 󰁛

a∈κF

ψ

󰀕
ac(u)a2

ac(ζ)ϖF

󰀖
du

= qi−
1
2

󰁝

v∈oF×

ψ−1

󰀕
ϖ−r

F v +ϖr
Fv

−1

ζ

󰀖 󰁛

a∈κF

ψ

󰀕
va2

ac(ζ)ϖF

󰀖
dv

= qi−
1
2

󰁛

a∈κF

󰁝

v∈o×F
ψ−1

󰀕
ϖ−r

F v +ϖr
Fv

−1

ζ
− a2v

ac(ζ)ϖF

󰀖
dv

= qi−
1
2

󰁛

a∈κF

󰁝

v∈o×F
ψ−1

󰀕
1

ac(ζ)

󰀕󰀕
1

ϖi
F

− a2

ϖF

󰀖
v +

ϖ2r
F

ϖi
F

v−1

󰀖󰀖
dv

= qi−
1
2

󰁛

a∈κF

󰁝

v∈o×F
ψ−1

󰀕
1

ac(ζ)

󰀕
1−ϖi−1

F a2

ϖi
F

v +
ϖ2r

F

ϖi
F

v−1

󰀖󰀖
dv

Write i = 2m+ 1 with m ≥ 1, v = b(1 + w) with b ∈ o×F/(1 + pm+1
F ) and w ∈ pm+1

F . For the
integral being non-zero, we need

(1−ϖ2m
F a2)b−ϖ2r

F b−1 ∈ pmF ⇔ b−ϖ2r
F b−1 ∈ pmF .

The only possibility is r = 0, and we must have b ≡ b−1 mod pmF , in which case

qi−
1
2

󰁛

a∈κF

󰁝

v∈o×F
ψ−1

󰀕
1

ac(ζ)

󰀕
1−ϖi−1

F a2

ϖi
F

v +
ϖ2r

F

ϖi
F

v−1

󰀖󰀖
dv

= qi−
1
2 q−m−1

󰁛

a∈κF

󰀻
󰀿

󰀽
󰁛

1+pmF /1+pm+1
F

+
󰁛

−1+pmF /1+pm+1
F

󰀼
󰁀

󰀾ψ−1

󰀕
1

ac(ζ)

󰀕
b+ b−1

ϖ2m+1
F

− a2b

ϖF

󰀖󰀖
.

As m ≥ 1, the summation over a is independent of b, hence it is

q−1|ζ|− 1
2

󰁛

a∈κF

ψ

󰀕
a2

ac(ζ)ϖF

󰀖 󰁛

1+pmF /1+pm+1
F

ψ−1

󰀕
b+ b−1

ζ

󰀖
+

q−1|ζ|− 1
2

󰁛

a∈κF

ψ

󰀕
− a2

ac(ζ)ϖF

󰀖 󰁛

−1+pmF /1+pm+1
F

ψ−1

󰀕
b+ b−1

ζ

󰀖
.
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Write b = 1 + u with u ∈ pmF /p
m+1
F , then we have

󰁛

b∈1+pmF /1+pm+1
F

ψ−1

󰀕
b+ b−1

ζ

󰀖
= ψ−1

󰀕
2

ζ

󰀖 󰁛

u∈pmF /pm+1
F

ψ−1

󰀕
u2

ζ

󰀖

= ψ−1

󰀕
2

ζ

󰀖 󰁛

u∈κF

ψ−1

󰀕
u2

ac(ζ)ϖF

󰀖
.

It is clear that

󰁛

u∈κF

ψ−1

󰀕
u2

ac(ζ)ϖF

󰀖 󰁛

a∈κF

ψ

󰀕
a2

ac(ζ)ϖF

󰀖
= q,

hence, the original integral is still

|ζ|− 1
2

󰀕
ψ

󰀕
2

ζ

󰀖
+ ψ

󰀕
−2

ζ

󰀖󰀖
.

The last case is when |ζ| = q−1. When i ≥ 3, we have r = i− 1. At this time, we have
󰀏󰀏󰀏󰀏
ϖ2r

F

ϖi
F

v−1

󰀏󰀏󰀏󰀏 ≤ 1,

and 󰀏󰀏󰀏󰀏
1−ϖi−1

F a2

ϖi
F

󰀏󰀏󰀏󰀏 > q,

hence

qi−
1
2

󰁛

a∈κF

󰁝

v∈o×F
ψ−1

󰀕
1

ac(ζ)

󰀕
1−ϖi−1

F a2

ϖi
F

v +
ϖ2r

F

ϖi
F

v−1

󰀖󰀖
dv = 0.

So the only case left is when i = 1. Make a change of variable that x = ζ−1u, we have

|ζ|−
2n+1

2

󰁝

|x|=|ζ|−1

ψ−1

󰀕
1

xζ2
+ x

󰀖
|x|−n

󰁝

oF

ψ(xz2) dz

= q−
1
2 |ζ|−1

󰁝

x∈oF×

ψ−1

󰀕
u+ u−1

ζ

󰀖 󰁛

a∈κF

ψ

󰀕
ua2

ac(ζ)ϖF

󰀖
du.

Write u = b(1 + v) with b ∈ o×F/1 + pF and v ∈ pF, then we have

ψ−1

󰀕
u+ u−1

ζ

󰀖
ψ

󰀕
ua2

ac(ζ)ϖF

󰀖
= ψ−1

󰀕
b(1 + v) + b−1(1− v)− b(1 + v)a2

ζ

󰀖

= ψ−1

󰀕
b+ b−1 − ba2

ζ

󰀖
· ψ−1

󰀕
b− b−1 − ba2

ζ
· v

󰀖

= ψ−1

󰀕
b+ b−1 − ba2

ζ

󰀖
.



65

Therefore,

q−
1
2 |ζ|−1

󰁝

x∈oF×

ψ−1

󰀕
u+ u−1

ζ

󰀖 󰁛

a∈κF

ψ

󰀕
ua2

ac(ζ)ϖF

󰀖
du

= q−
1
2 |ζ|−1q−1

󰁛

b∈o×F /1+pF

󰁛

a∈κF

ψ−1

󰀕
b+ b−1 − ba2

ζ

󰀖

Then we claim first for α = ±2,

#{(a ∈ κF, b ∈ κ×
F ) | b+ b−1 − ba2 = α} = 2q − 3.

Indeed, for α = 2, this is equivalent to count the pairs (a, b) such that a2 = (1− b−1)2, so
there are totally 2(q − 1− 1) + 1 = 2q − 3 pairs. Similarly forα ∕= 2.

For α ∕= ±2, we claim

#{(a ∈ κF, b ∈ κ×
F ) | b+ b−1 − ba2 = α} = q − 3.

In fact, when α2 − 4 is a square, it is known that there are
q + 1

2
elements in κF such that

z2 − αz + 1 is a square, hence ther number of pairs (a, b) is

2

󰀕
q + 1

2
− 1− 2

󰀖
+ 2 = q − 3.

When α2 − 4 is not a square, it is also known that there are
q − 1

2
elements in κF such that

z2 − αz + 1 is a square, hence, the total number is

2

󰀕
q − 1

2
− 1

󰀖
= q − 3.

Therefore,

q−
1
2 |ζ|−1q−1

󰁛

b∈o×F /1+pF

󰁛

a∈κF

ψ−1

󰀕
b+ b−1 − ba2

ζ

󰀖

= |ζ|− 1
2

󰀕
ψ

󰀕
2

ζ

󰀖
+ ψ

󰀕
−2

ζ

󰀖󰀖
.

□
Lemma 7.4. When |ζ| ≥ 1, we have

󰁝 ∗

N

ωψ(w)ωψ

󰀕󰀕
ζ 0
0 ζ−1

󰀖󰀖
ωψ(u)Φ0(v0)ψ

−1(u) du = γ(ζ,ψ)|ζ|−n− 1
2 (1 + q−n).

Proof. When |ζ| ≥ 1, according to the above Lemma 7.1, there is some k large enough such
that we have󰁝 ∗

N

ωψ(w)ωψ

󰀕󰀕
ζ 0
0 ζ−1

󰀖󰀖
ωψ(u)Φ0(v0)ψ

−1(u) du

= γ(ζ,ψ)|ζ|− 2n+1
2

󰀕󰁝

|u|≤1

ψ−1(u)

󰁝

z∈oF
ψ(uz2) dz du+

󰁝

1<|u|≤qk
ψ−1(u)|u|−n

󰁝

oF

ψ(uz2) dz du

󰀖
.
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It is clear that
󰁝

|u|≤1

ψ−1(u)

󰁝

z∈oF
ψ(uz2) dz du = 1.

Now, let us consider the integral
󰁝

|u|=qi
ψ−1(u)|u|−n

󰁝

oF

ψ(uz2) dz du,

where 0 < i ≤ k. If i is even, we know
󰁝

|u|=qi
ψ−1(u)|u|−n

󰁝

oF

ψ(uz2) dz du = 0

due to Lemma 7.2. When i is odd, according to Lemma 7.2 again, we have
󰁝

|u|=qi
ψ−1(u)|u|−n

󰁝

oF

ψ(uz2) dz du

=

󰁝

|u|=qi
ψ−1(u)|u|−nq−

1
2 |u|− 1

2

󰁛

a∈κF

ψ

󰀕
ac(u) · a2

ϖF

󰀖
du

= q−i(n+ 1
2)−

1
2

󰁛

a∈κF

󰁝

|u|=qi
ψ−1

󰀃
u
󰀃
1− a2ϖi−1

F

󰀄󰀄
du.

If i ≥ 3, |1− a2ϖi−1
F | = 1, then

󰁝

|u|=qi
ψ−1

󰀃
u
󰀃
1− a2ϖi−1

F

󰀄󰀄
du = 0

for all a ∈ κF. If i = 1, then
󰁝

|u|=qi
ψ−1(u)|u|−n

󰁝

oF

ψ(uz2) dz du

= q−n−1
󰁛

a∈κF

󰁝

|u|=q

ψ−1(u(1− a2)) du

= q−n−1

󰀻
󰀿

󰀽
󰁛

a=±1

+
󰁛

a∈κF\{±1}

󰀼
󰁀

󰀾

󰁝

|u|=q

ψ−1(u(1− a2)) du

= q−n−1(2(q − 1) + (q − 2)(−1))

= q−n.

Therefore,

|ζ|−
2n+1

2

󰀕󰁝

|u|≤1

ψ−1(u)

󰁝

z∈oF
ψ(uz2) dz du+

󰁝

1<|u|≤qk
ψ−1(u)|u|−n

󰁝

oF

ψ(uz2) dz du

󰀖

= |ζ|−n− 1
2 (1 + q−n).

□

Combine Lemma 7.3 and Lemma 7.4, we have
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Proposition 7.5.

󰁨T(I(res(Φ0)))

󰀕󰀕
ζ 0
0 ζ−1

󰀖󰀖
= γ(ζ,ψ)

󰀫
|ζ|− 1

2

󰀓
ψ−1

󰀓
2
ζ

󰀔
+ ψ

󰀓
2
ζ

󰀔󰀔
for |ζ| ≤ q−1;

|ζ|−n− 1
2 (1 + q−n) for |ζ| ≥ 1.

Next let us compute 󰁨T ◦ T
󰀓
fL(Std,n− 1

2)L(Std,
1
2)

󰀔
. It is clear that

ι ◦ | · |
󰀕
fL(Std,n− 1

2)L(Std,
1
2)

󰀕󰀕
· 0
0 1

󰀖󰀖󰀖
(ξ) = (1− q−2)−1(1− qn−1)−1

󰀃
1− q−n

󰀄−1

·

󰀻
󰀿

󰀽

|ξ|n−1(1− q−2n))− qn−1(1− q−2) for |ξ| ≤ 1;
−q−n−1 + qn−3 for |ξ| = q;

(1− qn−1)
󰁕
|x|2=|ξ|−1 ψ

−1 (xξ + x−1) dx for |ξ| > q.

To calculate its Fourier transform, observe that the Kloosterman integrals are related to

the Fourier transform of 1oF(x)ψ
−1

󰀕
1

x

󰀖
:

Lemma 7.6.

Fψ

󰀕
1oF(x)ψ

−1

󰀕
1

x

󰀖󰀖
(y) =

󰀻
󰁁󰀿

󰁁󰀽

1− q−1 − q−2 for |y| ≤ 1;
−q−1 − q−2 for |y| = q;

󰁕
|x|2=|y|−1 ψ

−1
󰀓

1
y
+ xy

󰀔
dx for |y| > q.

Proof. Since 1oF(x)ψ
−1

󰀕
1

x

󰀖
∈ L1(F) ∩ L2(F), we have

Fψ

󰀕
1oF(x)ψ

−1

󰀕
1

x

󰀖󰀖
(y) =

󰁝

F

1oF(x)ψ
−1

󰀕
1

x

󰀖
ψ−1(xy) dx

=

󰁝

oF

ψ−1

󰀕
1

x
+ xy

󰀖
dx.

When |y| ≤ 1, we have ψ−1(xy) = 1 for all x ∈ oF, hence
󰁝

oF

ψ−1

󰀕
1

x
+ xy

󰀖
dx =

󰁝

oF

ψ−1

󰀕
1

x

󰀖
dx =

󰁝

|x|≥1

|x|−2ψ−1(x) dx

=

󰁝

|x|=1

dx+ q−2

󰁝

|x|=q

ψ−1(x) dx

= (1− q−1) + q−2 · (−1).

When |y| = q, then ψ−1(xy) = 1 for all |x| ≤ q−1, hence
󰁝

oF

ψ−1

󰀕
1

x
+ xy

󰀖
dx =

󰁝

|x|=1

ψ−1(xy) dx+

󰁝

|x|≤q−1

ψ−1

󰀕
1

x

󰀖
dx

= −q−1 +

󰁝

|x|≥q

ψ−1(x)|x|−2 dx = −q−1 − q−2.

When |y| ≥ q, it follows from, for example, the last paragraph in [Sak13a, Section 5]. □
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Lemma 7.7.

Fψ−1 ◦ ι ◦ | · |
󰀕
fL(Std,s1)L(Std,s2)

󰀕󰀕
· 0
0 1

󰀖󰀖󰀖
(x)

= (1− q−2)−1(1− q−n)−1

󰀝
ψ−1

󰀃
1
x

󰀄
+ 1 for |x| ≤ q−1;

|x|−n(1 + q−n) for |x| ≥ 1.

Proof. From Lemma 7.6,

(1− q−2)(1− qn−1)(1− q−n) · ι ◦ | · |
󰀕
fL(Std,s1)L(Std,s2)

󰀕󰀕
· 0
0 1

󰀖󰀖󰀖
(ξ)

− (1− qn−1)Fψ

󰀕
1oF(·)ψ−1

󰀕
1

·

󰀖󰀖
(ξ)

=

󰀻
󰀿

󰀽

|ξ|n−1(1− q−2n)) + q−2 + q−1 − 1− qn−2 for |ξ| ≤ 1;
−q−n−1 + q−1 + q−2 − qn−2 for |ξ| = q;

0 for |ξ| > q.

Now, let us first compute the Fourier transform of

f1(ξ) :=
󰀃
|ξ|n−1(1− q−2n)) + q−2 + q−1 − 1− qn−2

󰀄
1oF(ξ).

By definition, when |x| ≤ 1,

Fψ−1(f1)(x) =

󰁝

F

f1(ξ)ψ(ξx) dξ

=

󰁝

|ξ|≤1

󰀃
|ξ|n−1(1− q−2n)) + q−2 + q−1 − 1− qn−2

󰀄
dξ

=
∞󰁛

|ξ|=q−i,i=0

q−i(n−1)q−i(1− q−1)(1− q−2n) + q−2 + q−1 − 1− qn−2

= (1− q−1)(1 + q−n) + q−2 + q−1 − 1− qn−2

= −q−n−1 + q−n + q−2 − qn−2.

When |x| > 1,

Fψ−1(f1)(x) =

󰁝

F

f1(ξ)ψ(ξx) dξ

=

󰀝󰁝

|ξ|≤|x|−1

+

󰁝

|ξ|=|x|−1q

󰀞󰀃
|ξ|n−1(1− q−2n)) + q−2 + q−1 − 1− qn−2

󰀄
ψ(ξx) dξ

Write |x| = qk with k > 0, then
󰁝

|ξ|≤|x|−1

󰀃
|ξ|n−1(1− q−2n)) + q−2 + q−1 − 1− qn−2

󰀄
ψ(ξx) dξ

= (1− q−2n)
∞󰁛

|ξ|=q−i,i=k

q−i(n−1)q−i(1− q−1) + |x|−1(q−2 + q−1 − 1− qn−2)

= |x|−n(1 + q−n)(1− q−1) + |x|−1(q−2 + q−1 − 1− qn−2).
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And 󰁝

|ξ|=|x|−1q

󰀃
|ξ|n−1(1− q−2n)) + q−2 + q−1 − 1− qn−2

󰀄
ψ(ξx) dξ

= −|x|−1
󰀃
(|x|−1q)n−1(1− q−2n) + q−2 + q−1 − 1− qn−2

󰀄
,

hence

Fψ−1(f1)(x) = |x|−n(q−n − q−1 + 1− qn−1)

= |x|−n(1 + q−n)(1− qn−1).

To summarize,

Fψ−1(f1)(x) =

󰀝
−q−n−1 + q−n + q−2 − qn−2 for |x| ≤ 1;

|x|−n(1 + q−n)(1− qn−1) for |x| > 1.

Next set

f2(ξ) :=

󰀝
−q−n−1 + q−1 + q−2 − qn−2 for |ξ| = q;

0 for |ξ| ∕= q.

When |x| ≤ q−1, we have

Fψ−1(f2)(x) =

󰁝

|ξ|=q

(−q−n−1 + q−1 + q−2 − qn−2)ψ(xξ) dξ

= (q − 1)(−q−n−1 + q−1 + q−2 − qn−2)

= q−n−1 − q−n − q−2 + 1 + qn−2 − qn−1.

When |x| ≥ 1, Fψ−1(f2)(x) ∕= 0 only when |x| = 1, in which case

Fψ−1(f2)(x) = q−n−1 − q−1 − q−2 + qn−2.

Therefore,

Fψ−1(f2)(x) =

󰀻
󰀿

󰀽

q−n−1 − q−n − q−2 + 1 + qn−2 − qn−1 for |x| ≤ q−1;
q−n−1 − q−2 − q−1 + qn−2 for |x| = 1;

0 for |x| > 1.

Combine them together, and we have

Fψ−1(f1 + f2)(x) =

󰀻
󰀿

󰀽

1− qn−1 for |x| ≤ q−1;
q−n(1− qn−1) for |x| = 1;

|x|−n(1 + q−n)(1− qn−1) for |x| > 1.

Therefore,

Fψ−1 ◦ ι ◦ | · |
󰀕
fL(Std,s1)L(Std,s2)

󰀕󰀕
· 0
0 1

󰀖󰀖󰀖
(x)

= (1− q−2)−1(1− q−n)−1

󰀻
󰀿

󰀽

ψ−1
󰀃
1
x

󰀄
+ 1 for |x| ≤ q−1;

1 + q−n for |x| = 1;
|x|−n(1 + q−n) for |x| > 1.

□
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Proposition 7.8.

󰁨T ◦ T
󰀕
fL(Std,s1)L(Std,s2)

󰀕󰀕
· 0
0 1

󰀖󰀖󰀖
(x)

= (1− q−2)−1(1− q−n)−1

󰀝
|x|− 1

2

󰀃
ψ−1

󰀃
2
x

󰀄
+ ψ

󰀃
2
x

󰀄󰀄
for |x| ≤ q−1;

|x|−n− 1
2 (1 + q−n) for |x| ≥ 1.

Proof. This is according to Proposition 3.8 and Lemma 7.7. □
Finally, let L◦

X be the basic measure on X × X // SO2n+1
∼= A1, then the image of Φ0 to

S(X) is

(1 + q−n)L0 =
ζF(n)

ζF(2n)
L◦

X.

Combine Proposition 7.5 and Proposition 7.8, we have

Theorem 7.9. Let L0 ∈ S(SO2n\SO2n+1/SO2n) be the push-forward of 1X(oF) dx⊗1X(oF) dx,
then we have

T −1 (L◦
X) =

qdimX

#X(κF)ζF(2)ζF(sX)
fLX

=
ζF(2n)

ζF(2)ζF(n)2
fL(Std,n− 1

2)L(Std,
1
2)
.

7.2. Comparison between A\PGL2/(N,ψ) and (N,ψ)\PGL2/(N,ψ). Let A be the max-
imal torus of PGL2 consisting of diagonal matrices. For any s ∈ C, write Ls for the line
bundle on A\PGL2 induced by the unramified character

A1 → C× :

󰀕
a

1

󰀖
󰀁→ |a|s.

Write C∞
c (A\PGL2,Ls) be the Schwartz sections of Ls, which can be trivialized as functions

Ψ on PGL2 satisfying

Ψ

󰀕󰀕
a

1

󰀖
g

󰀖
= |a|sΨ(g)

with compact support module A. Take Ψ◦
s to be the basic function such that its support is

A1 · PGL2(oF) and satisfying

Ψs

󰀕󰀕
a

1

󰀖
k

󰀖
= |a|s, ∀

󰀕
a

1

󰀖
∈ A and k ∈ PGL2(oF).

Consider the unfolding map

Uψ : C∞
c (A1\PGL2,Ls) → C∞(N,ψ\PGL2)

Ψ 󰀁→
󰀕
PGL2 ∋ g 󰀁→

󰁝

F

Ψ

󰀕󰀕
1 n

1

󰀖
g

󰀖
ψ−1(n) dn

󰀖
.

Note that A\PGL2 can be identified with the line bundle O(2) over B\PGL2 = P1, and
N\PGL2 is then identified with the open PGL2-orbit consisting of non-zero sections in the
total space of the dual bundle O(−2) in the usual way, or see [Sak13a]. For any s ∈ C, let
Ls be the following line bundle over O(−2):

Lψ
s := Ls ⊗ Lψ.

Here the line bundle Lψ is the Whittaker bundle over N\PGL2, and the sections of the other
line bundle Ls, are the smooth functions over N\PGL2, and in any small neighborhood of
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the boundary (p, 0) ∈ O(−2), where p ∈ P1 and 0 means the zero cotangent vector at p,
the sections are of the form |a|s+1Φ(q, a) for some smooth function Φ near (p, 0). Then
according to [SV17, Section 9.5, (9.17)], the unfolding map U gives an isomorphism between
the Schwartz sections

F(A1\PGL2,Ls) ∼= F(O(−2),Lψ
s ).

Lemma 7.10. Let Ψ◦
s be the basic function of C∞

c (A1\PGL2,Ls), then

Uψ(Ψ
◦
s) = ΦL(Std,s+ 1

2)

Proof. See [Sak13a, Lemma 5.5]. □

Note that F(A\PGL2) = F(A\PGL2,L0), which consists of usual Schwartz functions on
A\PGL2. While analogous results hold for the more general Ls, we restrict our attention to
the case L0 for the purposes of the present work.

Lemma 7.11. Let Ψ1 ∈ F(A\PGL2) and Ψ2 ∈ F(N\PGL2,Lψ−1

s ), when ξ ∈ F, the orbital
integral

Oξ(Ψ1 ⊗Ψ2) :=

󰁝

PGL2

Ψ1

󰀕
w

󰀕
1 ξ

1

󰀖
g

󰀖
Ψ2(g) dg

is absolutely convergent when Re(s) > −1. Write S−
L(st,s+ 1

2)
(A\PGL2/N,ψ) to be the space of

measures on F of the form Oξ(Ψ1⊗Ψ2) dξ for Ψ1 ∈ C∞
c (A\PGL2) and Ψ2 ∈ C∞

c (N\PGL2,Lψ−1

s ).

Remark 7.12. The subscript L-value signifies the use of non-standard test measures derived
from the Whittaker space. In the subsequent unfolding of C∞

c (A\PGL2), a second L
󰀃
st, 1

2

󰀄

is contributed. Specifically, the reader should view the space S−
L(st,s+ 1

2)
(A\PGL2/N,ψ) in

relation to S−
L(st, 12)L(st,s+

1
2)
(N,ψ\PGL2/N,ψ), a comparison which constitues the primary

objective of this section.

Proof. Using the Iwasawa decomposition, we have
󰁝

PGL2

Ψ2

󰀕
w

󰀕
1 ξ

1

󰀖
g

󰀖
Ψ2(g) dg

=

󰁝

F×F××PGL2(oF)

Ψ1

󰀕
w

󰀕
1 ξ + n

1

󰀖󰀕
a

1

󰀖
k

󰀖
ψ−1(n)Ψ2

󰀕󰀕
a

1

󰀖
k

󰀖
|a|−1 dn

da

|a| dk.

Note that

Ψ1

󰀕
w

󰀕
1 ξ + n

1

󰀖󰀕
a

1

󰀖
k

󰀖
= Ψ1

󰀕
w

󰀕
1 ξ+n

a
1

󰀖
k

󰀖
,

and since Ψ1 is a Schwartz function, for fixed ξ, there is some M > 0 such that Ψ1 ∕= 0 only
when |ξ + n| < |a|M . As Ψ2 is also a Schwartz section, we have

󰁝

PGL2

Ψ2

󰀕
w

󰀕
1 ξ

1

󰀖
g

󰀖
Ψ2(g) dg ≪

󰁝

|a|≤1

|a||a|s+1|a|−1 da

|a| < ∞

when Re(s) > −1.
□

On the other hand, let Φ1 ∈ F(O(−2),Lψ
0 ) and Φ2 ∈ F(O(−2),Lψ−1

s ), for ξ ∈ F×,
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Lemma 7.13. When Re(s) > 0, the orbital integral

Oξ(Φ1 ⊗ Φ2) :=

󰁝

PGL2

Φ1

󰀕
w

󰀕
ξ

1

󰀖
g

󰀖
Φ2(g) dg,

is absolutely convergent. Moreover, the twisted-push forward measure

Oξ(Φ1 ⊗ Φ2) dξ

lies in S−
L(st,s+ 1

2)L(st,
1
2)
(N,ψ\PGL2/N,ψ).

Proof. According to the Iwasawa decomposition, we have
󰁝

PGL2

Φ1

󰀕󰀕
−1

1

󰀖󰀕
ξ

1

󰀖
g

󰀖
Φ2(g) dg

=

󰁝

F×F××PGL2(oF)

Φ1

󰀕󰀕
−1

1

󰀖󰀕
ξ

1

󰀖󰀕
1 n

1

󰀖󰀕
a

1

󰀖
k

󰀖

· Φ2

󰀕󰀕
a

1

󰀖
k

󰀖
ψ−1(n)|a|−1 dn

da

|a| dk.

As Φ2 is a Schwartz section, there is some M > 0 such that |a| < M and near 0 we have

Φ2

󰀕󰀕
a

1

󰀖
k

󰀖
≪ |a|s+1. Note that

󰀕
−1

1

󰀖󰀕
ξ

1

󰀖󰀕
1 n

1

󰀖󰀕
a

1

󰀖
=

󰀕
1

aξ

󰀖󰀕
1

−a−1n 1

󰀖󰀕
−1

1

󰀖
,

when |n| ≤ |a|, we have

Φ1

󰀕󰀕
−1

1

󰀖󰀕
ξ

1

󰀖󰀕
1 n

1

󰀖󰀕
a

1

󰀖
k

󰀖
= Φ1

󰀕󰀕
a−1ξ−1

1

󰀖
k′
󰀖

for some k′ ∈ PGL2(oF), then since Φ1 is a Schwartz section, there is some N > 0 such that

|a−1ξ−1| < N when Φ1

󰀕󰀕
a−1ξ−1

1

󰀖
k′
󰀖

∕= 0, hence the integral is absolutely convergent

in this part. Moreover, it is clear that when ξ ≤ 1

MN
,

󰁝

F××F×PGL2(oF),|n|≤|a|
Φ1

󰀕󰀕
−1

1

󰀖󰀕
ξ

1

󰀖󰀕
1 n

1

󰀖󰀕
a

1

󰀖
k

󰀖

· Φ2

󰀕󰀕
a

1

󰀖
k

󰀖
ψ−1(n)|a|−1 dn

da

|a| dk = 0.

When ξ → ∞, we may first assume Φ1 and Φ2 are PGL2(oF)-invariant without loss of
generality. Over the domain {(n, a) ∈ F× F× | |n| ≤ |a| ≤ 1}, write

fξ(n, a) = Φ1

󰀕󰀕
a−1ξ−1

1

󰀖󰀖
Φ2

󰀕󰀕
a

1

󰀖󰀖
|a|−1

and

gξ(n, a) = |a|−1Φ2

󰀕󰀕
a

1

󰀖󰀖󰀝
C
|aξ| for |a| ≥ |ξ|−1;

0 for |a| < |ξ|−1,
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where

C = lim
a→0

|a|−1Φ1

󰀕󰀕
a

1

󰀖󰀖
.

Then we have the pointwise convergence

lim
|ξ|→∞

(fξ(n, a)− gξ(n, a)) = 0

and |fξ(n, a)| ≪ maxΦ1 · Φ2

󰀕󰀕
a

1

󰀖󰀖
|a|−1, |gξ(n, a)| ≪ C · Φ2

󰀕󰀕
a

1

󰀖󰀖
|a|−1, both of

which are integrable when Re(s) > 0, hence by dominant convergence theorem,

lim
ξ→∞

󰀕󰁝

F××F,|a|≤|a|≤1

fξ(n, a)− gξ(n, a)

󰀖
dn

da

|a| = 0.

As it is clear that there are some constants C1 and C2 such that
󰁝

F××F,|a|≤|a|≤1

gξ(n, a) dn
da

|a| = C1|ξ|−1 + C2|ξ|−s−1,

and the integral of fξ(n, a) is a linear combination of complex powers of |ξ|, this yields the
required asymptotic expansion near ∞.

When |n| > |a|, note that
󰀕
a−1ξ−1

1

󰀖󰀕
1

−a−1n 1

󰀖
=

󰀕
1 −ξ−1n−1

1

󰀖󰀕
ξ−1n−1

−a−1n

󰀖󰀕
1

1 −an−1

󰀖
,

then

Φ1

󰀕󰀕
−1

1

󰀖󰀕
ξ

1

󰀖󰀕
1 n

1

󰀖󰀕
a

1

󰀖
k

󰀖

= ψ

󰀕
− 1

nξ

󰀖
Φ1

󰀕󰀕
− a

ξn2

1

󰀖󰀕
1

1 −an−1

󰀖󰀕
−1

1

󰀖
k

󰀖
.

Therefore,
󰁝

PGL2

Φ1

󰀕󰀕
−1

1

󰀖󰀕
ξ

1

󰀖
g

󰀖
Φ2(g) dg

=

󰁝

F×F××PGL2(oF)|n|>|a|
ψ−1

󰀕
n+

1

nξ

󰀖
Φ1

󰀕󰀕
− a

ξn2

1

󰀖󰀕
1

1 −an−1

󰀖󰀕
−1

1

󰀖
k

󰀖

· Φ2

󰀕󰀕
a

1

󰀖
k

󰀖
dn

da

|a|2 dk.

For fixed ξ, when Re(s) > 0,
󰁝

F×F××PGL2(oF)|n|>|a|

󰀏󰀏󰀏󰀏Φ1

󰀕󰀕
− a

ξn2

1

󰀖󰀕
1

1 −an−1

󰀖󰀕
−1

1

󰀖
k

󰀖
Φ2

󰀕󰀕
a

1

󰀖
k

󰀖󰀏󰀏󰀏󰀏 dn
da

|a|2 dk

≪
󰁝

|a|≤1

󰀝󰁝

a<|n|<|a|
1
2

1 dn+

󰁝

|n|≥|a|
1
2

|n|−2 dn

󰀞
|a|s+2|a|−1 da

|a|

≪
󰁝

|a|≤1

(1 + |a|−1)|a|s+1 da

|a| < ∞.

when Re(s) > 0.
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When |ξ| → 0, make a change of variable that n = 1
u
, then the integral over u is non-zero

if and only if |u|2 = |ξ|, in which case the integral, up to a constant, is
󰁝

|u|2=|ξ|
ψ−1

󰀕
u

ξ
+ u−1

󰀖
du · |ξ|−1.

When ξ → ∞, the expected asymptotic behavior follows from a similar argument using
the dominant convergence theorem as above.

□

Before proceeding to the analysis of the transfer operator between S−
L(st,s 1

2)
(A\PGL2/N,ψ)

and S−
L(st,s+ 1

2)L(st,
1
2)
(N,ψ\PGL2/N,ψ), we have the following lemma, which is analogous to

[Sak13a, Proposition 2.10].

Lemma 7.14. Let Ψ1,Ψ2 ∈ C∞
c (F). Write

O1
ξ(Ψ1 ⊗Ψ2) :=

󰁝

F×
|aξ|−1Ψ1(a

−1ξ−1)Ψ2(a)
da

|a| ,

and

O2
ξ(Ψ1,Ψ2) :=

󰁝

F×
Ψ1(ξa)Ψ2(a)

da

|a| .

Write S(A2/(G∇
m, | · |)) for the space of measures on F of the form O1

ξ(Ψ1 ⊗ Ψ2) dξ and

S(A2/G∆
m) for the space of measures on F of the form O2

ξ(Ψ1 ⊗ Ψ2) dξ. Then we have the
following commutative diagram

C∞
c (F)⊗ C∞

c (F) C∞
c (F)⊗ C∞

c (F)

S(A2/G∆
m) S(A2/(G∇

m, | · |))

Fψ⊗Id

O2
· (·) O1

· (·)

G

,

where

G = | · |−1 ◦ ι ◦ Fψ

Proof. Let h(ξ) ∈ Cc(F) be a test function on F, then we have
󰁝

F

O1
ξ(Fψ(Ψ1)⊗Ψ2)h(ξ) dξ

=

󰁝

F

󰁝

F×
|aξ|−1Fψ(Ψ1)(a

−1ξ−1)Ψ2(a)h(ξ)
da

|a| dξ

=

󰁝

F×

󰁝

F

|ξ|Fψ(Ψ1)(ξ)Ψ2(a)h(a−1ξ−1)
da

|a|
1

|aξ2| dξ.

According to the Plancherel formula for the Fourier transform,
󰁝

F

Fψ(Ψ1)(ξ)h(a−1ξ−1)|ξ|−1 dξ =

󰁝

F

Ψ1(ξ)Fψ−1(h(a−1(·)−1)| · |−1)(ξ) dξ.
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Note that

Fψ−1(h(a−1(·)−1)| · |−1)(ξ) =

󰁝

F

h(a−1x−1)|x|−1ψ(xξ) dx

=

󰁝

F

h(x−1)|x|−1ψ
󰀃
xξa−1

󰀄
dx

= Fψ−1 ◦ | · |−1 ◦ ι(h)(ξa−1),

hence 󰁝

F

O1
ξ(Fψ(Ψ1)⊗Ψ2)h(ξ) dξ

=

󰁝

F×

󰁝

F

Ψ1(ξ)Ψ2(a)Fψ−1 ◦ | · |−1 ◦ ι(h)(ξa−1)
da

|a|2 dξ

=

󰁝

F×
Ψ1(ξa)Ψ2(a)Fψ−1 ◦ | · |−1 ◦ ι(h)(ξ) da|a| dξ

=

󰁝

F

O2
ξ(Ψ1 ⊗Ψ2)Fψ−1 ◦ | · |−1 ◦ ι(h)(ξ) dξ

=

󰁝

F

| · |−1 ◦ ι ◦ Fψ(O2
· (Ψ1 ⊗Ψ2))(ξ)h(ξ) dξ.

□
Proposition 7.15. Let s ∈ C such that Re(s) > 0, then we have a commutative diagram

C∞
c (A\PGL2)⊗ C∞

c (O(−2),Lψ−1

s ) C∞
c (O(−2),Lψ

0 )⊗ C∞
c (O(−2),Lψ−1

s )

SL(st,s+ 1
2)
(A1\PGL2/(N,ψ)) S−

L(st, 12)L(st,s+
1
2)
(N,ψ\PGL2/N,ψ)

Uψ⊗Id

U

,

with U given by the following formula on A1:

| · |−1 ◦ ι ◦ Fψ.

Proof. Let Ψ1 ∈ C∞
c (A\PGL2) and Ψ2 ∈ C∞

c (O(−2),Lψ−1

s ), for a ∈ F× and g ∈ PGL2, write

󰁦Ψ1(a, g) :=

󰁝

F

Ψ1

󰀕󰀕
1 n

1

󰀖
g

󰀖
ψ−1(an) dn

and Ψ2(a, g) := Ψ2

󰀕󰀕
a

1

󰀖
g

󰀖
. Then for ξ ∈ F×, we have

Oξ(Uψ(Ψ1)⊗Ψ2) =

󰁝

PGL2

Uψ(Ψ1)

󰀕
w

󰀕
ξ

1

󰀖
g

󰀖
Ψ2(g) dg

=

󰁝

A\PGL2

󰁝

A

Uψ(Ψ1)

󰀕
w

󰀕
aξ

1

󰀖
g

󰀖
Ψ2

󰀕󰀕
a

1

󰀖
g

󰀖
dg.

Note that

Uψ(Ψ1)

󰀕
w

󰀕
aξ

1

󰀖
g

󰀖
= |aξ|−1󰁦Ψ1(a

−1ξ−1, g),
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hence

Oξ(Uψ(Ψ1),Ψ2) =

󰁝

A\PGL2

󰁝

A

|aξ|−1󰁦Ψ1(a
−1ξ−1, g)Ψ2(a, g) dg.

According to the above lemma,
󰁝

A

|aξ|−1󰁦Ψ1(a
−1ξ−1, g)Ψ2(g) = | · |−1 ◦ ι ◦ Fψ(f)(ξ, g)

where

f(ξ, g) =

󰁝

A

Ψ1

󰀕󰀕
1 ξ

1

󰀖
w

󰀕
a

1

󰀖
g

󰀖
Ψ2(g) da,

and hence
Oξ(Uψ(Ψ1),Ψ2) = | · |−1 ◦ ι ◦ Fψ(O·(Ψ1 ⊗Ψ2)).

□
7.3. Comparison between A\PGL2/(N,ψ) and (N,ψ)\Mp2/(N,ψ). The results of this
section are due to [Jac87]. We present them here for the reader’s convenience and to clarify
the notation used throughout the paper.

Let us first recall the isomorphism

󰁨λ : H(PGL2,PGL2(oF)) ∼= H(Mp2,K
′)

as fixed in [Jac87, Section 2]. Let s ∈ C, and consider the genuine character of the abelian
subgroup of Mp2 󰀕󰀕

a
a−1

󰀖
, 󰂃

󰀖
󰀁→ γ(a,ψ)−1|a|s󰂃,

and consider the induced representation 󰁨I(χ(s)) of Mp2 by left shift on the space of functions
Φ such that

Φ

󰀕
g

󰀕󰀕
a

a−1

󰀖
, 󰂃

󰀖󰀖
= |a|−1γ(a,ψ)−1|a|s󰂃Φ(g).

Then the isomorphism 󰁨λ is such that for any h ∈ H(PGL2,PGL2(oF)), the action of h on the

unramified vector in I(χ(s)) and 󰁨λ(h) on the unramified vector in󰁨I(χ(s)) are the same. More-

over, for any m ≥ 0, let hm be the characteristic function on PGL2(oF)

󰀕
ϖm

1

󰀖
PGL2(oF),

then 󰁨λ(hm)(g) = |a| 12γ(a,ψ)󰂃 if

g =

󰀕
k1

󰀕
a

a−1

󰀖
k2, 󰂃

󰀖

with the valuation of a is m; 󰁨λ(hm)(g) = 0 is g is not of this form.
Let F(N,ψ\Mp2/N,ψ) be the space of functions on F× of the form

a 󰀁→
󰁝

F×F

Φ

󰀕󰀕
1 x

1

󰀖
w

󰀕
a

a−1

󰀖󰀕
1 y

1

󰀖󰀖
ψ−1(x+ y) dx dy = Oξ(Φ)

where Φ is a smooth function of compact support on Mp2. Similarly let F(A\PGL2/N,ψ)
be the space of orbital integrals

F ∋ y 󰀁→
󰁝

F××F

Φ

󰀕󰀕
a

1

󰀖󰀕
1 y

1

󰀖
w

󰀕
1 x

1

󰀖󰀖
ψ−1(x)

da

|a| dx.
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Proposition 7.16. For any h ∈ H(PGL2,PGL2(oF)), we have

Oa(󰁨λ(h)) = |a|−1/2γ(a,ψ)ψ

󰀕
2

a

󰀖
Oa

4
(h) =: J(O·(h))(a)

Proof. See [Jac87, Section 8]. □
Remark 7.17. In terms of measures, we should multiply by |a| 12 instead of |a|− 1

2 . And as a
result, the diagram 7.1 is a commutative diagram.

7.4. Comparison between SO2n\SO2n+1/SO2n and (N,ψ)\Mp2/(N,ψ).

Lemma 7.18. Let
X◦ = {v ∈ X | BV(v, e1) ∕= 0}.

Then v0 ∈ X◦ and X◦ is an open B-orbit in X.

Proof. Same as Lemma 4.4. □
Corollary 7.19. P(X) is the maximal proper parabolic subgroup fixing the isotropic flag

〈e1〉.
Then under the above basis {e1, · · · , en, fn, · · · , f1}, the Levi L(X) of P(X) is

L(X) =

󰀻
󰀿

󰀽

󰀳

󰁃
t

g
t−1

󰀴

󰁄 | t ∈ Gm, g ∈ SO(v⊥0 )

󰀼
󰁀

󰀾
∼= Gm × SO(v⊥0 ),

and hence

δ
1
2

(X)

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

t1
...

tn
t−1
n

...
t−1
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄
= |t2|n−

3
2 |t3|n−

5
2 · · · |tn|

1
2 .

Moreover, the quotient map A → AX
∼= Gm is given by

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

t1
...

tn
t−1
n

...
t−1
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄
󰀁→ t1.

Then after the Satake transform, C[A∨]WG → C[A∨
X]

WX is given by

C[x±
1 , · · · , x±

n ]
WSO2n → C[x±]Z/2Z : x1 󰀁→ x, xj 󰀁→ qj−n− 1

2 for 2 ≤ j ≤ n.(7.2)

Now consider the nilpotent cone Σ := {v ∈ V | BV(v, v) = 0}.
Lemma 7.20.

Σ◦ :=

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽
g

󰀳

󰁅󰁅󰁃

1
0
...
0

󰀴

󰁆󰁆󰁄 | g ∈ SO(V)

󰀼
󰁁󰁁󰁀

󰁁󰁁󰀾
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is an open dense SO(V)-orbit of Σ.

Proof. Same as Lemma 4.6. □
Lemma 7.21. Let Φ ∈ F(Y)K′

, and ωψ(h)Φ|Σ = 0 for all h ∈ Mp2, then Φ = 0.

Proof. The same argument as in Lemma 4.7, noting that cuspidal genuine representations
of Mp2 are not spherical according to [FK86, Proposition 17]. □

Now let σ ∈ C be such that Re(σ) > 1. Consider the following intertwining operators:

Zσ : F(Y) → C∞(SO2n ×Mp2) : Φ 󰀁→ (g, h) 󰀁→
󰁝

F

ωψ(g, h)
−1Φ

󰀳

󰁅󰁅󰁃

󰀳

󰁅󰁅󰁃

a
0
...
0

󰀴

󰁆󰁆󰁄

󰀴

󰁆󰁆󰁄 |a|σ da

|a| .

which is absolutely convergent.

Proposition 7.22. When Re(σ) > 1,

(1) Let s = (s1, s2, · · · , sn) ∈ X∗(A)⊗Z C = Cn, write

χ(s) : T → C :

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁃

t1
...

tn
t−1
n

...
t−1
1

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁄
󰀁→

n󰁜

i=1

|ti|si

and I(χ(s)) the correponding normalized induced representation of SO2n. Then Zσ

factors through I(χ(n− 1
2
−σ, n− 3

2
, n− 5

2
, · · · , 1

2
))⊗󰁨I(χ(σ−n+ 1

2
)) as representations

of SO2n ×Mp2.
(2) Write K for the maximal compact subgroup of SO(V) fixing the standard lattice o2nF

under the ordered basis {e1, · · · , en, w, fn, · · · , f1}. Let

λX : H(SO(V),K) → H(Mp2,K
′)

be the morphism of the Hecke algebra corresponding to the above. Let Φ0 be the
characteristic function of V(oF), then we have

ωψ(f
∨)Φ0 = ωψ(λX(f))Φ0.

for all f ∈ H(SO(V),K).

Proof. (1) is simply a matter of computing the effect of A× T on Zσ, noting that

γ(t,ψ 1
2
)−(2n+1)(t, (−1)n2) = γ(t,ψ)−1.

(2) is totally the same as in the previous sections. □
7.5. Comparison between (N,ψ)\PGL2/(N,ψ) and SO2n\SO2n+1/SO2n.

Lemma 7.23. Let hSymm be the Satake inverse of the symmetric m-th power on H(PGL2,PGL2(oF)),
then

Ω(Φ0)(g) =
1

ζF(n)

∞󰁛

m=0

q−m(n− 1
2
)

󰁝

N

󰁨λ(hSymm)(ng)ψ−1(n) dn.
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Proof. A first observation is that
∞󰁛

m=0

q−m(n− 1
2
)hSymm =

∞󰁛

m=0

q−mn(hm + hm−2 + · · · )

=
∞󰁛

m=0

q−mn

1− q−2n
hm.

According to [Jac87, Lemma on Page 143], we have
󰁝

N

󰁨λ(hm)

󰀕
n

󰀕
a

a−1

󰀖󰀖
ψ−1(n) dn = |a| 12γ(a,ψ)1ϖmo×F∪ϖm−1o×F

(a),

we have when |a| ≤ 1,
∞󰁛

m=0

q−mn

1− q−2n

󰁝

N

󰁨λ(hm)

󰀕
n

󰀕
a

a−1

󰀖󰀖
ψ−1(n) dn

=
∞󰁛

m=0

|a| 2n+1
2

1− q−2n
(1 + q−n)γ(a,ψ),

and 0 otherwise.
Also note that

ωψ

󰀕󰀕
a

a−1

󰀖󰀖
Φ0(v0) =

󰀝
γ(a,ψ)|a| 2n+1

2 if |a| ≤ 1;
0 otherwise.

Then the Lemma follows. □
Remark 7.24. Formally,

Ω(Φ0) =
1

ζF(n)

󰁝 ∗

N

󰁨λ
󰀓
ΦL(st,n− 1

2)

󰀔
(ng)ψ−1(n) dn.

Theorem 7.25. Theorem 1.6 is true for X of type Bn.

Proof. Let us start with the basic function 1(N,ψ)\PGL2(oF) ⊗ ΦL(st,n− 1
2)L(st,

1
2)
, and for any

h ∈ H(SO(V),K), we have

Oξ

󰀓
1(N,ψ)\PGL2(oF) 󰂏 λX(h),ΦL(st,n− 1

2)L(st,
1
2)

󰀔
= Oξ

󰀓
ΦL(st, 12)

󰂏 λX(h),ΦL(st,n− 1
2)

󰀔

according to the commutativity of the Hecke algebra. Then, according to the unfolding,

Oξ

󰀓
ΦL(st, 12)

󰂏 λX(h),ΦL(st,n− 1
2)

󰀔
= U

−1
󰀓
Oξ

󰀓
1A\PGL2(oF) 󰂏 λX(h),ΦL(st,n− 1

2)

󰀔󰀔
.

According to the above lemma,

Oξ

󰀓
1A\PGL2(oF) 󰂏 λX(h),ΦL(st,n− 1

2)

󰀔

=
∞󰁛

m=0

q−mnOξ

󰀃
1A\PGL2(oF) 󰂏 Sat

−1(Symm) 󰂏 λX(h), 1(N,ψ)\PGL2(oF)

󰀄
.

Then by Proposition 7.16,

Oξ

󰀃
1A\PGL2(oF) 󰂏 Sat

−1(Symm) 󰂏 λX(h), 1(N,ψ)\PGL2(oF)

󰀄
= J−1

󰀓
Oξ

󰀓
󰁨λ(Sat−1(Symm) 󰂏 λX(h))

󰀔󰀔
.
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Since the orbital integral is absolutely convergent, combined with Lemma 7.23,

∞󰁛

m=0

q−mnJ
󰀃
Oξ

󰀃
1A\PGL2(oF) 󰂏 Sat

−1(Symm) 󰂏 λX(h), 1(N,ψ)\PGL2(oF)

󰀄󰀄

= ζF(2)ζF(n)

󰁝 ∗

N

ωψ

󰀕
w

󰀕
ζ

1

󰀖
n

󰀖
ωψ(󰁨λ(λX(h)))Φ0(v0)ψ

−1(n) dn,

which is

ζF(2)ζF(n)
2

ζF(2n)
T −1(L◦

X 󰂏 h)

due to Proposition 7.22.
□

Appendix A. Fundamental Lemma of type F4

A.1. Structures of the spherical variety. We first briefly introduce the group F4 and
the spherical variety Spin9\F4, where more details can be found in [GG14, §4.2].

Let F be a non-Archimedean local field, J = Her3(O) be the 27-dimensional Albert algebra
consisting of 3 × 3 Hermitian matrices over the split octonion algebra O over F, and G =
F4 := Aut(J), which is a connected split semisimple group over F of type F4. Let Ω be
the set of rank 1 elements in J, and Ωa := {x ∈ Ω | tr(x) = a} for any a ∈ F. For
any nonzero a ∈ F×, G acts transitively on Ωa, and the stabilizer of a point is isomorphic
to Spin9, thus we can realize the spherical variety X = Spin9\ F4 as Ω1, with base point
e = diag(1, 0, 0) ∈ Ω1. The dual group of this spherical variety is SL2(C), thus we take

GX = PGL2, and LX = L

󰀕
Std,

11

2

󰀖
L

󰀕
Std,

5

2

󰀖
.

Fix a Borel subgroup B of G, and a maximal torus A ⊆ B. Let X◦ be the open B-orbit
of X, and P(X) the stabilizer of X◦. Fix a highest vector v0 with respect to B in the trace 0
part of J = Her3(O). By [Sak21, Table 1], P(X) is the proper maximal standard parabolic
subgroup of G corresponding to the simple root α4

1, which is the stabilizer of the singular
line Fv0. We use the following coordinates of the maximal torus:

A = {(t1, t2, t3, t4) := α∨
1 (t1)α

∨
2 (t2)α

∨
3 (t3)α

∨
4 (t4) | ti ∈ F×, i = 1, 2, 3, 4}.

The Levi factor L(X) of P(X) is isomorphic to GSpin7, and the action of A on Fv0 factors
through the universal Cartan AX of X

A ↠ AX ≃ Gm, (t1, t2, t3, t4) 󰀁→ ϖ4 ((t1, t2, t3, t4)) = t4.

The modulus character of the Borel subgroup B is 2(ϖ1 +ϖ2 +ϖ3 +ϖ4), and that of P(X)

is ϖ11
4 , so δ

1/2
(X) = ϖ1 + ϖ2 + ϖ3 − 9

2
ϖ4. The normalized map C[A∨]WG → C[A∨

X]
WX is thus

given by

C[x±
1 , x

±
2 , x

±
3 , x

±
4 ]

WF4 → C[x±]Z/2Z, x4 󰀁→ q9/2x, xi 󰀁→ q−1, i = 1, 2, 3.

1We follow the notations of roots and weights in [Bou02, pp.223-224].
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A.2. The smooth transfer. By Remark 1.2, the smooth transfer

T : S−
LX

(N,ψ\PGL2/N,ψ) → S(X× X/G)

constructed by Y. Sakellaridis can be written in terms of the usual additive Fourier trans-
forms: for f(ξ) = φ(ξ) dξ ∈ S−

LX
(N,ψ\PGL2/N,ψ), where dξ is the additive measure on

A1,
T (f)(ξ) =

󰀃
Fψ−1 ◦ ι ◦ | · |4 ◦ Fψ−1 ◦ ι ◦ | · |3

󰀄
(φ)(ξ) dξ.

Another smooth transfer is established via the minimal representation in [LW25], and we
are now going to recall this construction.

Inside the split group E7, (G,PGL2) forms a reductive dual pair. The minimal represen-
tation ωψ of E7 can be realized on the space of Schwartz functions F(Ω) on Ω. We have the
following action of G× PGL2 on F(Ω):

• ωψ(g)f(x) = f(g−1 · x), for g ∈ G;
• ωψ (diag(a, 1)) f(x) = |a|6f(ax), for a ∈ F×;

• ωψ

󰀕󰀕
1 b

1

󰀖󰀖
f(x) = ψ(btr(x))f(x), for b ∈ F;

• The Weyl element w =

󰀕
0 −1
1 0

󰀖
acts via a certain Fourier transform.

We have the following diagram:

F(Ω)

C∞(N,ψ\PGL2) F(X)

S−
LX

(N,ψ\PGL2/N,ψ) S(X× X/G)

p
res

T

I′ I

where

• res is the restriction from Ω to Ω1 = X;
• I is the orbital integral with respect to the action of Spin9, via the integration over
fibers of the submersion x 󰀁→ 〈x, e〉;

• for any Φ ∈ F(Ω), p(Φ)(g) = ωψ(g)Φ(e) for any g ∈ PGL2;
• I ′ is the regularized (N,ψ)-orbital integral

I ′(f)(t) =

󰀕󰁝 ∗

N

f

󰀕
w

󰀕
t

1

󰀖
n

󰀖
ψ−1(n) dn

󰀖
dt, t ∈ F×.

This diagram gives a well-defined transfer map

󰁨T : S(X× X/G) → S−
LX

(N,ψ\PGL2/N,ψ)

in the sense that for f(ξ) = φ(ξ) dξ ∈ S(X× X/G), there exists a Φ ∈ F(Ω) such that

I(res(Φ)) = f(ξ) and T(Φ) = 󰁨T(f(ξ)).

By [LW25, Theorem 3.5], 󰁨T is given by the formula that

󰁨T (φ(ξ) dξ) =
󰀃
| · |−3 ◦ ι ◦ Fψ−1 ◦ | · |−4 ◦ ι ◦ Fψ−1

󰀄
(φ)(ξ) dξ.

The composition 󰁨T ◦ T of these two transfers is the identity map.
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A.3. Matching of unit elements. Let Φ0 ∈ F(Ω) be the spherical vector fixed in [LW25,
§5]. We have:

p(Φ0) = ζF(8)
−1ΦLX

and res(Φ0) = 1X(oF).

Hence, T sends

I(res(Φ0)) = vol(X(oF))L◦
X = q−16|X(κF )|L◦

X

to

T(Φ0) = ζF(2)
−1ζF(8)

−1fLX
.

In conclusion, one has

T −1(L◦
X) =

󰁨T (L◦
X) =

q16

|X(κF )| ζF(2)ζF(8)
fLX

.

A.4. Matching of Hecke elements.

Lemma A.1. Let Φ ∈ F(Ω)PGL2(oF). If ωψ(g)Φ |Ω0= 0 for any g ∈ PGL2, then Φ = 0.

Proof. As a representation of PGL2, the dual of the Jacquet module F(Ω)N is isomorphic
to the distributions on Ω supported on Ω0. Then the space of functions vanishing on Ω0 is
isomorphic to the kernel of the Jacquet functor F(Ω) → F(Ω)N. Since for any g ∈ PGL2,
ωψ(g)Φ|Ω0 = 0, the PGL2-module generated by Φ is cuspidal, but such a module cannot be
unramified, thus Φ = 0. □

Let σ ∈ C be such that Re(σ) > 1. Consider the intertwining operator:

Zσ : F(Ω) → C∞(G× PGL2), Φ 󰀁→
󰀕
(g1, g2) 󰀁→

󰁝

F

ωψ(g1, g2)
−1Φ(av0)|a|σ

da

|a|

󰀖
,(A.1)

which is absolutely convergent.

Proposition A.2. (1) For s = (s1, s2, s3, s4) ∈ C4, write

χ(s) : A → C×, (t1, t2, t3, t4) 󰀁→
4󰁜

i=1

|ti|si ,

and I(χ(s)) the corresponding normalized induced representation of G = F4. Then Zσ factors
through

I(χ(1, 1, 1,−σ + 1))⊗ I

󰀕
χ

󰀕
σ − 11

2

󰀖󰀖
,

as representations of G× PGL2.
(2) Let λX : H(G,K) → H(PGL2,PGL2(oF)) be the morphism of Hecke algebras. Let Φ0

be the characteristic function of Ω(oF), then we have

ωψ(h
∨)Φ0 = ωψ(λX(h))Φ0,

for all h ∈ H(G,K).
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Proof. (1) For (t1, t2, t3, t4) ∈ A and t ∈ F×, we have

Zσ(Φ)(g1(t1, t2, t3, t4), g2diag(t, 1))

=

󰁝

F

ωψ ((t1, t2, t3, t4), diag(t, 1))
−1 ωψ(g1, g2)

−1Φ(av0)|a|σ
da

|a|

=|t|−6

󰁝

F

ωψ(g1, g2)
−1Φ(t4t

−1av0)|a|σ
da

|a|

=|t|−6

󰁝

F

ωψ(g1, g2)
−1Φ(bv0)|t−1

4 t|σ|b|σ db

|b|
=|t|σ−6|t4|−σZσ(Φ)(g1, g2).

Hence, Zσ factors through

I(χ(1, 1, 1,−σ + 1))⊗ I

󰀕
χ

󰀕
σ − 11

2

󰀖󰀖
.

(2) For any h ∈ H(G,K) and Re(σ) > 1,

Zσ (ωψ(h
∨)Φ0 − ωψ(λX(h))Φ0)

=

󰀕
Sat(h∨)(1, 1, 1,−σ + 1)− Sat(λX(h))

󰀕
σ − 11

2

󰀖󰀖
Zσ(Φ0) = 0.

By the property of the Mellin transform, for any (g1, g2) ∈ G× PGL2 and a ∈ F,

ωψ(g1, g2)
−1 (ωψ(h

∨)Φ0 − ωψ(λX(h))Φ0) (av0) = 0.

By [KS25, Lemma 5.3], G × Gm acts transitively on Ω0, where Gm acts on Ω0 by scaling.
Hence, for any g2 ∈ PGL2,

ωψ(g2) (ωψ(h
∨)Φ0 − ωψ(λX(h))Φ0) |Ω0 = 0.

According to Lemma A.1, we obtain the desired identity. □

Theorem A.3. Theorem 1.6 is true for X of type F4.

Proof. On the one hand,

I ′(p(ωψ(h
∨)Φ0)) = I ′(h∨ 󰂏 p(Φ0)) = q−16|X(κF )|h 󰂏 L◦

X.

On the other hand,

I(res(ωψ(λX(h))Φ0)) = I(λX(h)
∨ 󰂏 res(Φ0)) = ζF(2)

−1ζF(8)
−1λX(h) 󰂏 fLX

.

Hence, one has

T −1 (h 󰂏 L◦
X) = λX(h) 󰂏

q16

|X(κF)|ζF(2)ζF(8)
fLX

.

□
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