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Abstract

According to the relative Langlands functoriality conjecture, an admissible mor-
phism between the L-groups of spherical varieties should induce a functorial transfer of
the corresponding local and global automorphic spectra. Via the relative trace formula
approach, two basic problems are the local transfer and the fundamental lemma on the
geometric side of the relative trace formulae. In the first part of the thesis, we con-
sider the rank one spherical variety case, where the admissible morphism between the
L-groups is the identity morphism, in which case, Y. Sakellaridis has already established
the local transfer ([Sak21]). We formulate the statement of the fundamental lemma for
the general rank one spherical variety case and prove the fundamental lemma for the
rank one spherical varieties of classical types.

In the second part of the thesis, we implement a Beyond Endoscopy approach to
the functional equation of standard L-functions of GLs, following the program outlined
in [Sak23a]. We provide a direct derivation of a Poisson summation formula for the
Kuznetsov trace formula based on the local Hankel transforms established in [Jac03].
By employing non-standard test functions, we develop a trace formula argument that

yields a self-contained proof of the functional equation for standard L-functions of GLs.
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Chapter 1

Introduction

Tracking back to the early nineteenth century, P.G.L. Dirichlet introduced L-series in his
seminal work [Dir37] to investigate the distribution of primes in arithmetic progressions.
Shortly thereafter, in 1859, B. Riemann established the fundamental analytic properties
of the Riemann zeta function in [Rie59], laying the groundwork for modern analytic
number theory. Nearly a century later, this idea was further developed by K. Iwasawa
and J. Tate and was reformulated in Tate’s landmark thesis [1at67] in the language
of adeles using the theory of local and global harmonic analysis. This approach was
subsequently generalized to the case of standard L-functions for GL,, by R. Godement
and H. Jacquet in [G.J72].

In the decade preceding the development of the adelic framework, E. Hecke con-
structed L-functions associated with classical modular forms in [Hec36]. His discov-
ery of the connection between Fourier coefficients of modular forms and L-functions
provided early evidence of a profound link between periods and special values of L-
functions. The profound relation between periods and L-values also features promi-
nently in the study of modular symbols. This connection was pioneered by Y. Manin in
[Man72, Man73, Man05] and subsequently studied in the adelic framework in [Har87].
Further foundational development can be found in the collection work of G. Harder,
R. Langlands, and M. Rapoport [HLRES6], as well as in the influential work of M.
Harris [Har94] and S. Kudla [Kud04]. Concurrently, J.-L. Waldspurger [\Wal35] es-
tablished a landmark formula relating toric periods of GLo to special L-values, which

was later reproved by H. Jacquet [Jac86]. This relationship was significantly expanded



2
by B.H. Gross and D. Prasad [GP92, GP91], who formulated a series of conjectures
extending this idea to higher rank orthogonal groups. These conjectures were later
refined by A. Ichino and T. Ikeda [[I10] and were proved by D. Ginzburg, D. Jiang,
and S. Rallis [GJR04, GJRO5], and D. Jiang and L. Zhang [J720] using automorphic
descent. Recently, W. T. Gan, B.H. Grass and D. Prasad [GGP12] generalized the
conjecture to classical groups. The unitary case has now been established through a
monumental series of works, initiated by the trace formula framework formulated by
H. Jacquet, S. Rallis [JR11]. This program was propelled forward by the proof of the
fundamental lemma, first achieved by Z. Yun [Yun!l] using a geometric method, and
subsequently by R. Beuzart-Plessis [3P21] based on the smooth transfer proved by W.
Zhang [Zhald]. Most recently, the fundamental lemma for the unit elements of the
Jacquet-Rallis trace formula has been further extended to the full Hecke algebra by S.
Leslie [Les23] and G. Wang and Z. Zhang [W726] using different methods. The full
proof of the unitary Gan-Gross-Prasad conjecture was ultimately completed through
the sustained efforts of R. Beuzart-Plessis, P.-H. Chaudouard, Y. Liu, Z. Michal, X.
Zhu, and W. Zhang [BPLZ7Z21, BPC722, BPC25]. For another generalization of Wald-
spurger’s results, see [G1096, Zhals, FNWIS, Cha20, Li21, 1i22, 1i23]. Regarding the
relationship between linear periods, Shalika periods, and exterior square L-functions,
one may refer to the foundational work of D. Bump, S. Friedberg, and H. Jacquet and
J. Shalika [J590a, BF90, FJ93]. One may also refer to the work of S. Leslie, J. Xiao,
and W. Zhang [l.es25, LX725a, LX725b] for the unitary variants. Furthermore, the
study of Ginzberg-Rallis periods has provided a vital link to the study of exterior cube
L-functions, as explored in the work of D. Ginzburg and S. Rallis in [GR00] and a recent
work of C. Wan and L. Zhang [\W723] for the unitary case.

Shortly following the work of E. Hecke, R.A. Rankin [Ran39], and A. Selberg [Scl10]
independently developed a method to represent the L-functions of modular forms as inte-
grals involving Eisenstein series, a technique now known as the Rankin-Selberg method,
thereby facilitating the proof of the analytic continuation and functional equations of
Rankin-Selberg L-functions. The Rankin-Selberg method was later systematically ex-
tended to general linear groups of arbitrary size in the seminal works of J. Cogdell,
H. Jacquet, LI. Piatetski-Shapiro, and J. Shalika [JPSS81, JS90b, CPS04].  Subse-

quently, a significant generalization known as the doubling method was introduced by
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L.I. Piatetski-Shapiro and S. Rallis in [PSR&4]. This method provided a powerful alter-
native for representing L-functions as integrals over a doubled group, circumventing the
need for the existence of the Whittaker models. This framework was later extended to
a wider class of groups. Notable developments include, but are not limited to, the work
of D. Jiang [Jia94], E. Lapid and S. Rallis [LR05], as well as W. T. Gan [Ganl2], and
S. Yamana [Yam14].

One must also note the pivotal contributions of G. Shimura in [Shi75], whose ap-
proach, often referred to as the Shimura method, provided another powerful mechanism
for studying the analytic behavior of L-functions. This theory was further developed by
S. Gelbart and I.I. Piatetski-Shapiro [GP578], providing the foundational work for the
metaplectic correspondence. Moreover, the Shimura method was successfully applied
to the study of symmetric square L-functions in the influential work of S. Gelbart and
H. Jacquet [J78], D. Bump and D. Ginzburg [3(G:92], and more recently by S. Takeda
[Tak14].

In his 1970 program, R.P. Langlands conjectured in [Lan70] that it should be pos-
sible to attach to each irreducible automorphic representation 7 of a reductive group
G, and each finite dimensional representation p of its L-group G, and L-function
L(s,m,p). These L-functions are defined via the Euler product of local factors, at
least at unramified places, and are conjectured to admit a meromorphic continuation
to the entire complex plane and satisfy a functional equation. Shortly thereafter, R.P.
Langlands introduced the principle of functoriality in [Lan70, Lan97], a far-reaching
conjecture which posits that to every L-homomorphism of L-groups, there corresponds
a transfer of automorphic representations. Once established, this principle would imply
that automorphic L-functions can be realized as standard L-functions of general linear
groups. Consequently, the fundamental analytic properties would follow directly as a
consequence of the foundational results established by R. Godement and H. Jacquet
[GI72).

The development of symmetric power functoriality for GLy represents a seminal
sequence of advancements in the functoriality conjecture. This progress began with
the work of S. Gelbart and H. Jacquet [G.J78], who established the functoriality of
the symmetric square lift of GLy by utilizing the converse theorem for GLs. This

foundational result was subsequently extended to the symmetric cube by H. Kim and
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F. Shahidi [X502] and the symmetric fourth by H. Kim [[<im03]. Beyond the symmetric
power case, several significant instances of functoriality have been established, including
the tensor product of GLy x GLs — GL4 by D. Ramakrishnan [Ram00], GLg x GL3 —
GLg by H. Kim and F. Shahidi [[<502], and the exterior square of GLs by H. Kim
[[Kim03]. While a general proof of the functoriality principle remains elusive, substantial
evidence has also been gathered through the theory of automorphic descent. This
backward approach, which constructs transfer from general linear groups to classical
groups, was initiated by A. Andrianov [And79], LI. Piatetski-Shapiro ([P583]), and M.
Eichler and D. Zagier [[1785]. The modern framework of the descent was reinvigorated
by D. Ginzburg, S. Rallis, and D. Soudry in [GRS11], and was further expanded with
the development of the twisted automorphic descent by D. Ginzburg [Ginl2] and D.
Jiang and L. Zhang [Jiald, JZ17, J7Z20, J721].

Another landmark achievement in the realization of the functoriality principle is the
theory of Endoscopy, introduced by R.P. Langlands [L.an79, Lan&3], with the twisted
extension detailed by R.E. Kottwitz and D. Shelstad [[X599]. One of the most significant
triumphs of the trace formula is the confirmation of the endoscopy structure and the
weak functorial transfer from quasi-split classical groups to general linear groups. This
monumental achievement, established by J. Arthur [Art13] for orthogonal and symplec-
tic groups and by C.P. Mok [Mok15] for unitary groups, provides a classification of
the discrete automorphic spectrum for these groups. These results rest upon decades

of foundational breakthroughs, most notably the proof of the fundamental lemma by

B.C. Ngo [ '2010] based on the work of D. Kazhdan and G. Lusztig [I\I 88], G. Lau-
mon [Ngo06, LNOg], D. Shelstad [Shes2], J.-L. Waldspurger [Wal91l, Wal06, Wal08] and
others.

With the Endoscopy program nearing completion, the field’s focus has shifted to
the Beyond Endoscopy program. This direction was prefigured in the thesis of Z. Rud-
nick [Rud90] and formally articulated by R.P. Langlands in [Lan04]. Early success was
achieved by A. Venkatesh [Ven04], who utilized the Kuznetsov trace formula to establish
the functorial transfer from tori to GLy. Subsequently, a framework combining the trace
formula with the Poisson summation formula was advanced by E. Frenkel, R.P. Lang-
lands, and B.C. Ngbé in [FLN10, FN11]. This approach was informed by the resolution of

the fundamental lemma and the geometric Langlands program, with Langlands further
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refining these ideas for SLo in [LLan13], a case generalized in the thesis of D. Johnstone
[Joh17]. Simultaneously, a series of papers by P. Hermann [Herl1, Herl2] also used the
Kuznetsov trace formula to give a new proof of the analytic continuation and functional
equation of standard L-functions and Rankin-Selberg L-functions. As noted in [Sakl19,
Section 6], Hermann’s techniques bear a resemblance to Jacquet’s formula in [Jac03].
However, certain aspects of Hermann’s arguments were later deemed unsatisfactory.
These issues were subsequently addressed in a recent work [[X1.25h] and followed up
in another work [[K[.25a], where the authors adjusted some of the local assumptions.
In parallel, Y. Sakellaridis [Sakl3a, Sakl9] began integrating elements of the relative
Langlands program into the Beyond Endoscopy program. Significant progress in isolat-
ing the contribution of special representations for GLg from the Arthur-Selberg trace
formula was made by S. Ali Altug [Alt15, Alt17, Alt20], who showed that the standard
L-functions do not pick up functorial lifts in the cuspidal spectrum. Most recently, D.
Johnstone and Z. Luo [J1.20] have extended the consideration to the symmetric power
transfer of GLs.

To effectively insert L-functions into the trace formula, one may replace the unit ele-
ment of the Hecke algebra with a non-standard test measure corresponding to the gener-
ating series of the L-values. A geometric interpretation of this non-standard basic func-
tion was conjectured by E. Frenkel and B.C. Ngo [N 11, Ngol4] and subsequently estab-
lished by A. Bouthier, B.C. Ng6 and Y. Sakellaridis [3NS16]. This framework aligns with
the visionary proposal of A. Braverman and D. Kazhdan [31X99, BIK00, BIK02, BK03],
who sought to generalize the Godement-Jacquet theory to arbitrary reductive groups.
L. Lafforgue also has further expansions in [Lafl4, Lafl5, Lafl6]. Significant progress
has been made toward the Braverman-Kazhdan conjectures, particularly regarding
the theory of gamma factors for finite reductive groups, as proved by S. Cheng and
B.C. Ngo [CN1g], T.H. Chen [Che22] and G. Laumon and E. Letellier [L1.23]. Fur-
thermore, the search for a generalized non-linear Fourier transform and its associ-
ated Poisson summation formula has seen recent advancements in the work of Z. Luo
and B.C. Ng6 [Luol9, LN24], Y. Choie, J.R. Getz, C.H. Hsu, B. Liu and S. Leslie
[GL19, Get20, GL21, Get25, CG25, GHL25], G. Laumon and E. Letellier [L.1.24], and
in a series of joint studies by D. Jiang, Z. Luo, G. Xi, L. Zhang and the author
[JL22, JL23, JLZ24, JL25, JLX26).



1.1 Relative Functoriality Conjecture

Through the influential work of J. Guo, H. Jacquet, D. Jiang, K.F. Lai, E.Z. Lapid,
Z. Mao, S. Rallis, and Y. Ye | , , , ) , , , ,

, , , | on the relative trace formula and others, it has become
increasingly evident that the functoriality conjecture admits a natural generalization
to a broader class of G-spaces known as spherical varieties, which include symmetric
spaces as a prominent subclass. Notably, the group case can be interpreted as a special
instance of a symmetric space, wherein the group G x G acts on G via left and right
multiplication. Spherical varieties are expected to possess associated L-groups, and
according to [ ], any morphism of L-groups “Gx, — “Gx, between the L-groups
of two spherical varieties X; and X5 should induce relations between their automorphic
spectra.

In this context, the relative trace formula is envisioned as a distribution on the
quotient stack X := [X x X/G], where X is a G-space, equipped with both geometric
and spectral expansions, see | ]. The overarching goal is to deduce relations between
the spectral sides of two such relative trace formulas by comparing their corresponding
geometric sides.

In | ], Y. Sakellaridis proposed a new form of comparison for spherical varieties
of rank one, that is, in cases where the associated L-groups satisfy “Gx = SLy or PGLs.
The central idea is to compare the relative trace formula associated with an arbitrary
rank one spherical variety with the corresponding Kuznetsov trace formula, which is
conjectured to represent a fundamental case in this broader framework of comparisons.
As far as current understanding goes, there are principally two reasons for favoring the
Kuznetsov trace formula over the classical Arthur-Selberg trace formula in this context.
First, given a spherical G-variety X, the spectral side of the Kuznetsov trace formula is

weighted by

1
L(p,Ad, 1)

while the relative trace formula will have an additional factor

Lx(p)
L(p,Ad, 1)’
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where ¢ is a global Arthur parameter. In the Arthur-Selberg trace formula case, we
have Lx(¢) = L(y,Ad,1). The second reason arises from geometric considerations,
which lie somewhat beyond the scope of this thesis; we refer the interested reader to
[Sak23D] for further details.

We now outline the strategy for approaching the functoriality conjecture for rank-one
spherical varieties via trace formulas. Let X be a rank one spherical variety appearing
in Table 2.5, “Gx = SLy or PGLy, and write Gx = PGLy or SLy respectively.

Locally, let S(X x X/G) be the push-forward of Schwartz measures S(X x X) to
X x X / G =2 A! along certain canonical map as in Theorem 2.3.1. Let L% be the push-
forward image of the probability measure, which is equal to the characteristic function
on X(op) x X(op) times an invariant measure. On the Kuznetsov trace formula side, let
Sr (Ny\Gx/N, ¢) be an enlarged space of test measures, and fr, be the non-standard
basic vector determined by Lx, that we will explain in Section 2.2. Due to [Sak21],

there is a linear isomorphism
T: SZX(Nw\GX/N,w) - S(X x X/G),

with an explicit formula given by a composition of classical Fourier transforms with cer-
tain simple correction factors. In the first part of the thesis, we establish the fundamental
lemma for rank one spherical varieties of classical type. Specifically, we demonstrate
that the inverse of the transfer operator 7" maps L5 to an explicit multiple of fr.
Furthermore, we show that this mapping is equivariant with respect to the action of
Hecke algebras, thereby extending the matching from the unit element to the full Hecke
algebra.

Globally, the relative trace formula should be viewed as a distribution
RTFy : S(X x X/G) — C.

The geometric expansion is given as the evaluation map in [Sakl16]. We still need
the spectral expansion. On the Kuznetsov trace formula side, we have to extend the

Kuznetsov trace formula to these enlarged test measures
KTF : 5, (Ny\Gx/N, ) — C.

The Kuznetsov trace formula with non-standard test measures may exhibit divergence.

However, a proposed method involves deforming the test measures with a complex
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number s to ensure convergence for sufficiently large real parts of s, i.e., Re(s) > 0,
following the approach of in [Sak19]. In this framework, the functional equation of the

pertinent L-function is encoded by a Hankel transform

H: Sy (N, \Gx/N, ¥) =S (N, 9\Gx/N, ¢)). (1.1)

This process is expected to yield a Poisson summation formula, thereby providing the
meromorphic continuation of the Kuznetsov trace formula. Consequently, these func-
tional equations facilitate control over the Kuznetsov trace formula within its region of
divergence, enabling the application of the Phragmen-Lindelof principle to its full spec-
tral decomposition. Building upon this methodology, we provide the complete deriva-
tion for the extension of the Kuznetsov trace formula corresponding to the standard
L-functions of GLy in Section 3.4.

Subsequently, local transfer operators are employed to facilitate the formulation of
another Poisson summation formula, which is instrumental in comparing the geometric

sides of the relative trace formulas.

Sr, (Ny\Gx /N, 9)) —L S(X x X/G),
KTF
C

see [Sak19, Section 4].

For each X-distinguished cuspidal representation m of G, let RTF(m) be the 7-
component in the spectral expansion. For every cuspidal representation o of Gx, let
KTF(o) be the o-component in the spectral expansion of KTF. Let my be an X-
distinguished cuspidal representation of G, with the fundamental lemma for the full

Hecke algebra, in principle, we will be led to the following identity
> RTF(r) = Y KTF(0),

where the summation on the left-hand-side is over X-distinguished cuspidal representa-
tions that are nearly isomorphic to mg, that is, m, = 7, for all but finitely many places,
and the summation on the right-hand-side is over all the cuspidal representations ¢ such

that the Satake parameter of ¢, is mapped to 7, at each unramified place under the



canonical map
Gy — GY.

To achieve the functoriality described above, a cornerstone of the Beyond Endoscopy
program, it is evident that L-functions also play a fundamental role. Within this frame-
work, consistent with the proposal of R. Langlands, L-functions should be explicitly
introduced to weight the trace formula, and their residues at poles are then used to
detect the image of functoriality lifts. It is worth noting that the original idea involved
weighting by the logarithmic derivatives of L-functions, a method now recognized as
particularly challenging to implement in this context. Having L-functions involved in
the trace formula, as pointed out in | |, functoriality and functional equation of

L-functions should be studied hand-in-hand.

1.2 Braverman-Kazhdan-Ngo Proposal

A closely related objective is the derivation of functional equations for L-functions
through the interplay of the Hankel transform and the Poisson summation formula.
The classical approach, originating with B. Riemann’s representation of the Riemann

zeta function as the Mellin transform of a theta series
s 00 o0
S s 2
7 2l (—) s) = 2 ) e MY gx
5) ¢(5) /0 Y n§:1 y

to prove its functional equation using the Poisson summation formula for the theta
series, remains a guiding principle. See [ ]. This idea was further developed by
K. Iwasawa and J. Tate and was reformulated in Tate’s thesis | | in the language
of adeles using the theory of local and global harmonic analysis. R. Godement and H.
Jacquet generalized this work to study the analytic properties of standard automorphic
L-functions of GL,. The key input from the harmonic analysis to Godement-Jacquet
theory is the classical Fourier transform on the affine space Mat,, of n X n matrices and
the global Poisson summation formula that is responsible for the functional equation of
standard L-functions.

Around the year 2000, A. Braverman and D. Kazhdan ([ , , , )]

proposed a framework to establish the Langlands conjecture for general L-functions
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L(s,m, p) via local and global harmonic analysis on the group, which generalizes the
method of Tate’s thesis and the work of Godement and Jacquet to the great general-
ity, which is refined by B. Ngo in [Ngo20]. We also refer the reader to [Luo24] and
[J1.X26]. Under this framework, if generalized Fourier transforms and Poisson summa-
tion formulae could be established, there is a hope to prove the Langlands conjecture
on the meromorphic continuation and the global functional equation of automorphic
L-functions. The difficult part also lies in establishing the Poisson summation formula.
We also refer to the work of D. Jiang and Z. Luo for establishing a version of Poisson

summation formulae on G,, with automorphic representations involved; see [J1.23].

Motivated by the framework of [F'.N10], one may consider the use of non-standard
test functions, which should be fundamentally related to the Braverman-Kazhdan-Ngo
proposal, within the trace formula. This choice naturally leads to the appearance of L-
functions in the spectral expansion. By carefully analyzing the geometric side, one could
potentially extract information about L-functions. A key ingredient in this approach
is a Poisson summation formula on the Hitchin base. As we discussed above, again,
the Kuznetsov trace formula appears to serve as the foundation for all relative trace
formulas. In the second part of the thesis, we introduce Godement-Jacquet test functions
into the Kuznetsov trace formula and establish a global Poisson summation formula
corresponding to the local Hankel transforms computed by Jacquet in [Jac03] for the
case of GLg. Specifically, we prove the commutativity of the following diagram:

Hstd,a

D7 ) (N(A) V\GLa () /N(8), ) —e D (N(A), 9\GLa(4)/N(B), )

KTF
\ KTF

C

to obtain the analytic continuation and functional equations of standard L-functions

of GLo. In the above diagram,

,D;(Std,%) (N(A)7 TZJ\G(A)/N(A% 1/}) = ®:’D;<Std,%) (NV7 TZJV\GV/NVa 1/)1/)7

the restricted tesor product of local spaces with basic vectors specified, and the local
space

DZ(Std,%) (Ny7 /l/}l/\Gl//Nl/7 wl/)

is defined to be the space of orbital integrals of Schwartz functions on Maty(k,) with

a suitable normalization. Using the coordintes of the maximal torus, KTF has the
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following explicit expression:

KTFL(Std,%)(f) = Z / (t) + Z Ou1a(f)(t1) + Z Ou2.a(f)(t2),

teT(k) (db) trek” tack®

D=

a summation over the rational points of the maximal torus of GLs with boundary terms
explicitly given, which are hidden in the expression of local Hankel transforms. In
tandem with the Poisson summation formula, we derive the full spectral expansion of
the Kuznetsov trace formula for the space of non-standard test measures related to
the standard L-functions of GLs, which provides a compelling validation of the pro-
posed methodology for the global comparison of rank one spherical varieties, and a

self-contained proof of the functional equation for the standard L-functions of GLo.

1.3 Organization of the Thesis

Chapter 2 begins with an introduction to the background in Section 2.1, followed by
Section 2.2, which focuses on the non-standard test measures for the Kuznetsov trace
formula on SLy and PGLs.

In Section 2.3.1, we review the transfer operator constructed in [ |, and Section
2.3.2 describes the construction of transfer operators via Weil representations, following
[ |. These operators are closely related to those studied in Section 2.3.1. Once the
relationship between the transfer operators arising from Weil representations and those
defined in [ | is established, the fundamental lemma for the unit elements follows
from an explicit computation. Furthermore, the extension to the full Hecke algebra is
obtained by demonstrating the compatibility of the Hecke actions, as predicated on the
methods of S. Rallis | ]

The ensuing sections, Section 2.4, Section 2.5, Section 2.6, and Section 2.7, are
devoted to the case-by-case analysis required to establish the fundamental lemma across
all classical types.

As for the second part of the thesis, Chapter 3 starts with an introduction to the
Braverman-Kazhdan-Ngo proposal. Section 3.2 begins with a review of local conjectures
of Braverman-Kazhdan-Ngo6, and specializes to the case of GLg in Section 3.2.1. In
this section, we will study properties of local orbital integrals and recall the Hankel

transforms established by Jacquet in [ ]. Section 3.3 is about the global Poisson
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summation formula conjecture. In this section, we will write down the global Poisson
summation formula based on the local Hankel transforms and give two proofs of it
for the standard L-functions of GLs. In the following Section 3.4, we will establish the
Kuznetsov trace formula with Schwartz functions from 2x2 matrices. This can be viewed
as one example of a trace formula with non-standard test functions. It turns out that
the Poisson summation formula that we constructed in the previous section is closely
related to the geometric side of the Kuznetsov trace formula. Then, in Section 3.4.3, we
will study the analytic continuation of the geometric side and the Eisenstein series part
from the spectrum side of the trace formula. For the geometric side, we will use the
Poisson summation formula in Section 3.3, and the Eisenstein series part is essentially
reduced to Tate’s thesis. In this way, we can establish the analytic continuation of the
cuspidal part. The next Section 3.4.4 will focus on the functional equation. It also
consists of two parts, the first of which is the functional equation of the geometric part
corresponding to the Poisson summation formula. Then, we will compare the Eisenstein
series parts according to the functional equation of the GL; integrals and obtain the
functional equation for the cuspidal part. Finally, in the last Section 3.4.5, we will
isolate the spectrum and obtain the analytic continuation and functional equation of

standard L-functions for one single cuspidal representation.

1.4 Notations

e For a finite set S, we will use #S to denote the cardinality of S, and 1g the

characteristic function of S.

e Let k be a global field and F be a non-Archimedean local field of characteristic
zero, o its ring of integers, and pr its maximal ideal. Let g be the cardinality of
the residue field kg := op/pp. Assume ¢ is odd. Fix a uniformizer wp and for any

x € F, denote

X

ac(z) = € op,

val(x)
F
where val : F* — Z is the normalized valuation map such that val(wp) = 1. Fix

a non-trivial unramified character 3 of F.
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Let

be the local zeta function, where s € C.

Let D be an algebra over F of one of the following types:
[(1)] the field F itself;
[(2)] the split etale quadratic extension of F, i.e., D =F x F;

[(3)] the matrix algebra Mats(F) of 2 x 2 matrices over F. In all the cases,
we identify F with the subfield of D consisting of scalar multiples of the identity.
Equip D with the F-involution -, together with the (reduced) trace and (reduced)

norm 7,v : D — F as follows:
(D] IED=F,let T:=x, 7(x) := z, and v(x) := z.
[(2)] IfD=FxF, and z = (a,b), let T := (b,a), 7(z) := a+b and v(z) := ab.
d —b

C —C a

[(3)] If D = Maty(F), and x = (a Z), let 7 := ( ), T(z) = a+b

and v(z) := ad — bc.

When the meaning is clear from the context, for a variety X over F, we denote

the set of F-rational points X(F) simply by X.

For a smooth variety X over F, we denote by F(X) the space of Schwartz functions
on the rational points of X. It means smooth functions of compact support.
Similarly, we will use S(X) to denote the space of Schwartz measures and D(X)
for the space of Schwartz half-densities. Often X(F) is a homogeneous G(F)-space
for some reductive group G, and admits an invariant positive measure dz, then
we have S(X) = F(X) - dz and D(X) = F(X) - (dz)z.

Unless otherwise specified, if X is a homogeneous G-variety that admits an in-
variant rationally defined non-vanishing top degree differential form, we use dx

to denote the induced local unramified measure, which satisfies

w0 [ o=,
X(OF) q
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where # means the cardinality. See | , Theorem 2.2.5]. Note that in the case
that X = G,, dx is also the self-dual Haar measure on F. We also equip D with
the product Haar measure. It might be a little bit confusing between X = G,
and X = G,. When we use F or F* (instead of G, and G,,,) to denote the integral
domain, dx is always reserved to denote the additive Haar measure, i.e., for a
function f on Gy, we will write
dx
£l

/ f@yde= [ f@)
Gm FX

interchangeably. To emphasize the choice of the multiplicative Haar measure on

the torus, we adopt the notation d*x where appropriate

For the notation of the Fourier transforms, let f be a measure on G, for s € C,
we use (| - [*9(-))x to denote the operator of multiplicative convolution by the

measure |z|*y(x) da:
(- F60) = £0) = [ Jalv(a)fay)do.

More generally, let f be an half-density on T and AV be any cocharacter of T,
s € C, we define

FL (€)= /G 2 (@) FO (2)71E) d¥ e,

whenever this integral makes sense. If the integral does not converge, then the
convolution should be understood as the Fourier transform of measures or distri-

butions.

If ¢ is a function on F, we also use the usual Fourier transform on the Affine line
Fo()@) = [ o)™ ) dy.
Then if f is represented by some function ¢(z)dz, we have
(I PO * fly) = (|- P oFy-1000] - ["7*)(¢)(y) dy,

where ¢(¢)(z) := ¢(z7!). When ¢ is a multi-variable function, we will use Fy, ;(¢)

to denote this Fourier transform for the i-th variable with other variables fixed.
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. . . r11 x
We will also identify Maty =2 A4 : ( 12) = (211, 12, T21, T22) and use Fy, ;
T21 X2

to denote the Fourier transform with respect to the i-th coordinate using this

identification.



Chapter 2

Relative Functoriality

2.1 Introduction

We begin with an overview of the relative trace formula. Let k£ be a global field, A its
ring of adeles, G a split reductive group over k, and X a smooth affine spherical variety

over k. For the purpose of this paper, we may take
F(X(A)) = @, F(X(ky)),

where the tensor product is over all the places of k with respect to the characteristic

function 1x(e,) of X(0,). The X-theta series is the following functional on F(X(A)):

D 0(D,g) := Z P(vg) € C([G)),
veX(k)

where the sum is absolutely convergent since X (k) is discrete in X(A) as X is affine.
Roughly speaking, the relative trace formula is the Plancherel formula for £2([G]),

applied to the inner product of two theta series:

RTFx : F(X(A)) @ F(X(A)) > &1 @ &y [G*] 0(®1,9)0(®P2,9)dg.

This inner product does not converge in general and needs to be regularized. In the
case that X is smooth affine and G is split, there is a way to regularize it as described
in [ ].

As for the Kuznetesov trace formula, one can define KTF similarly, but with non-

standard spaces of test measures, which we will describe in Section 2.2.

16
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For the purpose of this thesis, let us consider the case related to rank one spherical

varieties. The list of spherical varieties of rank 1 consists of a finite number of families,

classified by Ahiezer [AhiS3], also see [[XVS06] and [Was96]. Up to an action of the

center, the affine homogeneous spherical varieties over an algebraically closed field in
characteristic 0 are listed in Table 2.5.

1
For each spherical variety, Lx stands for a §Z—graded representation p = @ pn Of
nE%Z
its dual group Gy, which is called the L-value asssociated to X, thinking of the L-value

[1Z(pnoen)

attached to any Langlands parameter ¢ into GY. And the L-value here is determined
in terms of the geometry of X. See also Table 2.5. For each Lx, we define a space of

non-standard test measures in Section 2.2, together with basic vectors

o= fL(Stds)L(Stds) for Gy = SLy;
b friadsy for Gy = PGL.

Here s, 59 and sg are also listed as in the same table, depending on X. We take

Frx(N(ky), ¥ \Gx (k)
to be the Schwartz sections of certain bundle over N\Gx, together with basic vector

By D (stds1)L(Stdss) for Gy = SLo;
* Dp(adsy for GY =PGL.

Here again ®r,, is defined in Section 2.2. Then we have the Poincaré series

P(@.g)= Y, (9
YEN(K)\Gx (k)
for © € Fx(N(A),\Gx(A)) = @), Fx(N(ky), 1 \Gx(ky)). Let F(N(A),)\G(A)) be
the space of standard test functions, then the Kuznetsov trace formula is the decompo-
sition of

KTF : Fx(N(A),¢\CGx(A)) ® F(N(A),\Gx(A)) > &; @ §y [G* ]P(<I>1,g)7’(<1>2,g) dg.

Of course, the integral here also needs to be regularized.
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The ultimate objective of this framework is to establish a rigorous global comparison
between RTFy and KTF. Locally, the smooth transfer has already been established in
[Sak21]. Let m : X x X = X x X / G be the canonical quotient map to the affine,
invariant-theoretic quotient Spec F[X x X]%, and the image 7.S(X x X) of the push-
forward measure will be denoted by S(X x X/G). Y. Sakellaridis [Sak21] proved there

is a linear isomorphism
T: SEX(Nw\Gx/N,LD) — S(X X X/G),

with an explicit formula given by a composition of classical Fourier transforms with
certain simple correction factors. For more details, see Theorem 2.3.1 in Section 2.3.1.

To achieve the relative Langlands functoriality via comparing the relative trace for-
mula for X and the Kuznetsov trace formula, we also need the appropriate fundamental
lemma, and the first main result of this paper is the following fundamental lemma,
which is a combination of Theorem 2.4.3, Theorem 2.5.3, Theorem 2.6.3, and Theorem
2.7.9:

Theorem 2.1.1. Let X be a rank one spherical variety and €x = (X x X) // G. Fiz the

isomorphism €x = Al as in Theorem 2.3.1, and under the transfer operator
T: SEX(N,w\GX/N,@b) - S(X x X/G)

there,
qdim X

#X(rF)Cr(2)Cr(sx)

THLY) = frx-

where

s1+ 8o =9X for GY = SLy;
SX =
250 =dimX —1 for GY% = PGLs.

Here L5 is the push-forward image of the probability measure, which is equal to the

characteristic function on X(or) X X(or) times an invariant measure.
Conjecture 2.1.2. Theorem 2.1.1 holds for all rank one spherical varieties.

Remark 2.1.3. If we write 7(X) for the local Tamagawa measure of X, then we have

7(SLy) = 7(PCLy) =1—¢ 2 = &)
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hence we can rewrite the above formula as

THLR) = e fux.

(X)Cr(sx)
However, to globally implement the relative trace formula for establishing relative
functoriality and the correlation between X-periods of automorphic forms and L-values,
the fundamental lemma for the full Hecke algebra is required to effectively isolate the
spectral contributions.

Fix a Borel subgroup B C G, the maximal torus A C B. Fix a hyperspecial vertex in
the Bruhat-Tits building of G that lies in the apartment determined by A. It determines
a hyperspecial maximal open compact subgroup K of G. Let X° C X be its open orbit
under the B-action. Let P(X) := {g € G | X°¢9 = X°}. Let N be the unipotent radical
of B, then the quotient X° / N is a homogeneous space under the action of A, whose
action factors through the faithful action of a quotient A — Ax, the universal Cartan
of X. It is known that Ax is a quotient of P(X) through the Levi L(X):

P(X) - L(X) — Ax.
This gives rise to a map with finite kernel between the complex dual tori
Ay — AY. (2.1)

While this map facilitates the study of the unramified spectrum of X, it necessitates
a modification as formulated in [Sak13b]. Let 5(%)() be the square root of the modular
character, which is defined as the quotient of the right by the left Haar measure of the
group BN L(X), considered as an unramified character of B and hence as an element of
TV. Tt is stable under the little Weyl group Wy of X, and we consider the normalized
morphism

1
2

Ay - AY Y — X(S(X), (2.2)

where y is the image of Y under (2.1). Consider the spherical Hecke algebra H (G, K) of
G. By restriction via the above normalized morphism between tori, we get a morphism

of algebras

Ax : H(G,K) = C[AY]We = C[AY]W* = H(Gx, Gx(op)).
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Theorem 2.1.4. Let X be a rank one spherical variety of classical type and €x =
(X xX) /G. Fiz the isomorphism €x = A' as in Theorem 2.3.1, and under the transfer

operator

T 87, (N, \Gx /N, %) = S(X x X/G)

there,

dim X

—1 o\ __ * q
T (f*xL%) = Ax(f) #X(HF)CF@)CF(Sx)fLX'

Conjecture 2.1.5. Theorem 2.1./ for all rank one spherical varieties.

Remark 2.1.6. The author is grateful to Yi Shan for noting that Conjecture 2.1.2 for

Bg, DZ, and Gy follows from isomorphisms
G2\Spin, = Spin;\Sping = SO7\SOs, and SL3\Ga = SO¢\SO7,

effectively reducing them to the classical cases established herein. I would also like to
thank the anonymous referee of a preprint related to this work for pointing out that
Conjecture 2.1.5 for these cases follows directly from [Salk15b, Theorem 1.4.1], and then

the only remaining case is of Fy, which is discussed in a recent preprint of [LIV25].

Remark 2.1.7. Before moving on, let us clarify the notations. First, note that the
Hecke algebra does not act on the space of push-forward of measures. However, the
Bernstein center does, where the action is on the first copy, and the Bernstein center
for the component of the spectrum corresponding to the unramified principal series is
isomorphic to the Hecke algebra under the natural map. Of course, there is a more
directed description of this action. Let us follow the conversion used in [Sak15a]. Let
O, be a Schwartz function on X that is fized by K and h € H(G,K), consider the right

convolution, which is the push-forward under the action map

hx ®(x) ::/G<I>(a:g_1)h(g) dg.

Then for ®1 Q@ o, we interpret the action of h on its push-forward measure as the image
of (hx ®1) @ ®y. If one wants to consider the action on the second copy, the action of
the Bernstein center is also the image of the push-forward of ®1 ® (hY * ®3).

When X = H\G, under the various canonical identifications

(H\G x H\G) / G =G\ (G/H x G/H) = (H\G) /H=H\ (G/H),
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One can check that the Hecke algebra action is realized either as the * action on H\G
or the following right action of f € H(G,K) on K-invariant functions on G/H defined
by
hs ®(z) := /Gh(g)cp(ga;) dz, ® € F(G/H)K.

Remark 2.1.8. In view of the subsequent analysis involving Weil representations, we
adopt the left G-action on G/H for all cases. Consequently, to ensure consistency with
(2.2), the modular character d(x) s replaced by its inverse, 56(1), for the homomorphism

between Hecke algebras.

2.2 Test measures for the Kuznetsov formula

Let G be a split reductive group over F with fixed Borel pairs (B, A). Let GV be the dual
group with the corresponding Borel pair (BY, AY). Let X*(A) be the F-rational charac-
ters of A and X, (A) be the F-rational co-characters of A. Then X*(A) = X,(AY) and
X*(AY) = X,(A). We denote by X*(A)* and X,(A)™, respectively, the dominant cones
in X*(A) and X,.(A), respectively, with the positivity being associated to the chosen
Borel subgroup. We denote by A the set of simple roots and AV the set of simple co-
roots, respectively. In this way, we obtain the based root datum (X*(A), A, X,(A),AY)
of G with respect to (B,A) and the based root datum (X,(A),AY, X*(A),A) of GY
with respect to (BY,AV).

Fix a hyperspecial vertex in the Bruhat-Tits building of G that lies in the apartment
determined by A. It determines a hyperspecial maximal open compact subgroup K of
G. Note that Kp := ANK is a hyperspecial subgroup of A. Let AT be the image of
X, (A)" under the map p +— p(wr), where wp € F is a fixed uniformizer. We have the
Cartan decomposition

G =KA'K.

Only here we take the Haar measure on G such that the volume of K is 1. The spherical
Hecke algebra of H(G, K) is defined as the convolution algebra of compactly supported
K-bi-invariant C-valued functions on G. The same definition applies to A with respect

to Ko and the Weyl group Wg acts on H(A, Ka).
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The Satake isomorphism, as is defined in [Sat63] yields an isomorphism of algebras:
1
H(G,K) = H(A, KV, h (t»—) 5§(t)/ h(tn) dn) , (2.3)
N

where dg is the modular character on B and dn is the Haar measure on N such that
the volume of NN K is 1.
Note that X.(A) =2 A/Ka: p+— p(wr), which implies that

H(A,Kp)Ve = C[X,(A)]Ve = c[x*(AY)] Ve,

Write
Sat : H(G,K) — H(A,Ka)"e — C[X*(AY)We,

It is known that for any finite-dimensional algebraic representation p of GY(C), we
must have tr p € C[X*(AY)]W6, and there exists a canonical one-to-one correspon-
dence between the set IIp(G, K) of equivalent classes of irreducible admissible spherical
representations of G with respect to K and the set of conjugacy classes ¢ of AV (C)/Wg.

More precisely, let s € X*(A) ®z C/Wg. (%X*(A)), where following [Sat63], we

271,
We. X*(A
¢ <logq ( )>

to denote the group of affine transformations of X*(A) ®z C generated by the Weyl

use

group W¢ and by the group of translations defined by I?grizX *(A). On the one hand,
denote x(s) to be the corresponding unramified character of A, and let I(x(s)) be the
normalized induced representation, whose underlying space consists of locally constant

functions ® on G with compact support module B, satisfying
_1
®(gb) = o5 * (b)x(s)(b)®(9), Vg € G,b € B,

with the action of G given by g.®(z) := ®(¢'z). I(x(s)) admits a unique unramified
subquotient, which we denote 7(s).

On the other hand, view s € X,(AY) ®c C/W. (lfjgfiq X*(AV)> and let ¢(s) = ¢° €
AV(C)/W be the corresponding conjugacy class. Then we have

tT sy (h) = Sat(h)(c(s))

for any h € H(G, K).
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Example 2.2.1. Let G = SLs, B := {<* *>} and A := {<* )} Let s €
* *

X*(A) ®z C = X (AY) ®z C = C, which gives the unramified character x(s) of A

t
A—>CX:( 1>|—>\t\5.
-

and the normalized induced representation 1(x(s)). Let 7(s) be the unique irreducible un-

ramified subquotient of 1(x(s)). On the other hand, c(s) is represented by ((q 1))}

in the maximal torus of PGLa. The Satake transform states that we have an isomor-
phism
Sat : #(SLa, SLy(op)) — C[AV]Z/?2 = Clz, z~ 1]2/?2

such that for any h € H(SLa, SLa(or)), we have
tI'7r(s) (h’) = Sat(h)(qs),
Similarly for G = PGLs.

Let p be an algebraic representation of GV (C). Consider the L-value

1

- - V\GY
= det@—qp SCET

L(p,s):

where C(GY)S" is the space of invariant rational functions on G under the adjoint
m

action. When p = EBpi is reducible, we can allow s = (s;)7, to be a collection of
i=1
complex numbers, and define

m

L(p,s) := [ [ L(pi, s1)-

i=1
We proceed with a single s, and the arguments for general s are similar. The L-factor

can be written as a formal Taylor series in ¢~*:

L(p,s) =Y _q "tr (Sym"p).

n=0

The generating series of the local L-function is the Whittaker function

(I)L(p,s) = Z q_"sSat_l(Sym"p) * 1N\G(0F)'

n=0
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When G = PGLy or SLa, let B be the Borel subgroup consisting of upper triangular

matrices, A the maximal torus consisting of diagonal matrices. Let N be the unipotent

-1
radical of B consisting of strictly upper triangular matrices. Choose w := < 0 ) to
1

be the non-trivial Weyl element. Let € be the quotient N\G /N, and €° its open subset
corresponding to the open Bruhat cell. We embed A into it by t — [wt], the class of

the element wt. Let
S(N,\G/N,¢)
be the space of measures on A of the form

10 = 12,

/ ®(nywitng) " (ning) dng dng - dt, (2.4)
NxN

where recall dn is such that vol(N(og), dn) = 1, dt is such that vol(A(op), dt) = 1—¢ 1,

and ® is a Schwartz function on G. We also fix the coordinates of A by
£(t) = e*(t), if G = PGLg,

and
C(t) = e2(t), if G = SLo,

where « is the positive root, and we use the exponential notation to denote the corre-

sponding character. Then €° can be identified with G,, or G2, with sections

0 -1\
£ if G = PGLo,
£ 0

_-1
CH(? % ) if G = SLs.

The elements of S(N,¥\G/N, ), viewed as measures on F, are bounded, supported

and

away from zero, while in a neighborhood of 0 € A!, they have a singularity which is

called the Kloosterman germ, because they are smooth multiples of the measures
£ s e (9 + u1> du - d*€,
ful2=le] 3

respectively,

u+u‘1

¢ w*( )dwmmx.
|lule+1+pp
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For more details, we refer the reader to [Sak!3a, Sak21, Sak22a].
Now let us consider the twisted-push forward of the non-standard measure @7, )

oB(t)
1—q2

fLip,s) (t) == / Dr s, )(wtn)w‘l(n)dn- dt.

We call fr,,) the basic vector in the Whittaker space of the L-value L(p, s).

Specialize to p being a sum of copies of the standard representations of GV = SLg
when G = PGLs, and the sum of copies of adjoint representations of G¥ = PGLs when
G = SLo, and write

m
p= @p’n
=1

correspondingly write s = (s;)",. We let SL_(p s)(N, W\ G/N, 1) be the space of measures
on € which on any compact set coincide with elements of S(N,¥\G/N, ), while in a
neighborhood of infinity, in the above coordinates, when all of the s;’s are distinct, are

of the form

}jc D¢t ax,

in the case G = SLs, and
§jc bjglz—s d*e,

in the case G = PGLy, where Cj s are locally constant functions in a neighborhood
of zero. When two or more of the s;’s coincide with some complex number sg, the

corresponding summands at infinity will be replaced by

(CL(¢TYH) + Co(¢ ) log [¢| + C3(¢ ) log? [¢] + -+ ) - [¢[F 50 d*¢,

and similarly when G = PGLy. According to [Sak22a], fr(,s) € St S)(N,w\G/N,w).

Moreover, one can compute explicitly that

Proposition 2.2.2. Let G = PGL2 and p = Std be the standard representation of
SLy(C). For the L-value L (Std,s1) L (Std,s2), we have the following explicit expressions

of the basic vector:

—m(s+l) .
Yoo %(m + 1)1,k if s1=s2=s5;

Pr(std,s = 1 1
;51)(Std,s2) 0o —m(s1+3)_,~m(sa+3),s51—s2 i )
Zm:O 1 (l_qSl_Sz()l(l_q_(S]+¢ISZ)) la,, K if 51 7& 82.




where
1 x [ w% 0 ) - 0 if £#m,;
0 1 P(n) if £=m.
Here n € N and k € PGLay(or). And

e when s1 = s9 = s,

&0
JL(Std,s1)L(Std,s2) 0 1

|£| dX§ = (1 - q72)71(1 - q728)*1

€752 (1 — ¢ D) log, [¢] + (1 — 3¢7>71))  for [¢] > 1;
—2077% for |g]=q7Y
€|~ f|x|2:|§| Pt (% + I_1> dz for |€] < gt

where d*¢ is the Haar measure such that vol(T(op), d*€¢) =1 —q L.

o When s1 # sa,

&0
fL(Std,snL(Std,SQ) 0 1

E|dxe =(1-¢ ) 1—-gr)7! (1 - q_(sl+s2))_1

€730 = D) gl b - ) for (21
_qf(s1+%) + q7(52+%)qs1—32 for |¢] = q—l;
(1 — q51_82)|§|_1 f|x|2:\§| 7,[}_1 (% + 13_1) dx fOT’ |§| < q_l.

Proof. Let us start with the series

1 1
L(Std,s) L (Std,s2) = det(1 — g—*1Std) det(1 — g—*2Std)

= <§: q "™r (SymmStd)> <§: q ™tr (SymmStd))

m=0 m=0
00
_ Z g TSI TSz ¢y (Symrm Std ® Sym™? Std)
m1,m2=0

min{m,mz}
Sym™Std @ Sym™Std = Y Sym™ ™ Std.
=0

26



Therefore, we have

1 1
det(1 — g—*1Std)  det(1 — g—*2Std)

L (Std, s1) L (Std, SQ)

min{mi,ma}

o0
Z g mstTmeS2 gy Z Symmﬁm?*@Std

m1,m2=0 £=0
m-4~£
— Z Zq (m+20)s1 Z qmg 51—52) tr (SymmStd)
m=0 mo={

The Casselman-Shalika formula tells us
Sat_l(SymmStd) * lN\G(oF) = q_% 1xmK-

Therefore,
qu(s+%)

@L(Std7sl)(std,s2) =

According to [Sakl3a, Section 6.3], we have that

£ 0 1
/lemK (w (O 1) n)¢ (n)dn

Yoo iz (m 4 Dt (Sym™Std) for sy =55 = 5;
> =0 ((1q_q51,1523(1_;,‘1(31#32))) tr (Sym™Std) for s; # so.

—m(s1+%)_ ,—m(sa+35) 51 —s0 .
ZOO q q q
m=0 ( (17(151752)(17(1*(514’52)) 11’mK if 51 7é 52-

1 |§] =q™

- 1 e =g

2m > 1;

617 Sz ¥ (% - x*l) dz if |¢]<1,m=0.

Combine all these, in the case that s; = s9 = s, we have

€0
FL(Std,s1)L(Std,s2) 01

gl dx¢

|§|757% ((1 _ q*25*1)) 1qu ‘gl + (1 — 3q72571)) for |£| Z ]-7

=(1-g )= oo}

for

l€l=q7%

[ I (% +$_1) de for ¢l <q™.
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And in the case that s; # ss, we have

&0
FL(Std,s1)L(Std,s2) 0 1

€1 dx¢
67721 2 ) — [ T (L g2 for [g] > 1

_q—(s1+%) +q—(52+%)qsl—sz for |§| :q—l;

(1 — q81_82)|§|_1 f|x|2:|£| 1/1_1 <% + 37_1) dz for |§| < q_l.

_ (1 B q72)71(1 _ qslfsg)fl (1 B q7(51+52))—1

O

Proposition 2.2.3. Let G = SLy and p = Ad be the adjoint representation of PGLo(C).
For the L-value L(Ad, s), we have the following explicit expressions of the basic vector:

o0 q—m(s+1)
1— q—23

1:)3mK7

Priad,s) =

m=0

1 wf; 0 k: 0 if £#m;
x n =
K 0 wgp P(n) if £=m.

Heren € N and k € K. And

¢ 0
fL(Ad,s)((O C1>>

CIPd*¢

where

s 1= g for ¢ = 1
¢ fm€:|31+pp (T (%L) dz for |¢|<q !

Proof. Let pj, be the descent of Sym?*Std of SLy(C) to PGLy(C). Then according to

[Rud90], we have

=1-¢H ' 1-g»)"

Sym™Ad = Z Pk-
k<m,k=m mod 2
Therefore,
1 > = =
( ) det(l - q_sAd) mZ:g mZ:O k=m k; mod 2

—ms

4
e

m=0
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Using the Casselman-Shalika formula again, we have

Sat_l(pm> * 1N\G(0F) = q_mll’mK'

Therefore,
> —m(s+1)
q
Cpads) = Y Fp—n Lz, k-
m=0
Similar to the computation in [ ], it is easy to see that
0
/ 1z, k| W ¢ n | ¥ (n)dn
N 0 ¢!
1if | = ¢™;

= —1 if [{J=q¢"" m =1
- — a1 3
I foeirapy ¥ 1(%) dz if [¢]<1,m=0.

Combine them, and we have

¢ 0
fL(Ad,s) ( (0 C_1> >

¢ dx¢

7 =g for ¢ =15

— (1 o q—2)—1(1 _ q—25)—1 - - - B
q lfx€i1+pF¢ L <+Tl) de for |¢|<qh

2.3 Smooth Transfer for Rank One Spherical Varieties

2.3.1 Transfer Operators from Geometry

Let X be a spherical variety of G. The list of spherical varieties of rank 1 consists of a
finite number of families, classified by Ahiezer | ]; see also | ] and [ ]. Up

to an action of the center, the affine homogeneous spherical varieties over an algebraically
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closed field in characteristic 0 are listed in the following table :

X Gx Lx
A, | GL,\PGL,1; SLy | L(Std,2)?
B, SO2,\SO2n41 SL | L(Std,n— 3) L (Std, 3)
Ch SPon—2 X Sp2\Spy,, | SLa L(Std,n— %) L (Std,n—2)
D, | SO2,-1\802, PGLy | L(Ad,n — 1) (2.5)
B, G\ Spin, PGL, | L(Ad,3)
Dy Spin;\Sping PGL; | L(Ad,n —1)
Fy Sping\F4 SLy | L(Std, %) L (Std,3)
e SL3\Go SLy | L(Std,3) L (Std, })

We will work over a non-Archimedean local field of characteristic 0, and will only
consider the split cases.

1
For each spherical variety, Lx stands for a EZ—graded representation p = @ pn Of
nE%Z
its dual group Gy, which is called the L-value asssociated to X, thinking of the L-value

[1Z(pnoe.n)

attached to any Langlands parameter ¢ into GY. And the L-value here is determined
in terms of the geometry of X.

Let m: X x X — X x X / G be the canonical quotient map to the affine, invariant-
theoretic quotient SpecF[X x X]®, and the image 7,.S(X x X) of the push-forward
measure will be denoted by S(X x X/G). Y. Sakellaridis proved the following theorem
in [Sak21]:

Theorem 2.3.1 (Theorem 1.3.1 in [Sak21]). Let €x = (X x X) / G. There is an
isomorphism €x =2 A, and the map X x X — Al is smooth away from the preimage of

two points of AL, that we will call singular. We fix the isomorphism as follows:

o When GY, = SLo, we take the set of singular points to be {0,1}, with X488 ¢ X xX
mapping to 1 € €x = Al

o When GY, = PGLy, we take the set of singular points to be {—2,2}, with X488 C
X x X mapping to 2 € €x = AL
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Then there is a continuous linear isomorphism:
T 81 (N, Y\G*/N, 1) — S(X x X/G),
given by the following formula:

e When Gy, = SLy with Lx = L(Std, s1)L(Std, s2), s1 > s2,
TIE) = 1775 (1 ) a) (1 Fw() a) = £(©).
o When GY, = PGLy with Lx = L(Ad, so),
TFC) =[P (|- 70w () d) x £(¢)-

Let us conclude this section by reformulating the above convolution operators in

terms of additive Fourier transforms of functions:
Lemma 2.3.2. Write f(&§) = ¢(§) d€ or ¢(¢)d(, then

o When GY = SLy with Lx = L(Std, s;)L(Std, sp), s1 > s2,
THE) = (Fyrovol-[Hn 7 0 Fy oo |- 43 (#)(€) d.
o When GY = PGLy with Lx = L(Ad, so),
THQ) = (Fy-1000]- ) (9)(Q)dC.

Remark 2.3.3. In [Sak21], Y. Sakellaridis constructed the transfer operators through
a meticulous analysis of the geometric structure of X x X/G. By characterizing the
asymptotic behavior of the push-forward measures on S(X x X/G), he established a
rigorous comparison with the non-standard test measures for the Kuznetsov formula.

The transfer operator is the correct operator of functoriality between the relative trace
formula for X and the Kuznetsov formula, supported by several key pieces of evidence.
It was shown in [Sakl3a, Sak19, Sak22aq] that in the cases Ay and Da, it satisfies the ap-
propriate fundamental lemma for the Hecke algebra, and it pulls back relative characters
to relative characters. The same is true for the general case of D,, due to the work of
R. Rallis [Ral82] and W. Gan-X. Wan [G'WW21]. The statements are essentially checked
for general A, in [SV17] using unfolding. There is a recent preprint of N. Le-B. Wang
[LW25] deals with the Fy case.
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2.3.2 Transfer Operators from Weil Representations

Let V and W be two right D-modules, which are finite dimensional over F. We will
denote the set of right D-module morphisms by

Homp(V, W) :={T:V - W | T(via + vab) = T'(v1)a + T'(v2)b, Yv1,v2 € V,a,b € D}.

If V=W, we will denote this set by Endp(V). Set GLp(V) to be the set of elements T
in Endp(V) such that T is invertible.

Definition 2.3.4. Let e = 1. We say that (V,B) is a right e-Hermitian D-module, if
V is a right D-module, and B : V XV — D is a map such that

(1) B is sesquilinear, i.e., for all vi,vy,v3 €V, a,v € D,
B(vy,v2a + v3b) = B(vy,v2)a + B(vy, v3)b

and
B(via + veb, v3) = aB(vy,v3) + bB(va, v3).

(2) B is e-Hermitian, i.e., for all vi,v9 € V,

B(’Ul, ’1)2) = G]B(UQ, 111).

(3) B is non-degenerate.

We call B an e-Hermitian form. Usually, 1-Hermitian D-modules (resp. forms) are also
called Hermitian modules (resp. forms), and —1-Hermitian modules (resp. forms) are

called skew-Hermitian modules (resp. forms).

Given a right e-Hermitian D-module (V,B), we write
U(V,B) := {g € GLp(V) | B(gv1, gv2) = B(v1,v2), Yo1,v2 € V}

for the unitary group of (V,B). Then U(V,B) acts on V on the left. When B is clear
from the context, we will also write U(V) for simplicity.
Given a right e-Hermitian D-module (V,B), we can construct a left D-module V

together with B : V x V — D in the following way: as a set, V is the set of symbols
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{v | v € V}. Then we give V a left D-module structure by setting, for all vy,vy € V,
a €D,
U1 + Vg := v1 + U2, a¥ = va,
and
B:VxV->D: (ﬁ,@) l—)B(’UQ,’Ul).
Let us briefly recall the classification of (skew-)Hermitian modules and the corre-

sponding unitary groups.

Example 2.3.5. IfD = F, the Hermitian D-modules are classfied by the non-degenerate
quadratic forms over F, which are determined by the invariants: the discriminant
disc(V) € F* /(F*)2, the Hasse- Witt invariant e(V) = +1, and the dimension dimp (V).
For more details, see [Ser75]. In this case, we have U(V,B) = O(V,B). When V = F",
and B is given by

L1 Y1 n
F™ x F" ] =Y Titn 1,
i=1
T Yn
we call it the standard Hermitian model of rank n over F. When n = 2m+ 1 is odd, we
will add one more Ty 11Ym+1 for the purpose of the paper.
The skew-Hermitian forms are classified by non-degenerate alternative forms over
F, which is unique up to isomorphism, see [C!WW09, Lemma 1.1.5]. For the purpose of

this paper, when W = F2, and B is given by

X
F2xF?2 5 F: ", 1)) = T1Y2 — TaY1,
€2 Y2

1
we call it the standard skew-Hermitian model of rank 2 over ¥. We also write e := <0>

0
and f = (1) , and call W = e + fD the standard polarization.

Example 2.3.6. IfD =F x F. Since V is an F x F-module, and hence has the form
V x VV, for some F-vector space V and its F-dual space VY. Up to isomorphism, any

Hermitian D-module is isomorphic to the one defined by

B: ((1}1,1)}/), (7)277}%/)) = (<’Ul,’U¥>, (’UQ,’UY» eD=FxF,
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where (-,+) : V. x V¥ — F is the canonical pair between V and VV.

In this case, it is easy to see

U(V,B) = GL(V),

0
where the embedding is given by GL(V) > g — (g . 1) in terms of matrices. We
g

also fix a basis of V and its dual basis, then V. =F" and B is given by

1 v1 &1 G n .
i=1 i=1
T Yn &n Cn ' '
We call it the standard Hermitian model of rank n over F x F.
Similarly, any skew Hermitian space is of the form W = W x WY with

B : ((wi,wy), (w2, wy)) = ((w1,wy), —(wa,wy)) ED=F x F,

up to isomorphism. Then U(W,B) = GL(W) as well. In the special case that W =
W x WY for a two dimensional vector space W over F, we have UW,B) = GLs.
Choose a basis {e1,e2} of W and its dual basis {e{,e5} € WY, and let

€= (6156\2/)7 f = (_6276\1/)7

then we have B(e, f) = 1 and B(e,e) = B(f,f) = 0. We call W the standard skew-
Hermitian model of rank 2 over F X F and W = e + fID the standard polarization of
W.

Example 2.3.7. If D = Maty(F). According to the structure theory of simple central
algebras, V has the form

FPeF’e.. @ F?~F" op F2,

where we view F? as the space of row vectors, and Mato(F) acts on the right.
Let B be an e-Hermitian form on'V, then B defines a map op : Endp(V) — Endp(V),

which is called the adjoint involution, characterized by

B(Ul,f(vg)) = B(O’]B(f)(vl),vg), Vvl,vg € V, f S EndD(V).
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This map B — op is a one-to-one correspondence between e-Hermitian forms on V up

to a scalar in F*, and involutions o on Endp(V) such that o(x) = = for all x € F.

See [KMRTIS, Chapter 1, Section 4 |. Accoding to the Schur-Weyl duality, we know

Endp(V) = Endp(F") = Mat,(F), acting on V = F" ®p F2 on the left. Then the
e-Hermitian forms are classified by convolutions on Mat,, preserving F.

Let us consider the special case that V = D", where D acts on the right. Consider

the Hermitian form
n
B:D" xD" =D (21, ,2n), U1, ) = > Tt
i=1

If we identify D =2 F2@p F2, and D™ = F2" @p F2 as above, then the above form is given
by

U1 w1
® (r1,72), | ¢ | ® (y1,92)
VU2n Wan
J w1
. _ x1
’_>('U17"'7U2n)' ’ . '] 1( )(ylayQ)a
x2
J Wan,

0

1
where J = ( 0). At this time, we have U(V,B) = Sp,,,, where Spy,, is defined by

the symplectic form given by diag(J,---,.J), and Sp,, acts on D" = F?" @ F2 on the
left. And we call it the standard Hermitian model of rank n over D.

Another special case is that W = D?, and consider the skew-Hermitian form

B:D*xD?—D: ((x1,22), (y1,Y2)) — T1y2 — T2Y1.
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Then identify D = F2 @p F2, and D" = F2" @p F2 as above, this form is given by

V1 w1
® (r1,22), | | @ (¥1,92)
V4 w4
w1
s (U1, 01) (_OJ g) . T (2) (91, 12),
wy

and hence UW,B) = O4. Let e = (I5,0) € D? and f = (0,13) € D?, then we have
B(e, f) = 1, and B(e,e) = B(f,f) = 0. In this case, we call it the standard skew-

Hermitian model of rank 2 over D.

Let (V,By) be a Hermitian D-module, and (W, By ) be a skew Hermitian D-module.

On the F-vector space V ®p W, one can define an alternating form B by setting
B(v1 ® wi,v2 ® w) := 7(By(v1,v2) - Bw(wz,w1)) € F
for vi,v9 € V and wi, ws € W. Let
Sp(V @p W, B)

be the symplectic group for the above alternating form. Moreover, there is a natural

map
U(V, Bv) X U(W, Bw) — Sp(V XD W, B) : (gl,gg) — (’U R W — 71V R 92_w)

Let H=H(V®p W) =V ®p W x F be the Hsisenberg group associated with V @p W.

Assume now V is the standard Hermitian model of rank n over I, W is the stan-
dard skew-Hermitian model of rank 2 over D, and V®p W = X @ Y be the com-
plete polarization that corresponds to the standard polarization W = eD & fID. Let
(wy.x,v, F(Y)) be the Schrodinger model of the Weil representation of H. According
to Stone-von-Neumann theorem, for each g € Sp(V ®p W, B), there is an isomorphism
M = M(g) € GL(F(Y)) of F(Y) such that

M o ww’x’y(h) = wd,’x,y(gh) o M.
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Define

= {(g9, M) € Sp(V®p W,B) x GL(F(Y)) | M o wy x,v(h) = wy x,v(gh) o M}.
Let c% : Sp(V ®@p WB) x Sp(V @p W, B) — g be the Leray cocycle, and define
Mp(V ®p W)$x := Sp(V @p W) x C!

as a set but with group structure given by the Leray cocycle cgg, namely

(9,2) - (¢,%) = (99, ¢k (9, 9)22)-
Let r = rx y be the standard Weil operator; then we have the Weil representation
Wy Mp(V ©p W5 x = GL(F(Y)) : (9,2) = 2x(9),

and the action of Mp(V ®p W)glx is explicitly described as follows: for any ® € F(Y),
and y € Y, we have for

[}
1
wyxy (9,1) ®(y) = | det g|58(g™"'y), Vg € U(V,By),
where |det gy = 1 except when D = F and U(V,Wy) = O(V), in which case
| det gly = =1 depending on whether g is in SO(V) or not.

wyxy (1,2) (y) = 2®(y), Vz € C.
For the action of U(W,By), it is given as follows:

e For D =F, we have U(W, Bw) = SLa, and

0 dimp V
Wy XY ((g C‘1> ,1> D(y) = |¢|7 2 (Cy), VCEF,
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e For D =F x F, we have U(W,Bw) = GLg2, and

dimp V
t1 O t 4 _
Wy XY ((0 " ) 71) é(y) = L ¢ (y(tlatZ 1)) ) thatQ € an

2 t2

Wy XY ((; ?) ,1) (y) = (M) ®(y), Yu € F,
Wep, X, Y <<(1) _01> ,1> P(y) = /V‘I)(SE)IP_I(T(B(:L‘,y)))dx.

e For D = Mata(F), we have U(W,By) = O, and

Wy X, Y ((z 0> ,1) (I)(U ®7) = CI)(UQ ®7), Vg € SLQ(F) Cc D,
g

0 t;' 0 0t

ti 0 O 0

0 ¢ 0 0 — dimp V t+ 0 _

Wy XY 0 ° ,1 (I)(/U(X)f) = ‘tltg‘ 2 P (U ( ! > ®f> , Vti,t2 € FX,
o 0 o ¢t

1 0 w O
01 0 u n-1(Bv(y,y))
1]1® = [} Y F
woxx [ 000 ula ] ew —v (M5 (4). Yu e F.
0 0 0 1
00 =1 0
0 0 -1 )
ozt | |0 NEBILOE /V () (r(B(z, y))) du.
0 1 0

For more details, see [GIXT25].
In the following, for simplicity, write wy, := wy xy. In order to analyze the Hecke

algebra action, the following remarks on the splitting are in order. In the case that



39
D = F and dimp V is even, according to [GI<T25, Theorem 11.6], the map

SO(V) x SLy — Mp(V @p W)Sx : (g,h) = (9@ h,1)

is a splitting of SO(V) x SLa to Mp(V ®p W)g,le hence the Weil representation is an
honest representation of SO(V) x SLy by restriction. The same holds for the case when
D = Matq(F).

In the case that D = F x F, this map (g,h) — (¢ ® h, 1) is also the Leray splitting
according to [GI<T25, Proposition 12.21].

The only non-trivial case is when D = F and dimg V is odd. In this case, let
SLy = Mp(W)42 := Sp(W) x p» = SLa X 2
as a set, with group multiplication given by
(91, €1) (g2, €2) == (9192, €1€2¢x(91, 92)),

where cx is the Rao cocycle. In the case of SLo, recall that we have the Rao function

a b c if c=#0;

X =

c d d if ¢=0,

and the Rao cocycle is given by

cx(91,92) 7= (x(91), x(92))r (—=x(91)%(92), %(9192) ¥,

where (-, -)p is the Hilbert symbol of F. Note that this cx corresponds to the a used in

[Jac87]. Then we have a group homomorphism [GIXT25, Theorem 11.6]

SLa — Mp(V @p W)5x : (g,€) = (1@ g, ev(x(g), 1)~ V) (x(g), det V)p),

N

dimp V—

where det(V) = (—1) S5 and v(-,%1) is the normalized Weil index as in [GKT25,
2

Section 3.3]. Following [Jac87], we employ the normalized cocycle 3 for the metaplectic

group as defined in [Jac87]. To avoid confusion, we introduced the following notation

to distinguish it from the conventions used in the previous sections. Write

Mpz = SLQ X {:i:].}
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as a set, with multiplication given by

(91, €1)(92, €2) = (9192, €1€28(91, 92))

a b
where 3(g1,92) := a(g1, 92)5(91)s(g2)s(g192) "', and for g = < d)’ we define
c

otherwise.

(¢,d)p if cd # 0and val(c) =1 mod 2;
s(g) = )

In this case k — (k, 1) is an isomorphism of SLy(or) onto a subgroup K’ of Mp,. And
Mp, — SL, : (g,€) — (g,€s(g)) is a group isomorphism. We view SLs as a subset of Mp,
via g — (g,1). Let H(Mpy,K’) be the spherical Hecke algebra of Mp,, which consists

of K’ bi-invariant functions with compact support. Then there is an isomorphism
H(PGLQ,PGLQ(UF)) = ’H(MpQ,K/) ch—h.

as fixed in [Jac87, Section 2], which we review in Section 2.7.3 for the reader’s conve-
nience. We will identify U(W, Byw) = SLs as a subset of Mp, using the set-theoretical
section g — (g, 1).

Remark 2.3.8. For the sake of clarity, we provide a brief comparison between our
notation and that employed in [JacS7]. The additive character ¢ used in [Jac87] should
be Y_o(x) := Y(—2x) in our notaion. We take e =1 and n =1 in [Jac57]. Note that
the normalization of the Weil constant in [Jac87] differs by a factor of —2 from the
convention adopted in [GKT25]. So the Weil constant in [JacS7] is 7(-,1#(_2)(_%)) =
v(-,%) in our notation, and the p function in [JacS7] is still Y(-, ) (-, —1)p = (-, 1)~ .

{( )MEFX} £ DT
t0
{(1 >]t1,t2€FX} if D=FxF;
0
T:=
0
1
0
0

3
0
0
0

For U(W, By), write

€€ FX Y if D = Maty(F).

o o O

o = O O
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1 u .
lueF, if D=F, FxF;
0 1

lueF Yy if D= Maty(F).

o O =

oS = O 2

0
U
0
1

o
[en)}

\

We identify N with G, in the obvious way. And finally write

( 0 -1\
if D=F, F xF;
1 0
00 -1 0
A 00 0 -1
if D = Mato(F).
1 0
L \0o1 0 o0

In the following, let (V,By) be the standard Hermitian model of rank n and (W, By)
be the standard sekw-Hermitian model of rank 2. Fix the following vy € V such that

T(By (vo, v0))

=1lekF:
5 S

cF" if D=F;

Vo = 0 0
e eVxVV=F'xF" if D=F xF;

eD” if D = Maty(F).
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Set

X:z{ué\”M:l}CV.

Then X is a closed subvariety of V.

Lemma 2.3.9. U(V) acts transitively on X. Moreover, let
vy == {v € V| By(v,v) = 0}.

The stabilizer of vo in U(V) is U(vg), where the Hermitian form on vy is the restriction

of By to voL X UOL. Therefore, we have

$S0,/SO,_1 if D=F:
X2{ GL,/GL,_;1 if D=F xF;
SP2n/SPon_o if D= Mato(F).

Proof. Let us prove it case by case.

(1) If D = F, it is Witt’s theorem. See [Ser73, Chapter 4]. In this case, we have
U(V) = O(V,By) and U(vg) = O(vg, By), where we still write the restriction of
By to vy X vy by By. Since we can always find some element g € O,, \ SO,, such

that gvg = vg, SO, acts on X transitively as well.

(2) fD=F x F, and V=F" x F", then we have

X ={(v;0") € F" x F" [ B((v,0"), (v,v")) = ((v,v"), (v,0")) = (1, 1)}
={(v,vY) €F" x F" | (v,vY) = 1}.

For simplicity, write e; € V = F” for the standard vector with 1 in the i-th
component and 0 otherwise for 1 < i < n. Write {e;}", € V¥V = F” for the
dual basis, which can be identified with {e;}!" ; since we identify V¥ = F™ via the

standard pair between F and F". For g € GL,, if ge,, = e,, then g is of the form
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Similarly, tg~1e)/ = e implies that g is of the form

* x ok
* x ok
0 0 1

Then g(en,e)) = (gen, g~ eY) = (en,e)) implies that g € GL,_; = GL((e))*) =
U((en, ey )t). As for the transitivity, suppose (v,v") € V such that (v,v") = 1.

Let {e], - ,el,_1} be a basis of {w € V | (w,v") = 0}. Let g € GL,, be such that
gen, =v and ge; =€} for 1 <i <n—1. Then we have for any 1 <i<n—1

<€;’tgilen> = <9716’;,€X> = (ei’ex> =0,

and
<v7tg_1€7\1/> = <g_11),€7\1/> = <€mex> =1
Therefore, we have tg~ ey = vV.
0 0
If D = Mato(F), write vo = | * | ® (1,0) + | * | ® (0,1) under the isomorphism
1 0
0 1

D" = F2" @p F2. Once we identitfy U(V) 2 Sp,,,, then the stabilizer of vy is

0 0 0 0

geSPy gl | =1 |9 =] = SpPap—2;
1 1 0 0
0 0 1 1

which is exactly U(Ué‘). To see the action is transitive, note that any v € V can

be written as the form v; ® (1,0) 4+ v2 ® (0, 1), and

J

B(v,v) = vy V2,
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J
it suffices to show that for any vy, vo € F?" such that toy v9=1, there
J

is some g € Sp,,, such that

0 0

gl [ =vg| | =re

1 0

0
According to [Jac74, Section 6.1], we can extend {v1, v} to a basis {vy,ve, -+ ,v2p}

of F2" such that the symplectic matrix with respect to this basis is also given by

J

J

Write e; for the i-th standard vector of F2" with 1 in the i-th entry and 0 otherwise.
Consider g € GLg, such that ges,_1 = v1,ges, = vo, and ge; = v;_o for 3 < i <
2n, then we have g € Sps,,.

There is a natural restriction map
res : F(V) — F(X),

which is surjective since X < V is a closed embedding. On the other hand, for any

g € U(W,Bw), g acts on F(V) via the Weil representation. Write
Q:FV) = C(UW,Bw)) : © — (g wy(g)P(vo)).
The first easy lemma is

Lemma 2.3.10. Given a function ® € F(V), the following requlized integral

T(®)(t) := /N* Q(®)(wtu) ™ (u) du = lim Q(®)(wtu)h ™ (u) du (2.6)

k—+o0 pok
F
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stabilize for sufficiently large k and t € T, where we identify N with G, in the usual

way. We denote this space of such functions by
Orbv(T)

Proof. First note that Q(®)(wtu) differs wy,(W)wy (t)wy ()P (vg) only by a factor of ¢,
so let us consider

lim . Wy (W) wy (B)wy (1) @ (vo) ™ (u) du

k——+o0 p;

in the following.

Note that for any k € Z, we have

/k wip (W)wys (t)wys () @ (v0) Y~ (u) du

Pp
= [ [ 0 )@@ Byt oy

= [, [t (TR ) 00w By o de-p

2
u-7(By(v,v))

2
to change the order in the integration. Moreover, in all cases, it can be checked easily

that there are z(t),y(t) € F*, n(V) € Z and a smooth map z: T x V — V such that

wolty (D) a) =y (ST (e, o),

Since v = wy,(t) < ) ®(v) is a Schwartz function on V, we are allowed

Then the above integral becomes

[ O at e e @) [0 (o (HBD 1))

p

Note that the inner integral

is non-zero only if
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in which case, we have

/,,;k o (o (HOEED) ) g

B
Consider the map V= F:w — w

, which is a submersion outside the zero
vector. According to [Igu00, Chapter 7], the Haar measure dv on V and dz on F induce
measures |w;| on each fiber

Vx::{UEV|M:$}a

/Vq)(v)dv:/F/zq)(vﬂwm(vﬂx.

Then the desired integral is

such that for any ® € V|

qk/ ()" D(2(t,v)) Y™ (7(By (vo, v))) dv
UGV,—T(B(;’U)) €x(t)~1(1+pf)

_ Kk "M@ (2(t. o)L (r v0,v)))|wz(v)] dz
=0 [ i o, WO R0 By, D))

T

and since ® is locally constant of compact support, when k is large enough, over

z(t)71(1 + pr)*, we have

/‘P(Z(t,v))w1(T(Bv(vo,v)))lwx(v)\

T

- /V B(2(t, 0))6 (7 (By (19, 0))) [wagey-1 (1))

z(t)—1

and hence

k "W (2(t,v)) (7 v9,0)))|ws(v)| dz
¢ I / OPO R ) (B, v)es (0]

= Ifﬂ(t)l_lly(t)ln(v)/ ®(2(t, )y~ (T(By (vo, v))) lwa(ry-1 (v)]-

V(=1

Now consider the U(vg)-invariant morphism

X —=D:v~ B(vg,v).
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For any = € D, the preimage of z is

Xx:{veXHB%(vo,v):w}:{xvo—i-u]uevé,w:l—u(x)}.

Outside DY := {z € D | v(z) = 1}, the map X — D is a submersion and by Lemma
2.3.9 again, U(U(J)‘) acts transitively on X,. Write XV to be the preimage of DY, then
we have

X% /U(vg) = D°.

The following lemma is well-known for experts, but we also include the proof here

for completeness.

Lemma 2.3.11. (1) When D =F,
7:X 280,/S0, 1 — A'
can be identified with the canonical quotient map

S0,/SOn—-1 = SOn—1 N\ SO,, /SO, 1.

(2) When D =F x F, X — D induces morphisms

GL,/GL,_; — A2

| IR

PGL,/GL,_1 —— A!
and m can be identified with the canonical quotient map

PGL,/GL,_; — GL,_; \PGL, /GL,_;.

(3) When D = Maty(F), X — D induces morphisms

SPon/SPap—a —— Maty

l b

SPay/SPan_o X Spy —— Al

and 7w can be identified with the canonical quotient map

SPan/SPan_a X SPa — SPa,_2 X SPy \ Sy, /SPa, 5 X Spo.
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Proof. Write

(SO,,S0,_1) if D=F:
(G, H) = (PGL,,GL,_1) if D=F x F;
(SP2n; SPap—2 X Spg) if D = Maty(F).

And X = G/H temporarily in this lemma. It has been proved in [Sak21] that we have

an isomorphism
H\G/H = Ax / Wx,

where Ax is the universal Cartan of X and Wx is the little Weyl group, which acts on
Ax by inversion. Therefore, in all cases it suffices to show that the restriction of 7 to
the universal Cartan is a generator of F[Ax]Vx. Write B for the Borel subgrou pf G
consisting of upper triangular matrices in the case that D = F and F xF, and let B be the
Borel fixing the complete anisotropic flag of {{e1} C {e1+e3} C--- C {e1+---+ean_1}}
in the case D = Maty(F).

For (1), we first claim that Byy C X is an open B-orbit. In fact, it is easy to compute

that the stabilizers of vy in B are of the form

1 00

where ¢ is an element in the Borel subgroup of SO(n — 2). Then, when n = 2k is even,

we have
dimBvg = k? — (k — 1) = 2k — 1 = dim X,
and when n = 2k + 1 is odd,
dimBvy =k(k+1) — (k — 1)k = 2k = dim X.
Then the universal Cartan can be identified with
Ax = {diag{t,1,---,1,t71}},

and the restriction of 7 to diag{t,1,---,1,t 1 }vg is exactly t + ¢~ 1.
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1 0 -1
For (2),let zp:= | 0 I,_o 0 [, similarly one can easily compute that
1 0 1

dim Byg = 2n — 2 = dim X,
then we can identify the universal Cartan as

Ax = zy {diag{t, 1,--- , 1,1} }ao,

and the restriction of 7 to xaldiag{t, 1,---,1,1}xg is
1 1
—t 3 -1 3
0 0 0 0
T ]B ) b )
0 0 0 0
1 1
2 2
_(t (L0
S\2 2/ \2t 2
b4t 4+2
B 4
-1 0 10
0 -1 0 1
For (3), note that zy = i 0 0 Iy,a O 0 isin the open B-orbit since xg
1 0 0 10
0 1 0 01

sending the subspace generated by {e,, f,} to the space generated by {e; + ey, f1 + fn},
and the stabilizer in B preserving the space generated by {e1+ ey, fi+ fn} has dimension
n?+n— (4n —4).

If we identify the universal Cartan as azaldiag{t,t_l, 1,--+,1}xp, then it is clear

that the restriction of 7 is given by

1 t=1 0 1 0 t+t 142
— det + = =
4 0 t 0 1 4
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According to [Igu00, Chapter 7] again, the measure |w;| on X = V; and the Haar

measure on [ give rise to measures |u;| on fibers X,.

Definition 2.3.12. Let ® be a Schwartz function on X. We define its orbital integral

with respect to the action of U(U(J)‘), which is a function on DV, to be

7(®): D% 5 2 s { Jxoo, @()|paz—2(v)| forD=F and dimp V=1 mod 2

sz D(v)|pz(v)| otherwise.
We denote this space of orbital integrals by F(X).
B 1
Remark 2.3.13. We choose x = W + 3 as our coordinates in the case D = F

and dimp V is odd, to make it compatible with the coordinates chosen in Theorem 2.5.1.

Proposition 2.3.14. The morphism F(V) — Orby(T) factors through
F(V) - F(X) = F(%),
i.e., we have a commutative diagram

.F(V —) Ol“bv( )

i
s
=N

N

F(X)
Moreover, the morphism T : F(X) — Orby(T) is given by the following formulae:

(1) if D =F and dimp V is even, we have

() <§ c?l) = [ oty ds

(2) if D=F and dimp V is odd, we have

(o) (g C(L) — ()

o1 (3) Lot



51
(3) if D=F x F, wezx have

dimp V

~ t 0 ti]” 4 —

T(¢) ' = / D21, 22) " (tazy + t] Yao) day das.;
0 to l2 (FxF)®

(4) if D = Mats(F), we have

B _dm:lFV . 5—1 0
=l /Mam(m@ o)y (T (w ( 0 1 dr.

Proof. When D = F and dimp V is even, this is [GW21, Proposition 11.1]. We also

T(¢)

l
S O O In
o = O O

0
1
0
0 ¢!

include the proof here for the reader’s convenience. Let ® € F(V), for any integer k,

T(®)(t) = /p—k Wy <Wt ((1) 1:)) (I)('l)o)w*l(u) du
:/_ /w¢ (t (1 “)) B()r (B(vg, v)) dv - ¥~ () du.
LAY 0 1

. ¢ 0
Write ¢t = , we have
0 ¢!

¢ 0 1 w B dirf;FVw 1 u y
(2 P D)o

Then we have

1 u 1
/pF"“ Wy (Wt (0 1>> O (vg)Y™ (u) du

= [ [y (22 oy (B, ) dv- v~ ) du

F

= [¢[~ 7 A}é(v)wl(B(vovclv))Aka (u (m — 1)) du dv.

we have




Note that

ke Bvw) k
/ w<u((lﬂ%(v,v)_1>> R if =5~ € 1+pg
Pk 2 0 otherwise.

F

Then, when k is large enough, we have

/p;k (W) (t)eoy ((; 1‘)) D (o)~ (u) du

' / B () (B(vp, ¢ 0))wr ()

Ny OO

[ Ttes(@) (e (o) s

In the case that dimp V is odd, using our coordinate, we have

T(¢) (g Col>=v(t,w>|<

* [ Tes@)(@po (¢ e - 2)do

(el F () [ Toes@) @ ¢ da

¢

t
When]D:FxF,for@e]-"(V)andt:<1

1 u _1
/pgkww (wt (0 1))‘1’(110)1/1 (u) du
— Lou )T (B(vg, v v N u)du
_/ / ((0 m) (O 1))@( Yo (7 (B(uo, v))) dv - ¢~ (u) d

0
€ T, we have
to

Write V.= F" x F" and its elements as (v,v"), then we have

t; 0 1 v_tdnrfv L -
Wy ((O t2> <0 1)) D((v,v")) = é b(n{tiv, t; ) ®((tv, t510Y)),

92
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/ka W <Wt (; ?)) ®(vo)y ™" (u) du
/pF’“ FrxFn 5

- /FF O((v,0")~ ({1 v, ey) + (en, t2v")) /p ¥ (u((v,0Y) — 1)) dudvdv”

F

Y(u(v,v"))2((v,0")) - ¥ (T (B(vo, (7 'v,t20")))) dvdv” - 47 (u) du

tq
ta

to
Since we have

¢ if (v,vY) € 1+4pk
0 otherwise,

/p—’“ Y (u((v,0Y) = 1)) du =

hence when k is large enough,

1 u 1
/pk Wy (Wt (O 1)) D (vg)Y™ (u) du

t] 2 L1y
=27 @ e (e + ntar Dl (0,0
|72 —1 -1
= |—= I(I‘es(@))(l‘l,l‘g)d) (t2$1+t1 l‘z)dfblde.
ta (FXF)?
€00
010
If D = Mato(F), for ® € F(V) and t = 00 1 € T, we have
0 00 ¢t

/ y 1 u

wy | W

pp” v 0 1
Wiy X, Y

/p_kA ’Lp

F
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Since we have

€0 €0
o (GG e
wy (tu) D) = €] 1 9 @(( ))

then

[ e (wt (; ;‘)) ®(v0)0 () du
= /p;k /v |§|7dm‘)‘FV Y (W) d(v) -t (7‘ (]B <vo,v (501 ?)))) dv - ¢ (w) du
S KO <T (B\V@O,v) (50 ?))) o (o (FEEE2 1)) dua

Again
/ y (u (T(Bv(v,v)) B 1)) du — ¢ if M €1+pk
pr” 2 0 otherwise,

when k is large enough,

1 u 1
/p;’“ Wy (Wt <0 1)) O (vg)Y™ (u) du

dimFV —1
= e /X B(0))p! (T<BV(anv) (50 2)))\w1(v)|
= _dirrz‘;F\V res LU I 571 0 x
—|¢] /Mw)oz( (®)) (2)¢ (((O 1>>>d.

To facilitate a comparison with the transfer operators established in Theorem 2.3.1,

O

we examine each case in detail. We begin with the case D = F, which is the most direct.

Let S(X) = F(X)dz and Sy(T) := Orby(T)[¢?|d*¢ denote the respective spaces of

measures. Retaining the notation T for the extension to S(X).
Proposition 2.3.15. In the case where dimV is even, let T denote the transfer es-
tablished in Theorem 2.3.1. Then, on the space of push-forward measures, we have the
identity

To7 =Id.
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Proof. According to Proposition 2.3.14, for ¢ € F(X), we have

T@)(Q) = K75 [ o@u (o) de = (-0 Fu@)©O: (27

L]
Proposition 2.3.16. When dimrV is odd, we have
~ 9 1 .
ToT =000 (2) - (1 Foatyrouel-) (7).
Proof. The result is also a direct consequence of Proposition 2.3.14. O

Next, consider the case that D = F x F. Consider the following G,,-action on AZ:
2(x1,m2) = (221, 2 ), V2 € Gy, (z1,22) € A2
It is clear that A? / G,, = A! via the map (1, 22) — x122.
Lemma 2.3.17. For any ¢ € F(X), x1,x2 € F* such that z1x9 # 0,1,

H(z 7y, za0) dz
Gm

18 absolutely converget.

Proof. Let ® € F(X) and ¢ = Z(®). Note that for fixed (z1,22) € (F x F)¥ such that
ZL1T2 7& 07 ]-a

(2 ey, 2m9) # 0
only when the support of ® has a non-empty intersection with X(,-1,, .,,). Since the

support of ® is compact, and X — F is a submersion away from 0, 1, the integral

H(z ey, za0) dz
Gm

is actually over some compact subsect of F*, hence is absolutely convergent. O

On the other hand, consider the center integrals of elements in Orby(T), we also

have
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Lemma 2.3.18. For f € Orby(T),

LG )

is absolutely convergent for & € F*.

Proof. According to the proof of Proposition 2.3.14, the choice of k£ in the regularized
integral is independent of ¢ and only depends on the function ®. Let us fix such a k.

We first claim that when |z| is large enough,

(696

In fact, we may assume f = T(¢) for some ¢ = Z(res(®)), and ® = &, ®--- &,V @,

is a pure tensor. Then we have

() 6)
/_k/w o

(§ o, + zyn) dey--- dz,dy; - - - dy, - wil(u) du

/_k /n € (@) (uyr) - Fym1 (1) (uyn—1)Fy-1 (@) (=€ 127 + uyy)

W (y1) - Unlyn) ™ (2yn) dyr -+ dynt ™! (u) du.

¢(U($1y1 +--- xnyn))q)l(xl) T (I)n(l'n)\lfl(yl) T ‘l}n(yn)

For fixed &, when z is large enough, we have Fy—1(®,)(§ 127! —uyp) = Fy-1(®p) (uyy),

and
[ @€ ) )0 o)
= [ P @) )W (0™ o)

It is not hard to see that when |u| < ¢,

/F F s (@) () U ()0 () g = 0
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when |z| is large enough. Similarly by changing z to 2!, we see

()G

when |z| is small enough, hence

LG D6 )

is absolutely convergent for £ € F*.

Definition 2.3.19. (1) For any ¢ € F(X), and x € F\ {0,1}, write

o(x) :=/F¢(zlx,z)dxz.

We will use F(X) to denote the space of such functions and S(X) := F(X)dz.

(2) Let Orby(T) be the space of functions obtained from Orb(T) by taking integrals

over the center, namely, they are functions of &€ € F* of the form

G :=/G f((é 2) (g S)) dz, f € Orby(T).

Write Sy(T) := Orby(T)[¢| d*€.
Lemma 2.3.20. We have a commutative diagram

F(X) —> Orby(T)

l

S(X) ——Sv(T),
where the bottom arrow is given by
T;|-|_%OLOF¢O|-|_10LO}F,¢,

in the sense of measures.
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Proof. Let ¢ € C°(F*) be a test function, and f = T(¢) for ¢ € F(X), then we have

- [ Foete)ae
Using Fubini’s theorem, we have

o —n 1 11 dz
For=[ et [ sa e e g dada

n d
- / / B(€1, E) (261 + €127 60)p()[€]F de dgy dep—
FX J(FxF)9 |Z|

d
/ / P&, &) H(26)Fy (|- |2 oo |- | 2p) (27 &) d& dﬁz—z-
Fx J(FxF)® E

As Fy(|-|720¢0|-|"2¢) vanishes near 0 and oo, we can apply the Fubini’s theorem

p(£) dg

again to obtain
ra n _ 1—1 - dz
Foor= [ o) [ Full-1Pocol [Ho))l T (6602) 5 dér de
(FxF)? E
= ($,Fyo|-|oro|-[ToFyol|-[oro|-|2p).
Note that for a measure p and a test function ¢, we have

(t(p), ) = (p,] - |72 0 (),

hence
(¢, Fyo|-|oro|-[THoFyol-[Poro] | "2¢)
={(-1" 3 otoFyof- |1 otoFy, ).
O
Proposition 2.3.21. Let T be the transfer operator in Theorem 2.5.1, then we have
ToT7 =1d.
Proof. This is a direct consequence of Lemma 2.3.20. O

The last case is when D = Maty(F). Consider the action of SLy on Maty by left
or right multiplication. Then according to [(:\W09, Theorem 5.3.3], Maty / SLy = Al
via g + detg. Write S(X) := F(X)dx for measures on Maty(F)¥ by multiplying an

additive Haar measure.
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Lemma 2.3.22. For ¢ € F(X), and x € F \ {0,1},

~ z 0
o(z) :Z/SL2¢<<O 1)9) dg

Proof. This is similar to Lemma 2.3.17. U

is absolutely convergent.

In this case, we have to make some modifications to the transfer operator T. Now,

consider the embedding

g 0
SLQ‘—)SO4IQP—) .
0 g

Consider the adjoint action of PGLg on gly = Maty(F), which is equipped with the

quadratic form given by the determinant. The ordered basis

o) Gl 56Oy

gives an embedding PGLy — O4 such that

and

We also identify PGLy with its image in O4. Note that PGLy normalizes SLy. Then,
let us consider the function

Q(®) : PGLy — C

g Qy(®)(g99") dg'.
SLo



For @ € F(V), replace ® by wy(g)® for g € SLy in Proposition 2.3.14,we have

€00 0

* 01 0 O
/N wowlo | |00 | | lweno) @0 ) du

000 ¢!

where ¢ = Z(Res(®)). Denote the space of such functions by Orby(T x SLy).

Lemma 2.3.23. For ¢ € F(%),

/ T(6)(€.9) dg
SLo

is absolutely convergent for & € F*.

60

Proof. Let ¢ = Z(res(®)) with ® € F(V). Assume K’ € K = SLs(op) such that

wy (k)@ = @ for any k € K. According to the Iwasawa decomposition, we have

A _ N 1 z\(m O -2 d
/SLQ T#)(6.g)dg = /F‘XFX /1<T(¢) (6’ (0 1) (0 m_1> k) m[™d
~ 1 z\[m O =2 d
k; €K /K’ o He (5: (0 1) (0 m1>> i m

= > vol(K) /

where ¢; = Z(res(wy(k;)®)). For simplicity of notations, replace ® by wy(k;)®, it

suffices to show that

~ 1 z\[m O 9 @
/FxeT(¢) <£’ <0 1) (0 m_1>>‘m| T

is absolutely convergent.
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Note that we have
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Write v = ((xl Zl) AR (zn Zn)), then
w1 Y1 Wn  Yn
S GO R ) ) B (P [ o | )
7 By | vo ) =T
0 1 0 m 0 1 Wy Yn 0 m~!

o

E 0 0 1 0 u O 1 =z 0 O m 0 0
0 1 0 01 0 u 0 1 0 O 0 mt 0

wy | W D (vg)
0 0 1 0O 0 1 O 0 0 1 =« 0 m
0 0 O 5_1 0 0 0 1 0 0 0 1 0 0 m!

—'n 21 Tn Zn

- |€| <<< > " - 7 < >>>
F4" 1 Wn  Yn

cP(u(Tiys + - F Ty — 21w1 — - — 2w )T (ET M T e, + iy, — mT awy,).

Without loss of generality, we may assume

(b:q)l(ml)“' s Ty Y1y 0 ;yn)q)Q(Zl)"' s Zny W1, " ° ’wn>

with @1, ®5 € F(F™). Then for some k large enough,

wofelo )00
0 1 0 mt
=1 [ [ g )6 € )
. /F2n Do(z1, y 2n, Wi,y - wp)Y(—u(zrwy + -+ + znwn))lp_l(—m_la:wm)w_l(u) du.
From the proof of Lemma 2.3.18,

/2 03} (-'1717 Ty Y1yt 7yn>¢(u($ly1 +---+ xnyn))d}_l(g_lm_lwn + myn) dxy--- dy, 7é 0
F n

implies that M7 < |m| < Ms for some M7, My > 0. Then since
/ Bo(21, 3 2, W1, W)Y (—u(zrwy + -+ + zpwp))YH(=m T 2w, ) dzy - - - dw,
F2n

-1 —1
= / I[“1,/),1 o"’OFw,'n(I)Z(*uwla"' y “UWp—1, —UWn, W1, "+ ’wn)w (7m LL"LUn) dwl dw'na
FTL
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which is non-zero only when |z| < A for some A > 0 depending on @9, pg k¥ and M. Therefore,

/ ()&, 9) dg
SLo

is absolutely convergent for £ € F*.
O

Definition 2.3.24. (1) For ¢ € S(X), let (E be the push-forward of the measure ¢
to A' along the determinant map. We will use S(X) to denote the space of such

measures.

(2) Let Orby(T) be the space of functions

£ [ T(e)(E g)dg,

SLo
and Sy(T) := Orby(T)|¢]dX€.
Remark 2.3.25. Observe that
1 -1 -1
—1 -1 B 1
1 1 1
-1 1 -1
1
with | . € SLy(F), hence on the mazimal torus of PGLo,

-1

| a@ (w (5 >n> v dn = [ FERes(@)(€.0)dg
N 1 SLo

Lemma 2.3.26. We have a commutative diagram

F(X) —= Orby(T x SL»)

| i

S(%) Sv(T),




64

where the bottom arrow is given by
T:|- [ o0Fy0|-|20.0F,
in the sense of measures or distributions.

Proof. Let ¢ € C°(F*) be a test function, and f = T(¢) with ¢ € F(X), then we have

fop) = " )yt | tr Lo x xdg-
For=f1e [ f e (t ((0 <_1>g )) i dg - p(€) dé.

ryr T2

Write z = ( > and using the Brahut decomposition to write

B 1 0 t 0 1 v
SRVEIAUVE=JACVETA
T<xg_1 <§_1 O)) :tr<<§_1tuvxl+§_1t_1w1—f_ltuxg * ))
0 1 * —tvxs + tay

= f_ltuvxl + 5_1t_1x1 — 5_1tux2 — tvxrs + txy

T3 T4

As ¢ is a Schwartz function, we can apply Fubini’s theorem, then

o L
(Fro) = /F o /M PG

: / OOy (e tuvry + €7 ey — € M umy) dE day dap das dx4|t|2% dudv
F

Since

/F e(OE] (€ tuvay + € Ty — € M) d¢

= (Fyo|-|2oro| |7 (p)(tuvay +t a1 — tuxs)
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and (Fyo|-[™2o0co|-|7)(p) also vanishes at 0 and co, we can first integral over v and
v+ turg —t 1
replace v by 2 1, then
tuxy
/(F¢ ol -|T2ouo|- |7 (¢)(tuvay +t oy — tuas)yp ™ (—tvaz) dv
F
_ 1 _ —t Y x5 + tuzexs
F n 1,8 T .
= [@EsolPovol @@ (<o ) ot s

-2 1=n T3 1 1 _—t‘lxlzg + tuxoxs

= (- Povol ) () v o .
We can further integral over u first, and make a change of variable by replacing u by
x
—3 then
uxy’

L2 ocel- ) (573) i (t_,fj”g) du
= [@17E oo I (e 1
= (Fyol- |7 o] [ouo|-|)(p) (2).

Finally, replace t by tx1, then we have

_ _ _ 1 [, x124 — X223
F TS I -n (ﬂ) 1y t2
[Eoer- 1ol ove -7 (3) )

1
= [Eool- 1ol 2 oue 176 () ¥ oo — ama) a
= (FyoroFymrol [T ol [ oro] | ") (p)aras — wars),

hence
(f,0) = (¢, (FyoroFyol-[To|-[Zoro] ™) (p)
(-7 ovo]-[THoFyol |72 oroFy)(9),¥)
(|- 7" oroFyof- | oroFy)(4), ).

O
Proposition 2.3.27. Let T be the transfer operator in Theorem 2.3.1, then we have
ToT =

Proof. 1t follows from Lemma 2.3.26. O
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2.4 Fundamental lemma of type D,

The results of this section are fundamentally contained in the works of S. Rallis | ]
and W. Gan-X. Lei | ]. While we provide a reformulation of these results in the
present framework, the author wishes to emphasize that the credit for the fundamental
lemma for the full Hecke algebra in the D, case belongs to S. Rallis. We include
the details here to ensure the manuscript remains self-contained and to clarify the
compatibility with our notation.

In this section, let D = F, and dimp V is even such that there is an ordered basis
{61,--~ >en7fn7"' 7‘]“1}
satisfying
By (ei,e;) =By (fi, fj) =0, and By(e;, f;) =045 V1 < 4,5 <n,

where d;; is the Kronecker symbol. Under the isomorphism V = F2" under the above

basis, we have

I Y1
2n
By : F2" x F?" - F S I I I S e
i=1
T2n Yon

Take W to be a 2-dimensional symplectic space over F, and fix the ordered basis {e, f}
of W such that By(e, f) = 1. Under the isomorphism W = F2 under this fixed basis,

IBW:FQXFQ%F: 1 , u = T1Y2 — T2Y1.
€2 Y2

In this case, U(V,By) = SO(V) and U(W, Byw) = SLa. Recall that we take

we have

vo=e1+fi=|:|eF™
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and
X =S0(V)/SO(vy) = {v € V| By(v,v) =2} C V: g — gug.

Let ®( be the characteristic function of Y(or).

2.4.1 Matching of unit elements

Lemma 2.4.1.
1 o __ #X(K'F) o
CF(TL) X qdimX X

Z(Res(®p))(x)dx =

Proof. Denote

F(x) :=/ Do (v)wg(v), x # 0.

T

Then we only need to compute F(1). To do this, let

F*(z) ::/Vcbo(vw (x M) dv.

According to [Igu00, Section 8.3, Theorem 8.3.1], we know that
F*(x) = max{1, [z|} ",
and

F(0) = lim F*(z)Y(—z)dz

k—o0 lz|<qk

:/ l1dz + lim |x| ") (—z) dz
|z|<1

k=00 Jg<|z|<q*

=1—-q "

On the other hand, due to [Tav92, Chapter 11],

n—1

#O(V)(kp) = 2¢"" (" = 1) [](¢* - 1)
i=0
and .
#0(vy) (kr) = 2" V" ] (¢¥ = 1),
i=0
hence X
idn(:)?) =1—q¢ " =¢(n)""
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Lemma 2.4.2.
1

T Gr(2n - 2)
Proof. The identity follows from the fact that both functions are (N,))-left invariant

Q(Dp) Dy

and SLg(op)-right invariant; since they agree on the torus T, they must coincide every-

where by the Iwasawa decomposition. O
As a consequence,

Theorem 2.4.3 (fundamental lemma for the unit element). Let
IL;( € S(SOgn_l\SOQn/SOQn_l)

be the basic measure on A, then we have

gdimX . o) f
X (rp) R (2)Cr(sx) 7 Cr(2)Cr(2n —2)7 HAGD

T (LK) =

2.4.2 Matching of Hecke elements

Let B be the Borel subgroup of SO(V) fixing the isotropic flag
<Cl> - <61a62> c---C <€1,’ o ,en>7

and A the maximal torus consisting of elements fixing each line (e;) for every 1 < i < n.

Lemma 2.4.4.
X? = {v e X |By(z,e1) # 0}.

Then vg € X° and X° is an open B-orbit in X.

Proof. 1t is clear that X° is open in X, stable under the action of B and vy € X°. So we

only need to show X° = Buy.
n

n
Indeed, let z = Zmei + Zyifi € X°, then y; # 0. By the action of A, we may
i=1 i=1
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assume y; = 1. Under the ordered basis {e1,--- ,en, fn, -, f1}, we have
t ~1
1 —Yn I 1
1 —Un—1 z2 l'/2
Sn Sn On .
1 Tn . ,
1 —Yn Yn 0
1 —Yn—1 Yn—1
On "
1 1 1
1
for some z},--- 2/, € F. And here s,, = . Then one can take
1
1 1
z, oz ), 0 h 0
0 0 0 —a
0 0 _IE;L—I
o 0 0 -
On In
1 1

O

Corollary 2.4.5. P(X) is the mazimal proper parabolic subgroup fixing the isotropic
flag
(€1).

Then under the above basis {e1, - ,en, fn, -, f1}, the Levi L(X) of P(X) is

L(X) = g |t € G, g € SO(vy) ¢ =Gy x SO(vy),
t_l
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and hence

3]

= [ta|" a0 - [t

ot
Moreover, the quotient map A — Ax = G, is given by
th

tn
t_l

n

t!
Then the normalized map C[AV]We — C[AY]WX is given by
Clat, -, zfWsom - ClzF)2/% gy s 2, x5 ¢ " for 2 < j <n. (2.8)

Now consider the nilpotent cone ¥ := {v € V | By(v,v) = 0}.

Lemma 2.4.6 (Lemma 3.1 in [Ral82]).
0
s2i= Qg [ 19es0W)

is an open dense SO(V)-orbit of X.

Proof. According to Witt’s Theorem, ¥ = X°| [{0}, see [Ser73, Chapter 4]. See also
[Ral82, Lemma 3.1]. O

Let wy, be the Weil representation of SO(V) x SLy on F(Y).
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Lemma 2.4.7 (Proposition 2.2 in [Ral82]). Let ® € F(Y)32Cr)  and wy(g)®|s = 0
for all g € SLo, then ® = 0.

Proof. This is a special case of [Ral32, Proposition 2.2]. But let us include the proof
here for the convenience of the reader. Note that as a representation of SLo, the dual

of the Jacquet module

F(Y)x = F(Y)/ <q> —wy(n)® | ® € F(Y),n € { <1 :) }>

is isomorphic to the distributions on Y supported on Y. Then the space of functions
vanishing on ¥ is isomorphic to the Jacquet module F(Y)y. Since for any g € SLo,
wy(g)®ls = 0, the SLo-module generated by @ is cuspidal. But we know any such

module cannot be unramified, hence ® = 0. O

Now let o € C be such that Re(c) > 1. Consider the following intertwining operators

introduced in [Ral82]:
o) -1 0 o
Zo : F(Y) = C*(SOg, x SLg) : ® — (g1, 92) — / wy(g1,92) @ ) |a| Tal
F .

which is absolutely convergent according to [Tat67].
Proposition 2.4.8 (Lemma 4.1 and Remark 4.4 in [Ral82]). When Re(o) > 1,
(1) Let s = (s1,52, -+ ,5n) € X*(A) ®z C=C", write

tq

t s,
x(s): T—=C: " 1 = H |ti|*
i=1

o

and I(x(s)) the correponding normalized induced representation of SOgy,. Then Z,
factors through I(x(n—1—o,n—2,n—3,--- ,0))®1(x(c —n+1)) as representations
Of SOgn X SLQ.
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(2) Write K for the mazimal compact subgroup of SO(V) fizing the standard lattice
o under the ordered basis {e1, -+ ,en, fn, -+, f1}. Let
Ax : H(SO(V),K) — H(SLg, SLa (o))
be the morphism of the Hecke algebra corresponding to (2.8). Let ®y be the char-
acteristic function of Y(or), then we have
wy(h)@o = wy (Ax (h)) .
for all h € H(SO(V),K).

Proof. (1) is simply a matter of computing the effect of A x T on Z, when Re(c) > 1.
As for (2), a first observation is that for any f € H(SO(V), K),

Ze (wyp (") 2o — wy (Ax (h)) Do)
= (Sat(hY)(n—1—0o,n—2,---,0) — Sat(Ax(h))(c — n+ 1)) Zx(P¢) =0

when Re(o) > 1. Hence for any g; € SO(V) and g2 € SLy, as a function on F,

a > wy(g1,92) " (wy(hY)Po — wy(Ax (h)) Do)

0

is o -invariant and its Mellin transform is zero. Hence according to the Mellin inversion

[lgu78, Chapter 1],

wy(g1,92) " (wy (hY)Po — wy (Ax (h))Po)

0
for all a € F. By varing g1 € SO(V) and Lemma 2.4.6, we see for any go € SLo,
wy (92) (wy (h") o — wy(Ax () Po) sz = 0.
Now as wy(h")®g — wy(Ax(h))Pg € F(V)S2(r) " according to Lemma 2.4.7, we obtain

that
wy (h")®o = wy (Ax (h))Po.
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Proof. As the restriction map F(V) — F(X) is obviously SO(V)-equivariant, hence for

any h € H(SO(V),K),

T o res(wy (h")Po) da = T(h » (res(®y))) dr = hx ——1L%.
Cr(n)

On the other hand, as functions on SLo, since we know from Lemma 2.4.2

Q(20)(5) = w4 0)0(t0) = =55 Prirtn-1)(9)

hence we have

1
m@L(Ad,nq)(g)
1
= Ax(h) % m@L(Ad,nq)(g)-

Qwy(Ax (7)) ®o) = (Ax(h))"

Therefore, Conjecture 2.1.5 is true for X of type D,.

2.5 Fundamental lemma of type A, ;

In this section, take D = F x F, V=V x VV, where V is a vector space over F and V"

its dual space. Fix an ordered basis {e1, - ,e,} of F" and its dual basis {ey,- -

of VY, then we have an isomorphism V = F" x F”_ and take
By :F"xF'—>FxF

1 1 &1 G " n
20 15 R IS N I I — (Z i, Zyi@-) :
=1 =1

\

7671

Similarly take W = W x WV, where W is a 2-dimensional vector space over F. Fix
an ordered basis {f1, fo} of W and its dual basis {f), fy’} of WY, then we have an

isomorphism W = F? x F2, and take

W:F?xF2 > FxF

((C)-EN- () 0)) = (e -sms).
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Write e := (f1, f5) and f := (—fo, fY). In this case, U(V,By) = GL(V) = GL,, and
U(W,Bw) = GL(W) = GL3. Recall that vg = e, + ¢/, and we have

X =GL,/GL,—1 ={v € V| tr By(v,v) =2} C V: g+ guo,

where we identify U(UOL) = GL,_1. Let X := X/G,, = PGL, /GL,_1, which classifies
the decompositions V = Vi ® V,,_1, the direct sum of V as 1-dimensional and n — 1-

dimensional subspaces. Let ®g be the characteristic function of Y(op).

2.5.1 Matching of unit elements

Lemma 2.5.1. The push-forward of T(Res(®o))(x)dx in Al is

1 . qdim X .

) X T B e X

Proof. The first part follows from the same argument as in Lemma 2.4.1. It is well

known that o
qdlmX 1

#X(kp)  Cr(n)

Lemma 2.5.2.

/m Q(@o)(g2) dz = mq)L(Std,“T‘l)(Std,"T_l)(g)'

Proof. We only need to check that both sides match on the maximal torus. Note that

/ ﬂ(%)((f 1) ( 1))dz= RGO

= (1—q")[€]7 (1 log, [€])

I ¢
T Gp(Dr(n— 1) L(Std5) (S, m5E) )

O

Therefore,
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Theorem 2.5.3. Let L% € S(GL,—1\PGL,,/GL;,_1) be the push-forward of the proba-
bility measure which is equal to the characteristic function of X(op) x X(op) times an
invariant measure, then we have

T—l (LO ) _ qdimX o Cr (n) ; 1 |
T B (k)2 (sx) T Cr(1)C(2)Cr(n — 1) (S ) (St )

2.5.2 Matching of Hecke elements

Let B be the Borel subgroup of GL,, consisting of all upper triangular matrices and A
the maximal torus consisting of diagonal matrices under the ordered basis {e1,--- ,e,}.
Let B and A be their images in PGL,,.

Lemma 2.5.4. Let
X :={V=ViaV, 1|V Z (e1, - en—1),e1 & Vp_1}.
Then X is an open B-orbit in X.

Proof. Note that if we identify V,,_; with its normal direction Fn with n € VV, then
the action of GL(V) on n is given by the transpose. Hence, the Lemma follows easily.

At this time the decomposition V = Fe, @ {v € V | (v,€Y) = 0} lies in X . O

Corollary 2.5.5. Let P(X) be the parabolic subgroup of PGL,, stabilizing X°, then its

Levi
3]
L(X) = g | t1,t9 € Gm,g € GL,,_o /Gm
to
Therefore,
ap
1 n—3 n—>5 3—n
3% = lag| 2 lag| 2 -+ lan-1| 2 .
Qn
Then C[A"]WrcLn — (C[A%]WY is given by
(Clat,--af)/ (@1 2 — 1)) — Clat]2/?2
N T R T PR q2j_2n_1 2<j<n-1), (2.9)

where &,, is the permutation group of of (1,2,3,--- ,n).
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Consider the nilpotent cone X := {(v,v"V) € V| (v,v") = 0} of V.

Lemma 2.5.6.
1 0
Ol 1|
30 = gl |.'9 | g € GL,
: 0
0 1

is an open GLy-orbit of 3.

Proof. Tt is clear that dim ¥ = 2n — 1. On the other hand, since the stabilizer of (eq,e,!)

is

1 *
0 = *
00 --- 1
hence dim¥° =n? — (n> — (2n — 1)) =2n — 1 = dim X. O

Let wy, be the Weil representation of GL,, x GL2 on F(Y).
Lemma 2.5.7. Let ® € F(Y)200) and w,(g)®|s = 0 for all g € GLg, then ® = 0.

Proof. Similarly to 2.4.7, it suffices to show that the dual of the Jacquet module

F(Y)y == F(Y)/ <<1> —wy(n)® | B € F(Y),n e { <1 1‘) }>

is isomorphic to the distributions on Y supported on 3. Let ¢ be a distribution on

1
F(Y) that vanishes on every ® — wy, (( T)) ® for & € F(Y) and n € F. Since for

oy ((1 ’f)) o) = v (T 0y,

MM—w(Zi%g£D>Mm=0

as distributions for any n € F. Then ¢ is supported {y € Y | 7(B(y,y)) =0} =X. O

y €Y, we have

then
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Now let 01,02 € C be such that Re(o1),Re(o2) > 1, and consider the following

intertwining operators

0
- . 0 : B N 1)
Zoy oyt F(Y) = C®(GL,, x GLg) : ® — wy(g1,92) " @ 1, la|7[b]7? — —,
FxF . 0 lal (0]
0
which is absolutely convergent.
Proposition 2.5.8. When Re(o1),Re(o2) > 1,
(1) Let s = (s1,82, -+ ,5n) € X*(A) ®z C = C", write
t1 n
x(s):A—=C: '_>H|ti‘5i’
i=1

tn

and I(x(s)) the correponding normalized induced representation of GL,. Then
Zal,Uz fG’CtOTS thT’O’L&gh I(X(nTil —01, n7737 Ty BiTna an+02))®I(X(Ul - anl’ —02+
)

(2) Let Ax : H(GL,, GLy,(or)) — H(GLg2, GLa(0r)) be the morphism between Hecke
algebra whose Stakee transform is given by

j—n—1

ClzE, - ,25)% = Clat,25)%2 : 21 = 21, 3, = 20,25 — q2j 2 (2<j<n-1).

) yfn

Then we have wy(f¥)Po = wy(Ax(f))Po.
Proof. 1t follows from the same argument as in Proposition 2.4.8. O
Theorem 2.5.9. Conjecture 2.1.5 is true for X of type A,_1.

Proof. Consider the natural homomorphism C[AV]Wern — C[KV]WPG%, and the corre-

sponding homomorphism between Hecke algebras

H(GLy, GLy (0F)) — H(PGLy, PGL, (0p)).
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Then we have a commutative diagram

H(CLy, GLy(0r)) — > H(GLs, GLs(or))

3 |

H(PGL,,PGL, (o)) —X> H(PGLa, PGLs(0or)),

where the bottom arrow is given by (2.9). According to Lemma 2.3.11, we have a

commutative diagram
GL,/GL,_; — A?

lp lq )
PGL,/GL, 1 —— Al
where ¢ is given by (z,y) — zy, and 7 can be identified with the canonical quotient

map
PGL,/GL,_ 1 — GL,_; \PGL, /GL,_;.

For simplicity of notation, let us identify functions with measures using the Haar
measures we specified, and let (-), denote the push-forward of measures. Let h €
H(GL,, GL,(or)). Then we have

T Ha(h) xLg) = T (Ce(n) - 7w 0 pi(h x res(Dp))) -
According to [5a163, Section 7],
7. 0 pu(h  res(80)) = 7. 0 pu(wy (hY)(res(®p))),
which is equal to
¢x 0 Z(wy (R') (res(P0))) = ¢x © Z(wy (Ax (h))res(Po))

according to Proposition 2.5.8.
Due to Lemma 2.5.2, we have
1
/Zw¢(92)(1>o(vo) dz = W@L(Std,%)(sm,%)(g)a Vg € PGLo,

then for g € PGLo,

/Zw¢(gz)w¢(AX(h))<Pg(vo) dz = (/Z AX (h) * wy (-2)@o(vo) dz)) (9)

= B(Ax(h)) * méL(Stdfgl)(Std:“zl)(Q)
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due to | , Section 7]. Finally because « is surjective and S(Ax(h)) = Ax(a(h)), we
obtain that

T 1 h*LS) = Ax(h) %

r(DER2)Cr(n — 1)fL(Stdv";1)(Std,“%)'

2.6 Fundamental lemma of type C,

In this section, let D = Maty(F), and fix the isomorphism F? @p F? = D:
a ac ad
® (¢,d) — )
b bc bd

n
BV D" xD" =D ((xlv"' axn)a(yb'" 7yn)) = Zx_lyl
1=1

Take V = D", and

Under the above identification D = F? @ F2, and D" = F?" ®@p F2, the above form is

given by
V1 w1
® (z1,22), | 1 | ®(y1,92)
Von Won
J w1y
= (V1 ,V2p) - o R R <$1> (Y1, v2),
€2

0

where J =
-1

1
0> . Similarly take W = D? and

By : D? x D? = D : ((21,22), (y1,92)) — Tiys — Tay1-
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Then under the identification D? = F* @ F? as above, this form is given by

V1 w1
® (z1,72), ® (Y1, Y2)
on Wy
w1
= (1, ,v4) (_OJ g) ) - J (2) (y1,y2).
Wy

Let e := (I,0) and f := (0,12). In this case, we have U(V,By) = Sp,,, and U(W,By) =
04. To simplify the notation, let {e1, f1,--- ,en, fn} denote the standard basis of F2".
Specifically, for 1 <i < n, let e; and f; be the column vectors with a 1 in the (2i —1)-th
and 2i-th positions, respectively, and zero elsewhere.

We have G = U(V,By) = Spy,,, and U(W,Byw) = Oy, and

X = 8py,,/Spay_o = {v eV | tr By(v,v) =2} CV: g guvp,
0

where vy = | eDr. Let X = SP2n/SPan_2 X Spy, which classifies the 2-dimensional
0

I
non-degerate subspaces Vo of F2". Let ®g be the characteristic function of Y (o),

2.6.1 Matching of unit elements

Lemma 2.6.1. The push-forward of Z(Res(®o))(x) dz in S(X) is

Lo #X(kR),
Cr(2n) X gdimx X+

Proof. Replace n by 2n in Lemma 2.4.1, and apply [[gu00, Theorem 8.3.1] again, we see
/ o(v)wy(v) =1 — g~
X=V;

On the other hand, according to [Tay92, Chapter 8], we have

n

#Spy (k1) = ¢ [ [(¢* 1),

=1
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hence

#X(rp) _ " 1@ — 1) 1 g,
gdimx q(n71)2 Hn—ll(qm -1) qn2n+1)—(n—1)(2n-1)

1=

7(X) =

Lemma 2.6.2.
1

Cr(2)Cr(2n — 2) P (st,252) (51,253

Q(®g) =

0 1 0 m~™

k € SLa(op). But be careful that, according to our choices of measures, we have

1 0
Proof. Using the Iwasawa decompositon of SLs, write g = ( ac) (m 1) k with

1-q d
dg = 1_q dz|m|~ WﬂTdk,

where dk is the normalized measure such that

/1dk:1.
K

Then we have

1—q2 d
= q_l/ / dafm| 22
L= g7 Jigpmi<iel1 Jizl<ime1| ml

1=¢7% ety _ -y L= g ]
= (1 —q

— Tl U
1

Cr(2n — 2)Cr(2) P (sta,25) (51,252

Combine Lemma 2.6.1 and Lemma 2.6.2 together, we get

Theorem 2.6.3. Let L% € S(Spy,_9 X SL2\Spy,,/Spa,_2 X Spy) be the push-forward of
the probability measure which is equal to the characteristic function of X(or) x X(op)
times an invariant measure, then we have

qdimf _ CF(Q”)

#X(RF)gF(z)gF(sX)f Ix = r(2)2¢r (2n — z)f L(Std,®3%)(Std, "52)"

T =
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2.6.2 Matching of Hecke elements

Let B be the Borel subgroup of Sp,,, fixing the isotropic flag
<€1> C <617€2> c---C <6].7' o a€n>7
and A the maximal torus of B fixing each line (¢;) for 1 <i <n.

Lemma 2.6.4. Let X' be the subset of X consisting of 2-dimensional non-degenerate

subspaces Vo C F2" such that Vo N (e, e2)t = {0}. Then X° is an open B-orbit in X.

Proof. Let Vo € X° and is generated by

X1 Y1
T2on Yn
with
T1Yn + * TnYntl — Tnt1lYn — - — Tay1 = 1

under the ordered basis {e1, -+, en, fu, -+, f1}. As Vo {er,ex}t = {0}, and
Toan—-1 Y2n-1
T2n Yon
Toan—-1 Yon-—1
=1Is.
( Z2n Yon )

Also from here one can see that X is open in X.
First observe that

is non-singular, we may assume

t -1

1 —Tn+1  —Yn+l ,
T x)

1 —Tn42  —Yn+2 ’

T2 x5

Sn Sn, On .
1 0 )
0 L Tn z!h

Tn+1 = 0 )
1 —Tn41 —Yn+1

Tpn42 0

1 —ZTn+2  —Yni2 .

0, ; :

1

1 0 0 0




and
t —1
1 —Tn4+1  —Yn+l
Y1
1 —Tn42  —Ynt2
Y2
Sn : Sn On
1 0
0 L Yn
Yn+1 =
1 —Tn4l  —Yntl
Yn+2
1 —ZTnt2  —Ynt2 _
On : :
1 | 0
0 1
0 1
for some z,--- 2.y}, ,y), € F. Then we can take
/ / /
Ty T —Ys
/ / / / /
~Yn  ~Yn1 vy Y T 0
/ / / /
Ty Ty —Ty —Yo
! ! /
In . .
. 0 = )
/ /
0 0 —Tp_1 —Yn— 0
/ /
0 -, —Yn
On I, 1 1
0 0
and
/
hn
/ / / / /
“Yn  “Yn—1 —Ys ~Y1 Y2
! / / /
Ty T Tp_1 —Z —Ys
_pl o /
I, ]
/ /
0 “Tp-1 “Yp—1 0 0
/ /
0 -, —Un : :
O I, 0 0
1 1

/

Y1
Y2

[e=]
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Moreover, according to the choice of the vectors at the very beginning, actually 2} —y} =

1. Therefore X~ is an B-orbit with (e; + fa, f1) € X .

O
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Corollary 2.6.5. P(X) is the parabolic subgroup fizing the isotropic flag

(e1,€2).
Then its Levi
g
L(X) = h | g - GLQ, h S Sp2n—4 = GL2 X Sp2n_2
sotg so
Therefore,
tq
1 tn 1 1
2 _ 5 —5 n—2 . 1
52 . = tal3ltal ~H sl [t
t

Moreover, the quotient map A — Ax = Gy, is given by

th
tn

t_l — t1to,

tr
then after the Satake transform, the normalized map C[AV]We — C[A%]Wi 18 given by

Clas, -+, ak]Wern — Clat)%/% : 21,29 — i@ " or3<j<n.  (2.10)

Write ¥ := {v € V| By(v,v) = 0} for the nilpotent cone.

Lemma 2.6.6.
vy wy J w
Y= -l ®(1,0) + : ® (0,1) | (v1,--+ ,v2,) - . : =0,

V2n Wan J Wan

and ¥ admits an open Spa, (F) x SLa(F)-orbit 3°.
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Proof. The first statement is clear. As for the second assertion, note that for any
orthogonal non-zero v,w € F?", as long as they are not parallel to each other, there is

some g € Sp,,, such that ge; = v and ges = w. O

Lemma 2.6.7. Let ® € F(Y)PCl2(or) gnd

/ wy (g)wy ()@ (v)de =0, Yo € X°,
SLo

for all g € PGLy(F), then / wy(2)®(v) =0 for v € V°, where V° is the set of
SL
v® (1,0) + w ® (0,1) such that v and w are not parallel.

Proof. Consider the PGLy-equivariant map

F(Y) = C(V°) : @ s <U o /S wu(9)B(0) dg) .

Lo

1
Let U be the image of F(Y). Note that for any < T;) € PGLo, similarly for any

1 n B n - 7(By(v,v))
oy (( 1)) 2(0) - o) = v (“TED ) 00,

the dual of the Jacquet module of C*°(V®) is the space of compact support distributions

O € C>(V°),

supported on V2 N Y = ¥° As the Jacquet functor is exact, restriction to X° is

the Jacquet functor of 2U. Therefore, according to the condition, the PGLs-module

generated by ® inside U is cuspidal, hence the only PGLy(op)-invariant element is 0.
O

Now let o € C be such that Re(o) > 1, and consider the intertwining operators

Zs : F(Y) — C*(Spy,, x PGL9)
da

Y <<gl,g2> o [ wulgrg) B((aer ® (1,0) + e ® (0, 1))a) dx|a|°) ,
SLoxF |a|

then

Proposition 2.6.8. When Re(o) > 1,
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(1) Let s = (s1,s2, - ,5n) € X*(A) ®z C = C", write

(51

t n
x(s):A—C: " 1 = H Iti|*
i=1

ot

and I(x(s)) the correponding normalized induced representation of Spy,,. Then Z,
factors through I(x(n—o,n—1—0,n—2,--- ,1))®I(x(c—n+3)) as representations
of Spy,, X PGLa.

(2) Write K for the maximal compact subgroup Sp,,, (o). Let
AX 'H(Sp2n, K) — H(PGLQ, PGLQ(OF)>

be the morphism of the Hecke algebra corresponding to (2.10). Let ®q be the

characteristic function of Y(or), then we have

| o) =y b)) ()00 dv =
for all v € V° and h € H(Spy,, K).

Proof. (1) follows immediately from the computation, and (2) is analogous to the argu-

ments presented in the previous sections. O
Theorem 2.6.9. Conjecture 2.1.5 is true for X of type C,.

Proof. Consider the function Q(®g) on PGLy. As noted before,

/ﬁ(q)o) (w (€ > n) Y~ Hn)dn = / 'ﬁ‘(Zo res(®g)) (£, g) dg.
F 1 SLo

Then the proof of the theorem follows by an argument analogous to that employed in

the previous cases. O
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2.7 Fundamental lemma of type B,

In this section, we present two distinct approaches to proving the fundamental lemma.
The first is a direct computational method, where we demonstrate that
dim X

S q _
k) = #X(kp)Cr(2)Cr(sx) rer (fL(Std’n_%)L(Std’%))

without recourse to the metaplectic cover Mp,. We establish this identity for the unit
element in the initial section; while the computation is involved, this method offers a
potential path for a generalization to arbitrary Hecke elements.

The second approach utilizes a diagrammatic argument to establish the commuta-
tivity of the diagram below. This commutativity, in conjunction with the fundamental
lemmas for T, U, and J, provides a structural proof of the fundamental lemma for
the transfer operator 7. This aligns the explicit computations required for our first

approach with the computations in | ].

8(S02,\S02n41/S02,) T Sy(T)

\ ToT ~
T
J

Spsn yp(ent) (N ¥ \PGL2/N.9)

st,n—§
o

(A\PGL2/N, )

S (stm—1)
(2.11)

We provide a brief overview of the operators appearing in the diagram above.
e T denotes the transfer operator arising from the Weil representation,
e 7 is the transfer operator defined in | 1,

e U corresponds to the unfolding process, but with non-standard test measures to

ensure compatibility with the space of orbital integrals,

e J represents the comparison established by H. Jacquet in [ |, and we extend
this comparison from standard test measures to the non-standard unit element

required for our current setting.



88

Section 2.7.1 is devoted to the direct computational proof of the fundamental lemma.

The subsequent sections develop the structure proof by establishing the commutativity

of the diagram relating the transfer operators, the Weil representations, and the Jacquet
comparison.

In this section, let D = F, dimp V is odd, suppose there is an ordered basis

{617'” ’€n7w7fna"' afl}

such that
BV(Ci,ej) = ]BV(fzaf]) = O) and BV(eiafj) = 52] V1 S Za] S n,

By (e;, w) =By (fi,w) =0, V1<i<n,

and
By (w,w) = 2.

Under the isomorphism V = F27+1 ynder the above basis, we have

1 n n+1
2n+1 2n+1 . .
By : F (R el OF : ) : = E TiYon+2—i + Tpt1Yn+1-

i=1
T2n+1 Yan+1

We take W to be a 2-dimensional symplectic space over F, and fix the ordered basis
{e, f} of W such that Byy(e, f) = 1. Under the isomorphism W =2 F2 under this fixed

basis, we have
x
Bw:F2xF? 5 F: ! , n = T1Y2 — T2Y1.
T2 Y2

In this case, U(V,By) = SO(V) and U(W, Byy) = SLy. Moreover, by the composition
Mp, — SLy — Mp(V ®p W)gjx,

we obtain a Weil representation of Mp,. Let @y be the characteristic function of Y(op).
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2.7.1 Matching of unit elements

To compare fL(Std’n_%)L(Sth%) with L5, our strategy is to compute
ToT (fL(Std,n—%)L(Std,%)> and T(Lx)
separately. Let us start with computing ﬁ‘(]l&)

Lemma 2.7.1. There is some k large enough, such that

(1) when |¢| > 1,

/ < ( 0) >‘I’0(vo)¢ Y(u) du
(/ /ZEUF ’/’(uzQ)dzdu—l—/lqu'qu o w)|u| ™ /DF b(uz?) dzdu) .

(2) when |¢| <1,

/N* Wy (w (g C(L) u) Do (vo) (u) du

. ,2%& —1 L -n 2
ol [ () e [ vtz

¢ 0 1 u
:")/(C’d))/_k /F%Hw¢<<0 1) <O 1))‘%((131,... Tny 2 Y1 s Yn))

cw//n

C w /_k /F2n+1 |<|_— (xlyl +xnyn+22))¢0(($’1, sy Ty 2y Y1, ayn))

(mlyl + - TpYn + 22))¢0((CIE1, e acxn, sz gyla e 7Cyn))




Note that we have

/n (I)O((xla 5y Tny 2 Y1, ayn))w(u(:plyl + - 'xnyn))d)_l(c_lxn) d.’L‘l T dxn

= @O(Uyla Ly UYn—1,UYn — <_1a27y17 o ay’n)a

then integrate over the other F”, we obtain

/ (I)()(Uyl, oy UYn—1,UYn — C_l, Zy YLyttt ayn)d}_l(c_lyn) dyl Ce dyn

= 10F(z)/ Lyn1(uyt, - s uyn—1)1n-1(y1,- -
Fn—1 F F

- /F Log (g — ¢ log (4) 61 Ln) g

It is easy to see that

v Un—1)dyr - -+ dyn—1

1 for |u| <1
/F Lo (uy) Lo (y) dy = {

lu|7t for |u| > 1.

Moreover, when u # 0,

/F Lo (uy — ¢ o ()91 (¢My) dy

= /F 10Fﬂ((—1u—1+u_1oF) (Z/W—

L(tay) dy

= Fw (10F0(471u71+7¢710p)) (C_1)7
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where 1, A (¢-1y-144-10p) 1S the characteristic function of op N (¢C"tu™t +u~top). Note

that

oF
0
Clut +utop

0

op N (¢ lu™ +utop) =

Then we have its Fourier transform

Fy (lﬂFﬁ(C‘lu‘1+u‘10F)) (C_l) =

P(=C U ul T e (€

for |ul <1, [¢]>1;
for |u| <1, [({] <1,
for ful > 1, [¢] > [ul™h
for |ul > 1, [¢] < |u|7t

for |u| <1, |¢]>1;
for Ju| <1, (] < 1;
ul > 1, [¢] > ful™;
for |ul > 1, [¢] < |u|7t.

O —_— O =
=
©]
=
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Therefore, when |u| < 1, we have the integrand function is

0 otherwise.

{ 1772 g (w) for [¢] > 1;

And when |u| > 1, the integrand function is

2n+1

75yt (G ) Jul ™ for w = max{g, I~}
0 otherwise.
Then, when k is large enough, the final integral becomes:

(1) when [¢] > 1,

2n+41

VGl 25 </| v [ vdzdus
u|< zEop

7P71(71.)|u|7n/ zp(uzQ)dzdu).

1<|u|<qF

(2) when || < 1,

—2ntl -1 L -n 2
s [ (e b [ v asan

O
Lemma 2.7.2.
1 for |ul <1,
/ Y(uz?)dz = |u|_% for |u| > 1, log,[u| =0 mod 2;
°F 372 e, ¥ (%2) for |u|>1, log,|ul=1 mod 2.

Proof. The case that |u| < 1 is obvious, and we only have to consider the case that

|u| > 1. In the case that |u| = ¢*" for some r > 0, we have

/ P(uz?)dz = Z Y(u(a+ 2)?) dz

acop/pp ” PR
= Z Y(a®u + 2azu + 2%u) dz

r PR
a€or /pp

= Z 1/1(a2u)/ Y(2azu)dz =q¢ " = |u|_%
PR

anF/pg
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If |z| = ¢*>"*! for some r > 0, similarly we have

— Z P(a’u) ¥(2azu) dz

+1 PhL
acop /Py F

1 1 . 2
— Z P(atu)g ) =g 2 ju| 2 Z (0 (*ac(:F a4 ) .

(IGPE/PFFI AERKR

Lemma 2.7.3. When |(| < 1, we have

J ((g <(—)1>> o () Bo(0) () d

Proof. Let us start with the integral

_2n41 _ 1 “n
e B ) [ L

for some i such that || < |u| < ¢*. In the case that i is even, this integral becomes

2n+1 1 1
CZ/ P! <—+u> u|7"" 2 du,
s [ et (L)

which is non-zero only when |u| = [¢|~!. In this case, we may make a change of variable

[ / ! (“+C“_1> du.

F

u to (" lu, then it becomes
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Write |¢| = ¢~2" with » > 0, then the above is

[~ Z /pg = <a(1+z) +Ca1(1—z)> dz

a€og /(1+pg)

—la et (v(2) ++ (7))
~at (o () ()

When |u| = ¢* such that i > 1 is odd,

+1 /lu_qi P <? —}—u) |u|—n/ 1/)(“22)dzdu
2n+1 2
= [ e (—+U)Zw( )du.
[u|=¢*

Replace u by ¢~ lu,

11 11 1
T =hgiyt (v
|u|=¢" ug

S S 1 (u+u” ac u)a2>
- /|u|=|C|qizlw ( ) 2 w<ac(<)wF

Write [¢|¢" = ¢" for some r > 0 and u = wy"v with v € ojf, then

Lyt 1 u+u_1> (ac( )a2>
¢l /ququizlw < ¢ 2. v ac(¢)wr a

AERF

_ il 1 (@ v+ wpv a? )
=i [ (PTE) Z o ()

AERRF

[S

—r r 1 2
wp v+ wpv” a‘v )dv

— v@;w( T alQwr

acCkp

_ i L (L e wE
- [ e (G- 2)5) @

aAERR

1
— g3 Z 1 ! L= wzF a21} + w%r v ) | dv
acrp V€ ac(¢) CUF Wk

Write i = 2m + 1 with m > 1, v = b(1 +w) with b € o /(1 +piith) and w € pj**. For

the integral being non-zero, we need

(1 - wima®)b—wib ' epll & b—wi'b ! € p.
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The only possibility is 7 = 0, and we must have b = b~! mod pE, in which case

1
Z—— Z 1 1— w% a2v n w%rv_l d’U
aCrp onF ac(¢) Wk Wg

o o 1 [(b+bt e
AR DR BD DR D D ¢1<ac<g)<m—aw_p>>'

OSRE | Lpp /e T e /e

As m > 1, the summation over a is independent of b, hence it is

ot 2 () 2 ()

(J,EK/F 1+p%n/1+pm+1

e ]

aAERF _1+p£‘n/1+pm+1

Write b = 1 4+ u with u € pi/pi* ™!, then we have

> )@z (©)

bel+pm /14+ppt? uepy /pp

() 2 ()

It is clear that
UEKF [ A2

hence, the original integral is still

a2 (v (@) (7))

The last case is when |[¢| = ¢~'. When i > 3, we have r = i — 1. At this time, we

have )
,
w _
‘ o<,
Wy
and '
1 w%‘laz
i > q,
Wg
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hence

1
q"*% Z Pt ! 1= w% a2v + w%r -1 dv = 0.
a€kp veoy CLC(C) wF w%‘

So the only case left is when i = 1. Make a change of variable that z = ¢ ~'u, we have

e A e R

_ Ll 1 f(utu" ua
-l /w@wa ( ¢ )Z¢<ac<<>m> du

AERF

Write u = b(1 4 v) with b € o5;/1 + pr and v € pp, then we have

o1 <u+<u‘1>¢(%> :¢_1<b(1—i—v)—|—b_1(1<—v)—b(1+v)a2)

w_l(b+lfé—lm2>'¢_1<b—b_;—bé3%>

-1 b+b1—ba2>
()

Therefore,

SR, . u—l—u‘l) ( ua? >
3 /w < ) E o (i)
) 1 _ 7.2
St Y e ()

b€01>;\< /I—HJF ACKF

Then we claim first for o = £2,
#{(a € rr,bERE) [ b+b ' —ba® =a} =2¢— 3.

Indeed, for a = 2, this is equivalent to count the pairs (a,b) such that a? = (1 — b 1)?,
so there are totally 2(¢ — 1 — 1) + 1 = 2¢ — 3 pairs. Similarly fora # 2.

For a # +2, we claim

#{(aGF\ZF,bGK,{;)|b—|—b_1—ba2:a}:q_3'

In fact, when o — 4 is a square, it is known that there are 4 elements in kg such

that 22 — az + 1 is a square, hence ther number of pairs (a,b) is

1
2(25——1—2>+2:q—&
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When a? — 4 is not a square, it is also known that there are 2~ ° clements in Kg such

that 22 — az + 1 is a square, hence, the total number is

qg—1
2(1=—-1)=¢-3.
(1)~
Therefore,

1 -1 _ 2
e D D R T (—b+b< ba)

bEoy /1+pp CERF
_1 2 -2
=it (v () +¢(2)):

Lemma 2.7.4. When |(| > 1, we have

/ (W ((C 0)) oy () o (v0)y ™ () du = (G, B)ICI 2 (L + ¢ 7).
N 0 ¢

Proof. When |(| > 1, according to the above Lemma 2.7.1, there is some k large enough
such that we have

[ ot <<g €°1>> wo () Po(v0) ™ (u) du

2n+1

=7(¢¥)¢ 2 ( P (u) w(u22)dzdu—|—/
|[ul<1 z€op

1<|u|<qk

7/)_1(u)|u|_"/ ¢(uz2)dzdu).

It is clear that

/ T/J_I(U)/ P(uz®)dzdu = 1.
[ul<1 z€op

Now, let us consider the integral
[l [ e dzdu
lul=q* oF
where 0 < ¢ < k. If 7 is even, we know

/ ¢_1(u)|u]_"/ P(uz?)dzdu =0
lul=q¢" oF



due to Lemma 2.7.2. When 7 is odd, according to Lemma 2.7.2 again, we have

/|u:qi v (@l / Y(uz?) dz du

:/M 1 (w)ju| g Hul~ 2Z¢( )du

AERF

_ goilnrd Z/ w(1— a?wic 1)) du.
[ul=¢*

AERF

Ifi >3, |1 — a®wl | = 1, then

/|u|qi P ( (1 — aQw% 1)) du=0

for all @ € kp. If i = 1, then

/|u|:qz- o ()] / o) ds

'Y [ - a?)du

ackp  1Ul=4

! { o+ > } ¢ (u(1 — @) du
a=*1 aexp\{£1} [ul=q
=q "2 1)+ (¢ —2)(-1))

=4q

Therefore,

[S

= ¢+ g7,

Combine Lemma 2.7.3 and Lemma 2.7.4, we have

Proposition 2.7.5.

0 ¢ ¢

T(Z(res(Dy))) ((C 0 >> 7((’1@{ ’C’_%< B ( )?i—<%)) for [l <qs

g™ for |¢|>1.
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: < N P(uz?) dzdu—l—/ w_l(u)|u]_"/ ¢(u22)dzdu>
Ju|<1 ZEoR 1<|ul<qk oF



Next let us compute ToT (fL(Std n-1)L(std 1)) It is clear that
’ 2 72
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vol-| (fL(Std,n—%)L(Std,%) <<0 ?))) O=0-a) 1= (1-g")"

A =g ) — "1 —g72) for ¢ <1

—q " 4" for €] =g

(1—q¢" 1 Jiz2—ie-1 1 (atf + :1:_1) dz for [£] > q.
|z|2=[¢]

To calculate its Fourier transform, observe that the Kloosterman integrals are related

1
to the Fourier transform of 1o, ()~ (—):
x

Lemma 2.7.6.

, l—qt—q? for |yl<1
o (100 (3)) ) - =g for =
f|l,|2:|y|_1 Pt (% + xy) dz  for |y|>q.

Proof. Since 1o, ()" <l> € LY(F) N L%(F), we have

T

1 1
Fo (1@ (1)) )= [ 1w (1) 07 e
:/ 1 (% +my> dz.
When |y| < 1, we have ¢~ 1(zy) = 1 for all € of, hence
a1 a1 _ —2,,—1
/UF¢ (x +xy) dz /OFz,b (x) dz /|$|21 |x| ¢y (x) dx

= dz -2 —(z)dz
/Iafll o /leqw @)
=(1—gH+q?-(-1)

When |y| = ¢, then ¥~ (zy) =1 for all |x| < ¢!, hence

/ P! (l + xy) dr = v zy) dx—i—/ Pt <1> dx
op z |z|=1 |z|]<q~1 x

=—q¢ '+ v ()2 Pde = —¢ = g2
|z|>q

When |y| > g, it follows from, for example, the last paragraph in [Sak13a, Section 5].

O



Lemma 2.7.7.

-0
Fy-1ocvo|-|| fr(stds))L(Stdss) 01 (z)

o o )+ 1 for |z < g7l
— (1 — 2\—1 1— n\—1 T
G = {|x|”<1+q"> for |z > 1.

Proof. From Lemma 2.7.6,

(1—¢?A—¢"H1=qg ") o] (fL(Std,sl)L(Std,sg) ((0 ?))) &)
~ = E (eOu (1)) @

P =g ) 42 g 1= for [ <
_ _qfnfl + q,1 4 q*2 — q"i2 for ’f‘ =q;
0 for ¢ >q.

Now, let us first compute the Fourier transform of
€)= (IE =g ) 472+ g7 = 1= ¢"2) 1 (6).
By definition, when |z| < 1,
P (@) = [ fi©)w(ean) de

= Alq (Iél"‘l(l R B R B R q”‘Q) d¢

o0
= > A A=) g P g -1 g
|€l=¢~",i=0
=(1-¢H0+g " +q +q¢ —1-¢""

— _q—n—l + q—n + q—2 . qn—2.

When |z| > 1,

Foma (@) = [ fi€)w(en)dg

= + n—ll_ —2n)+_2+ _1_1_ n—2 d
{/msml /|§||x|1q} <|§| (1= +q " +q q )w(&?) 3
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Write |z| = ¢* with k > 0, then

/ (I&I"‘l(l — g4 q g -1 q”_z) Y(Ex)dE
€] <]~

o0
=(1-q¢?) > Ve A—g )+l e g - 1-¢" )
|§l=q~*,i=k

=lz|"A+¢ ™A —g )+ ]z (g P+g =1 ¢"?).

And

hence

Fys(1)(@) = e (0" — g7+ 1 ")
— (14 (1 - ).

To summarize,

—q " g g =g for 2] < L
lz|7"(1+ ¢~ ™)(1 — ¢ 1) for |z| > 1.

Fy-1(f1)(z) = {
Next set

—n—1 —1 —2 n—2
—q +q 7 +qg 7 —q for [£] =gq;
f2(f) = {

0 for |¢ #q.
When |z| < ¢!, we have
For ()@ = [ (g™ g g = (e dg
|€1=q

=(@- (¢ " T +qgt+qg?-q¢"?
— q—n—l _ q—n _ q—2 14+ qn—2 _ qn—l‘

When |z| > 1, F,,-1(f2)(z) # 0 only when |z| = 1, in which case

Fy-1(fo)(@)=q¢ "' —qg ' —qg 2 +¢" 2



101

Therefore,

g g =g P+ 1+ =g for x| <gq7h
Fy-1(f2)(z) = ¢ =gt " for o] =1
0 for |z|>1.

Combine them together, and we have

1—¢" ! for |z|<q %
Fy-1(f1 + f2)(z) = ¢ "1 —g*h) for [z[=1;
lz|7"(1+ ¢~ ™)(1 — ¢"1) for |z| > 1.

-0
Fy-10t0]-] (fL(Std,sl)L(Std,sg) <<0 1))) (z)

P +1 for ol < gk
= (1 - q—2)—1(1 —qg ™! 1+q ™ for |z|]=1;
lz|~™(1+q™") for |z|>1.

Therefore,

O
Proposition 2.7.8.
- -0
ToT | fr(stds:)L(Std,ss) 01 (z)
_1 _ 2 2 —1.
= (1 _ q—2)—1(1 _ q—n)—l |$| 2 (1/} ! (52 +9 (E)) for |'1"| <q 1’
[Z|7""2(1+q7") for |x[=1.
Proof. This is according to Proposition 2.3.16 and Lemma 2.7.7. O

Finally, let LY be the basic measure on X x X / SOg,,4+1 = Al, then the image of @
to S(X) is

r(n) -
e (2n) Lx.

Combine Proposition 2.7.5 and Proposition 2.7.8, we have

(14+¢")Lo =
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Theorem 2.7.9. Let Lo € §(SO2,\SO2,11/S02,) be the push-forward of 1x (o) dz ®

1X(op) dz, then we have

qdimX CF (2’0)

X () @) () G2 Mot ) (s 4):

T =

2.7.2 Comparison between A\PGL,/(N,v) and (N,v)\PGLy/(N, )

Let A be the maximal torus of PGL9 consisting of diagonal matrices. For any s € C,

write L4 for the line bundle on A\PGLy induced by the unramified character

Ay - C*: <a 1) — |al®.

Write C°(A\PGLq, £L;) be the Schwartz sections of Ls, which can be trivialized as
functions ¥ on PGLs satisfying

()

with compact support module A. Take ¥? to be the basic function such that its support
is A; - PGLy(op) and satisfying

v, <<“ 1) k) — laf*, ¥ (a 1) € A and k € PGLy(op).

Consider the unfolding map

Uw : C(C)O(Al\PGLQ,ﬁs) — COO(N,w\PGLQ)

U (PGLQ Bgv—>/F\IJ <<1 ?) g) wl(n)dn).

Note that A\PGLy can be identified with the line bundle O(2) over B\PGLy = P!, and
N\PGLs is then identified with the open PGLy-orbit consisting of non-zero sections in
the total space of the dual bundle O(—2) in the usual way, or see [Sakl3a]. For any
s € C, let Ly be the following line bundle over O(—2):

]L;p =L® £¢.
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Here the line bundle £ is the Whittaker bundle over N\PGLy, and the sections of
the other line bundle £;, are the smooth functions over N\PGLj, and in any small
neighborhood of the boundary (p,0) € O(—2), where p € P! and 0 means the zero
cotangent vector at p, the sections are of the form |a|**1®(q, a) for some smooth function
® near (p,0). Then according to [SV 17, Section 9.5, (9.17)], the unfolding map U gives

an isomorphism between the Schwartz sections
F(A1\PGLy, £5) = F(O(-2),LY).
Lemma 2.7.10. Let V3 be the basic function of C2°(A1\PGLa, Ls), then

Uy (¥5) = O (stdstd)
Proof. See [Sakl3a, Lemma 5.5]. O

Note that F(A\PGL2) = F(A\PGLq, £Ly), which consists of usual Schwartz func-
tions on A\PGLy. While analogous results hold for the more general L, we restrict our

attention to the case Ly for the purposes of the present work.

Lemma 2.7.11. Let ¥y € F(A\PGL3) and Vs € ]:(N\PGLQ,IL’!_I), when £ € F, the

orbital integral
IS
Oc(V1 @ Wy) := / U, |w g | Ya(g)dg
PGL2 1

is absolutely convergent when Re(s) > —1. Write SL_(St S+l)(A\PGL2/N,w) to be the
space of measures on F of the form Og¢(¥q ® Wy)dE for \1112 € C°(A\PGL3) and ¥y €

C*(N\PGLy, LY ).

Remark 2.7.12. The subscript L-value signifies the use of non-standard test measures
derived from the Whittaker space. In the subsequent unfolding of C3°(A\PGLz2), a second
L (st, %) is contributed. Specifically, the reader should view the space

Sy (s 1) A\PGL2/N, ¥)

i relation to S;(St’%)L(St’H%)(N,z/J\PGL2/N,w), a comparison which constitues the

primary objective of this section.
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Proof. Using the Iwasawa decomposition, we have

(o 3] e

PGL; 1

B w 1 &4+n a 1y a al-1 nﬂ
_/FxFXxPGL2(oF)\I[1< < 1 >< 1) k>¢ ()\Ib(( 1) k>|| d |a A

Note that
&4n
() 0T
1 1 1

and since ¥, is a Schwartz function, for fixed &, there is some M > 0 such that ¥y # 0

only when [£ + n| < |a|M. As Vs is also a Schwartz section, we have

1 £ s _1da
/ w, (w g g dg < / lallal**Ya] 122 < 0o
PGL, 1 la|<1 |a

when Re(s) > —1.
U

On the other hand, let ®; € .F(O(—Q),Lg) and @9 € .7-"((’)(—2),]14;'/)71), for £ € FX,

Lemma 2.7.13. When Re(s) > 0, the orbital integral

O (P1 ® Do) := /PGL Py <W <§ 1) 9) ®2(g) dg,

1s absolutely convergent. Moreover, the twisted-push forward measure
O¢(®1 ® @2) dE

lies in Sl_/(st,s—i-%)L(st,%) (N, \PGL2/N, ).

Proof. According to the Iwasawa decomposition, we have

o () e
N T IR
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As @, is a Schwartz section, there is some M > 0 such that |a| < M and near 0 we have

(")) . s
S L G G G G [ B

when |n| < |a|, we have

w(()ECD0 ) (0 ))

for some k' € PGLy (o), then since @4 is a Schwartz section, there is some N > 0 such

—le-1
that |[a=1¢7! < N when @, ((a & 1) k') # 0, hence the integral is absolutely

convergent in this part. Moreover, it is clear that when & < UN

I = (L)) D))
FXXFxPGL2(op),|n|<|al| 1 1 1 1
Dy ((“ 1) k) b (n)]a| ! dn%r dk = 0.

When £ — 0o, we may first assume ®; and &4 are PGLy(op)-invariant without loss of

generality. Over the domain {(n,a) € F x F* | |n| < |a| < 1}, write

a—lé——l a 1
fe(n,a) = & (( 1)) @y (( 1)) lal
B a L for |a| > |€]71;
n.a) = la 1 |ag]
ge(n,a) = |al q)?(( 1>>{ 0 for |a| <&,
e=prra((* )

Then we have the pointwise convergence

and

where

lim (fe(n,a) - ge(n,a)) = 0

|§]—o0
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a
and | f¢(n, a)| < max ®1- Py << 1)) la| 71, |ge(n, a)| < C- @y << 1>> la|~%, both

of which are integrable when Re(s) > 0, hence by dominant convergence theorem,

da
lim / fe(n,a) — ge(n,a) | dn— = 0.
§—>00< FX xF,|a|<|a|<1 e(n.a) el )> |a|

As it is clear that there are some constants C7 and Cy such that

da _ e
/ ge(n. @) dn>2 = CyJ¢| ™ + Cale| =,
FX xF,|a|<|a|<1 |a|

and the integral of f¢(n,a) is a linear combination of complex powers of |£|, this yields

the required asymptotic expansion near oo.

When |n| > |a|, note that

S [ Y G AN [

then

:/ P! <n+i>q>1 e ! )
FxFX xPGLa(0p)|n|>]al né 1/ \1 —an~ ') \1
(" ) k) an 2% .

1 |a|

For fixed £, when Re(s) > 0,

_Lz 1 —1 a
oY) &n L k| ®s k
1 1 —an™ 1 1
—2 s+2 -1 da
<</ / s 1dn+/ , Inl™ dn g fal a7
la|<1 a<|n|<|al2 |n|>]al2 |a|

_ s d
<</ (14 la| a2 < oo
la|<1 ‘ ‘

/F><F>< XPGL2(op)|n|>]al
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when Re(s) > 0.
When [|{| — 0, make a change of variable that n = %, then the integral over w is

non-zero if and only if |u|? = |¢], in which case the integral, up to a constant, is

/ U (9 + ul) du - €]~
jul2=le] £

When ¢ — oo, the expected asymptotic behavior follows from a similar argument
using the dominant convergence theorem as above.

O

Before proceeding to the analysis of the transfer operator between

)L(st )(N, w\PGLQ/Na ¢);

1 1
(stys+3 '3

S—

L(st,s+3) (A\PGL2/N,¢) and SL—

we have the following lemma, which is analogous to [Salkl3a, Proposition 2.10].

Lemma 2.7.14. Let ¥;,Uy € C°(F). Write
_ e da
OLW © %)= [ ot Wa(a” 6 ¥ala)
and
9 da
Og(\Ifl, \IJQ) = \Ill(ga)\llg(a)m
FX
Write S(A2/(GY.,|-|)) for the space of measures on F of the form Og(\Ill ® Ws)dE and
S(A2/G5) for the space of measures on F of the form Og(\lll ® Wy)d¢. Then we have
the following commutative diagram

C2(F) @ C2(F) —25 ¢ (F) @ € (F)

lo?(-) lo'l(') :
S(A2/G) —F— S(A2/(GY,|-])
where
g = |~|—IOLOF,¢)

Proof. Let h(€) € C.(F) be a test function on F, then we have

LO%(F¢(@1)®Q2)h(£)d£

= [ o€ B e h©) e
U |al

:/FX/FMM(%)(S)%(“)W@ 1 i

lal ag?|
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According to the Plancherel formula for the Fourier transform,

/F]Fw(\lﬁ)(é)h(a‘lf‘l)\ﬁl1d§:Lwl(é)Fw—l(h(a‘l(-)‘l)\-I‘l)(f)dé“-
Note that

Fyor (h(a ()] [7)(€) = /F h(a~ e Y)le| 1 (a€) da
:/Fh(ﬂc_l)|x|_1¢ (z€a™!) da
—Fyo|-[Louh)(a ),

hence

[ OkEL () o o)

- / / W1 (€ U(a)Fyr o] [T or()(Ea 1) e de
o a

= /FX U1(€a)Va(a)Fy-10|-|7Lo L(h)(f)%‘ldg

B /Foém ® Wo)Fym o[- [ Lo u(R)(€) d

_ / |7V 0 1o Ty (O2 (W) ® Wy))(€)A(E) dE.

O

Proposition 2.7.15. Let s € C such that Re(s) > 0, then we have a commutative
diagram

C°(A\PGLy) @ C2(0(-2), LY ) 2255 €2(0(~2), L) & €(0(~2), LY )

J | ’

S1(onrd) A1\POL2/(N.9)) ——— 8,y 1) (N 9\PGLy/N,0)
with U given by the following formula on A':
|-|Ttovo Fy.

Proof. Let Wy € C°(A\PGL,) and Uy € C(O(=2),LY '), for a € F* and g € PGLy,

write
G- [ ((* 7)) s
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and ¥s(a,g) := Uy <<a 1) g). Then for £ € F*, we have

Oc(Uy (V1) @ Wg) = /PGL Uy (V1) (W (5 1) g) WUs(g)dg

Lol )

Uy (¥1) <W <a§ 1) 9) = |ag| " (a7 g),

Note that

hence
Oc(Uu(U) ¥2) = [ [ Jag (¢ g)Wa(a9) d.
A\PGLy JA
According to the above lemma,

/A a€ |7 Ty (a6 ) Wa(g) = |- | L o 1o Fy(f)(Er9)

where
1 ¢ a
o= [ Yot o)
A 1 1
and hence
Og(Uy (¥1), ¥3) = | |7 00 0 Fy(O.(T1 @ W3)).

O

2.7.3 Comparison between A\PGL,/(N,) and (N, v)\Mp,/(N, 1)

The results of this section are due to [Jac87]. We present them here for the reader’s

convenience and to clarify the notation used throughout the paper.

Let us first recall the isomorphism

X : H(PGLy, PGLy(op)) = H(Mpy, K')
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as fixed in [Jac87, Section 2|. Let s € C, and consider the genuine character of the

(* L))o

and consider the induced representation I(x(s)) of Mpy by left shift on the space of

abelian subgroup of Mp,

functions ® such that

o <g <<a a_1> 6)) = la|"v(a, )" Hal*e@(g).

Then the isomorphism X is such that for any h € H(PGLs, PGLy(or)), the action of
h on the unramified vector in I(x(s)) and A(h) on the unramified vector in I(x(s))

are the same. Moreover, for any m > 0, let h,, be the characteristic function on

PGL; (o) <w 1) PGLs(op), then A(hm)(g) = |a|2v(a, ¥)e if

e

with the valuation of a is m; A(hm)(g) = 0 is g is not of this form.
Let F(N,4\Mp,/N, 1) be the space of functions on F* of the form

a FXF<I><<1 T)w(a a_1> <1 ?))w_l(:v—i—y)da:dyzog(@)

where ® is a smooth function of compact support on Mp,. Similarly let

m

F(A\PGLy/N, )

be the space of orbital integrals

Foyw— of (° Ly \4 b w_l(x)@d:c.
FX xF 1 1 1 |al

Proposition 2.7.16. For any h € H(PGL2, PGL2(0r)), we have

Oa(A(R)) = |al™"*~(a, )¢ (—) Oua(h) =: J(O.(h))(a)
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Proof. See [Jac87, Section §]. O

Remark 2.7.17. In terms of measures, we should multiply by |a|% instead of |a|_%.

And as a result, the diagram 2.11 is a commutative diagram.

2.7.4 Comparison between SO, \SO2,1/S02, and (N, ¢)\Mp,/(N, )

Lemma 2.7.18. Let
X? ={v e X |By(v,e1) # 0}.
Then vy € X° and X° is an open B-orbit in X.

Proof. Same as Lemma 2.4.4. O

Corollary 2.7.19. P(X) is the mazimal proper parabolic subgroup fixing the isotropic
flag

(e1).
Then under the above basis {e1, - ,en, fn, -+, f1}, the Levi L(X) of P(X) is
t
L(X) = g |t € Gm,g € S0(vy) p =Gy x SO(vy),
1
and hence
t
i tn n_31, n_>5 1
Ox) 1 = [to|" "2 [tg[" 2 - [tn]2.

ot
Moreover, the quotient map A — Ax = G, is given by

ty

t—l — 1.

!
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Then after the Satake transform, C[AV]We — C[AY]WX is given by
Clas, -+, 2k Wsom — Clz%/?% : 21 v z, xj qj_"_% for2<j <n. (2.12)
Now consider the nilpotent cone ¥ := {v € V | By(v,v) = 0}.

Lemma 2.7.20.

0
2= 3| | lgesoW)

is an open dense SO(V)-orbit of 3.

Proof. Same as Lemma 2.4.6. O

Lemma 2.7.21. Let ® € F(Y)¥', and wy(h)®|s = 0 for all h € Mp,, then ® = 0.

Proof. The same argument as in Lemma 2.4.7, noting that cuspidal genuine represen-

tations of Mp, are not spherical according to [F'1<&6, Proposition 17]. O

Now let o € C be such that Re(o) > 1. Consider the following intertwining opera-

tors:

a
Zo: F(Y) — C*®(SOg, x Mpy) : ® — (g,h) — /qu/,(g, h)*1<1> O |a|‘7|%|l.

0

which is absolutely convergent.

Proposition 2.7.22. When Re(o) > 1,

(1) Let s = (s1,82, - ,5p) € X*(A) ®z C = C", write
ty
x(s): T—C: b 1 — ﬁ ||
n i=1

tt
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and I(x(s)) the correponding normalized induced representation of SOay,. Then Z,

3 5

factors through I(x(n—3—o,n—3,n—3,--- %))@T(X(U—n+%)) as representations

of SOa,, x Mp,.

(2) Write K for the mazimal compact subgroup of SO(V) fizing the standard lattice

02" under the ordered basis {e1, -+, en, W, fn, -+, f1}. Let
Ax : H(SO(V),K) — H(Mp,, K')

be the morphism of the Hecke algebra corresponding to the above. Let ®q be the

characteristic function of V(or), then we have
wy (f*)Po = wy (Ax(f)) Po.
for all f € H(SO(V),K).
Proof. (1) is simply a matter of computing the effect of A x T on Z,, noting that
Yt 1) "I, (—1)"2) = (¢, 9)

(2) is totally the same as in the previous sections. O

2.7.5 Comparison between (N,1)\PGLy/(N,%) and SO, \SOs,+1/S02,

Lemma 2.7.23. Let hgyy,m be the Satake inverse of the symmetric m-th power in the
spherical Hecke algebra H(PGLg, PGLa(0F)), then

Q20)(9) = 5 > a7 [ Ky )n9)0 ™ () .

CF('”!) m=0

Proof. A first observation is that

Z qim(nié)hSymm = Z qun(hm + hm—2 + -+ )
m=0

m=0
_ i q—mn h
- _ ,—2n M
m:O1 q

According to [Jaci7, Lemma on Page 143], we have

/N A(hum) (n ( )) ¥ (n) dn = |a]27(a, V)1 g 1% (@),
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we have when |a| < 1,

0% J At <n ( )) ¥ (n)n

[oe)
=Y )
m=0
and 0 otherwise.
Also note that
a y(a.¥)la| "2 if o] < 1;
W) . Po(vo) = )
a 0 otherwise.
Then the Lemma follows. O

Remark 2.7.24. Formally,

(Do) = @L(n) /N *A(¢L(m 1)) (ng)v " (n) dn.

Theorem 2.7.25. Conjecture 2.1.5 is true for X of type By,.

Proof. Let us start with the basic function 1(N y)\PGLy(or) ® P}, L
any h € H(SO(V),K), we have

)L(st ), and for

st,n—

O¢ (1<N,w)\PGL2(oF) *AX(R): @ (st 1)L (st,2 )) =0 ((I)L(st,%) * Ax (h), (I)L(st,n—l)>

2

according to the commutativity of the Hecke algebra. Then, according to the unfolding,

O¢ (@L(st’%) « Ax (h), @L(Smn_%)) —U! ((9‘5 (1A\PGL2(UF) « Ax (), q)L(st,n—l))) .

2

According to the above lemma,

Oc (La\paor) * Mx (), Py

2
oo

Z —mn 05 1A\PGL2(0F) * Sat™ I(Sym ) * )\X(h), 1(N,1/))\PGL2(0F)) .

m=0

Then by Proposition 2.7.16,

O (1a\PaLa(op) * Sat™ (Sym™) x Ax (h), LN )\PGLa (or))
=171 (0 (X(Sat ! (Sym™)  Ax (k) ) .
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Since the orbital integral is absolutely convergent, combined with Lemma 2.7.23,

Z q ™" T (O¢ (1a\PGLa(op) * Sat ™ (Sym™) * Ax (), LN y)\PGLa(or)) )

m=0
= (r(2)Cr(n) /N wy (W (C 1) n) wip(A(Ax (1)) @0 ()¢~ (n) dn,

which is () )2
F F(N — o
T en) T 1S * h)

due to Proposition 2.7.22.



Chapter 3

Braverman-Kazhdan-Ngo

Proposal

3.1 Introduction

Let G be a split reductive algebraic group defined over a number field & and GV be
the Langlands dual group of G. For an irreducible finite-dimensional representation
(p,V,) of G¥(C) and an irreducible cuspidal automorphic representation 7 of G(A), R.
Langlands introduced in | | the automorphic L-function L(s,, p) associated with

(7, p) and proved that L(s, 7, p) can be defined as an Euler product of local L-factors

Ls,m,0) = [ Lols,mn)
velk|
when s € C with Re(s) sufficiently positive, where |k| is the set of all local places of
k, m = ®!m, (the restricted tensor product decomposition), and the local L-factors
L,(s,m,,p) can be defined through the local Langlands conjecture. It is well known
that the local L-factors are well-defined when v is archimedean or any finite local place
at which 7, is unramified. The Langlands conjecture predicts that L(s,m, p) admits a
meromorphic continuation to s € C and satisfies the standard global functional equa-
tion. One of the central problems in the theory of automorphic forms and in the Lang-

lands program is to prove the Langlands conjecture for general automorphic L-functions
L(s,m,p).

116
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The Langlands-Shahidi method and the Rankin-Selberg method have established
the Langlands conjecture for numerous cases. However, the general situation of the
Langlands conjecture remains largely open. Around the year 2000, A. Braverman and
D. Kazhdan ([BK00]) proposed a framework to establish the Langlands conjecture for
general L-functions L(s,, p) via local and global harmonic analysis on G, which gen-
eralizes the method of J. Tate’s thesis and the work of R. Godement and H. Jacquet to
the great generality. In the Braverman-Kazhdan proposal [31<00] and in its refinement

by B. C. Ngo in [Ngo20], the pair (G, p) should satisfy the following properties.

Definition 3.1.1 (Braverman-Kazhdan-Ngo Pair). Let G be a split reductive group
over a field of characteristic zero and let p : GV — GLy, be a representation of its dual

group. The pair (G, p) is a BKN pair if it satisfies the following conditions.
1. The kernel of p: GY — GLg, is trivial, where d, is the dimension of p.
2. There exists a character 0: G — Gy, such that the following exact sequence
1— Gy — G HLIN Gy —1
holds with Gy = [G, G| the derived group of G.
3. The derived group Go = [G, G] is simply connected.

4. The dual morphism 0V: G,, — GV composed with the given representation p is a
scalar multiplication of G, on the vector space V,, i.e., the identity p(d¥(a)) =
a-ly, holds for any a € G, (C) = C*.

Note that in Definition 3.1.1, we take any field of characteristic zero as the ground
field, which puts the notion in algebraic terms, and keep in mind that the notion of the
BKN pairs may have a connection to the Relative Langland Duality of D. Ben-Zvi, Y.
Sakellaridis and A. Venkatesh ([BZ5V21]).

The local conjecture in the Braverman-Kazhdan proposal for any local field F of
characteristic zero can be found in [Ngo20, Section 4] and [LN24, Section 2.1], which
we will also review in Section 3.2. The assumptions for a BKN pair are natural but
restrictive. For the Langlands conjecture on automorphic L-function, one may want to

consider the following general pairs (G, p).



118
Definition 3.1.2 (L-pair). Let G be a reductive group that splits over a number field k
and let p: GY — GLy, be a representation of its dual group. We say (G, p) is an L-pair
if the restriction of p to any essentially simple component of the derived group of G is

nontrivial.

In the context of the theory of L-functions, it is sufficient to restrict our attention

to the Braverman—Kazhdan—Ngo pairs due to the following Theorem in | ].

Theorem 3.1.3. Let F be a local field of characteristic zero, let G be a split reductive
F-group, and let (G, p) be an L-pair. Then there is a canonical BKN pair (G, p) attached
to (G, p) with the following property: Assume that the local Langlands correspondence
is known for G(F) and G(F). If  is an irreducible admissible representation of G(F),
then there is an irreducible admissible representation o of (N}(F) such that the local L-

factors and local e-factors:

L<S’ Tr?p) = L(S7 J?ﬁ/) and 6<87 W?p?w) = 6(870—7 ﬁ?w)
hold as meromorphic functions of s for all non-trivial characters ¢ : F' — C*.

Example 3.1.4. Let G = GL,, p = Std the standard representation of the dual group
GY = GL,, and 0 = det : GL,, — G, then one can check easily that (GL,,Std) is a

Braverman-Kazhdan-Ngo pair.

For more examples, we refer the reader to the recent work in [ ].

3.2 Local Theory: Non-standard Test Measures and

Fourier Transforms

Note that although the Braverman-Kazhdan proposal can be formulated for general
reductive groups defined over a number filed k, for the purpose of this thesis, we assume
that G is k-split.

The local conjecture in the Braverman-Kazhdan proposal for any local field F of
characteristic zero can be stated as follows. Some more detailed comments on this

conjecture can be found in | , Section 4] and | , Section 2.1].
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Conjecture 3.2.1 (Braverman-Kazhdan). Let F' be a local field of characteristic zero
and (G, p) be a Braverman—Kazhdan—Ngo pair. Let w be an irreducible admissible rep-
resentation of G(F), which is of the Casselman-Wallach type if F is archimedean. Then
the following statements hold.

1. Local Zeta Integral: There exists a Schwartz space S,(G(F)) with
CE(G(F)) € Sp(G(F)) € CF(G(F))

such that the local zeta integral
s+ np2—1

Z(s,0m,8) = /G  FDSORET dg, tor € C(r) and 6 € S,(GF)

converges absolutely for Re(s) sufficiently positive and admits a meromorphic con-
tinuation to s € C, where n, is the normalization as given in [Ngo20], C(r) is the
space of matriz coefficients of w, C*°(G(F)) is the space of smooth functions on

G(F) and CX°(G(F)) is its subspace of compactly supported functions.

2. Local L-Factor: The local zeta integrals Z(s,pr, @) are holomorphic multiples
of the local Langlands L-factor L(s,m,p). In the p-adic case, the space

I(m) ={Z(s,x,9) | px € C(7) and ¢ € S,(G(F))}

is a non-zero fractional ideal of Clq®,q~*] generated by L(s,m,p), where q is the

cadinarity of the residue field of F'. In the Archimedean case, for any vertical strip
Sap ={s€C|a<Re(s) <b}

with a < b, if p(s) € Cls| is such polynomials that p(s)L(s, 7, p) is bounded on
Sa,b, with small neighborhoods at the possible poles of the L-function L(s,m,p)
removed, then p(s)Z(s,or, ) are also bounded on S, yp, with small neighborhoods

at the possible poles of the L-function L(s, 7, p) removed, for any ¢, € C(m) and
¢ € Sp(G(F)).

3. Basic Function: There is a basic function L, € S,(G(F)) such that when 7 is

unramified with a normalized zonal spherical function ¢S € C(w), the identity

Z(s,¢5,1Lp) = L(s,m,p).
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4. Fourier Transform: There exists an invariant distribution Jg on G(F) with a

non-trivial additive character 1 of F such that the convolution operator
Fow(0)(9) = [2(g)] 7" (I7, x ¢")(g), with ¢ € S,(G(F)) and g € G(F)
defines a Fourier transform on S,(G(F)), which enjoys the following properties:
FpoLp) =Lp, FpyoF,y1 =1
Here 1 is the identity operator. And F,, extends to a unitary operator on
L2(G(F), dyg),

where d,(g) = [0(g)|" dg and ¢"(g) = ¢p(g~).

5. Local v-Factor: The local functional equation

Z(1=s,00, Fpup(9) = (5,7, 0,0)Z(s, 7, 0), for pr € C(m) and ¢ € S,(G(F)),

holds with the Langlands local y-factor v(s,m, p,%), as meromorphic functions in

seC.

Remark 3.2.2. Depending on the chosen convention, some authors formulate the p-
Fourier transform as a map from S,(G(F)) to S,v(G(F)), for example in [Sak25a]. The

two formulations are essentially equivalent.

Remark 3.2.3. The p-Schwartz function is expected to be connected with a reductive
monoid MP containing G as the open subset of invertible elements. The theory of re-
ducitve monoid over an algebraically closed field is developed in [Put58, Vin95, Ren05],
and an ezplicit construction over a non-algebraically closed field is given in [Ngo20]. For
a comparison of the theories, see also [JL.X20]. Over a non-Archimedean local field of
positive characteristic, the basic function LP was constructed in [BNS106]. In general, it

is expected that the p-Schwartz space can be constructed by nearby cycles in [BBFK2]].

Example 3.2.4. In the case where G is a torus, Conjecture 3.2.1 has been established
for arbitrary p. This result was first outlined in [Ngo20] and subsequently developed in
greater detail in [LN2]].
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Example 3.2.5. In the case G = GL,, and p = Std, Conjecture 3.2.1 was established
first by J. Tate in his famous thesis [Tal07] for the case n = 1 and was generalized by R.
Godement and H. Jacquet for general n in [G'J72, Jac09]. In this case, Ssta(GLy(F))
consists of all locally constant functions with compact support on Mat, (F), the n x n

matrices. The p-Fourier transform is the standard Fourier transform with Jitd(g) =

Y(tr(g))-

Example 3.2.6. In the case that G = Spy,, X G, and p = Std, the Conjecture 3.2.1 is

known over non-Archimedean local field based on [J1.72)]].

Example 3.2.7. The explicit construction of the Fourier kernel for the symmetric power
of GLa was recently established in [LN2/], which is particularly significant as it provides

a family of examples involving higher-dimensional representations.

Motivated by the global application of the trace formula, descending to test measures
for the Arthur-Selberg or the Kuznetsov trace formulae, the p-Fourier transform would

give rise to Hankel transforms
G G
Hp : Sp (a) — Sp\/ (a)

HP : SP(N7 w\G/N’ w) - SPV (Na w\G/Na 1/})

between non-standard test measures for the corresponding trace formula. Ideally, if

or

we could further prove a Poisson summation formula on the level of orbital integrals,
responsible for the Hankel transforms, that would give rise to functional equations of

the L-functions corresponding to p.

Remark 3.2.8. For the purpose of Hankel transforms, following [Sal19] it is easier to
work with half-densities, but one may also feel free to transfer densities with functions

and measures, see also [Sal10].

Example 3.2.9. If G = GL, and p = Std, the Hankel transform is calculated by H.
Jacquet [Jac03]. Let N be the strictly upper triangula matrices in GLy,, A the universal
Cartan of GL,,, identified with the maximal torus consisting of all diagonal matrices,
embedded in N\GL,, /N via t — [wt], where w is the anti-diagonal matriz whose entries

on the anti-diagonal are all 1.
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Theorem 3.2.10 ([Jac03, Sakl19]). We have a commutative diagram

D(Mat,,) s D(MatY)

| |

DE(Std,%)(NﬂP\G/NaW o D, L(Std, 1)(N , V\G/N, 1)

and Hsiq 1s given by the following formula

e ]l}(_e_anfl) o _eV 1,

ni g

Hstd:ffvlow(_ )Ofwv
€153 €2,

102

M|>—\

where € is the cocharacter of the i-th coordinate of the torus of diagonal elements and
the factor ¥(—e=%) denotes multiplication by ¢ composed with the minus of the value

of the indicated root.

Example 3.2.11. When G = PGLyxG,, and p = Sym?. Let A\, \J and \Y. be the three
1

weights of p, where XY is dominant and XY is anti-dominant. Let N := {( :) }

We have the following Hankel transform calculated by Y. Sakellaridis in [Sak22D).

Theorem 3.2.12 ([Sak22b]). The Hankel transform

Hgym? :DZ(Sym2’%>(N,¢\G/N,zp) — D;((S v %)(N ,\G/N, )
is given by the formula

HSym2 - )\(77<2_4,w)_1f_/\¥7% o) (51_4472 o 77(2_4 9] .7:_/\(\)/7% o 7742_4 o ‘F—/\\ié’

where ¢ denotes coordinate on N\SLy J/ N, np is the quadratic character associated to
the quadratic field extension F(\/B), and b4 18 the operator of multiplicative translation
by a under the Gy,-action on N\G // N.

For more details, see [Sak22b].

Remark 3.2.13. As noted in [Sal25a], a remarkable feature of these formulae is that,
despite the non-abelian nature of the L-functions involved, they are expressed through a
combination of abelian Fourier transforms and specific correction factors. This structure

mirrors the transfer operators in Chapter 2. By decomposing local Hankel transforms
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into compositions of classical Fourier transforms with appropriate correction factors,
it becomes feasible to derive the Poisson summation formula without explicit reference
to the upstairs space. Once the Poisson summation formula is established at the level
of orbital integrals, it can be integrated into the trace formula to derive the functional
equation of automorphic L-functions, which is the key point of the remaining part of the

thesis.

3.2.1 Orbital Integrals and Hankel Transforms for Standard
L-functions of GL,

In this section, we analyze the properties of local orbital integrals and the Hankel
transforms associated with standard L-functions of G = GLy. We demonstrate how the
explicit formula for the Hankel transform serves as a local-to-global bridge, providing

the necessary irregular distributions to establish the global Poisson summation formula.

Definition 3.2.14. Denote D(Matsg) the pull-back of Shcwartz half-densities on Mats
to GLo via the natural embedding g — g. Note that a Schwartz half-density on Maty is
of the form <1>($)(d+.r)%, where ®(z) is a usual Schwartz function on Maty and dtz

is an additive Haar measure on Maty. Then its pull-back to GLg is | det g|<I>(g)(dg)%,
+

g
| det g|?
we will not distinguish the Schwartz half-density on Mato and its pull-back to G.

where dg = 1s the induced Haar measure on G. When there is no confusion,

Remark 3.2.15. Here we consider the natural action of G x G on both G and Mats by

x-(glv 92) = 91_11‘927

for x € G or Maty and (g1,92) € G. Later, we will consider another embedding of G

into Mats via the inverse map and modify the G-action.

Definition 3.2.16. For a smooth half-density \Il(g)(dg)% on G, we define its twisted
push-forward to the open subset T of € as

t1 0
where for t = ! ,0(t) =
0 to

(’);f’(\p) = / U (nywtng)h ™ (n1ng) dny dng,
NxN

52 (1O} (W)(dt)?,

to
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and dt is the Haar measure on the torus T such that

/\P(g)dg:/é(t)(’)};ﬂv(\ll)dt, (3.1)
G T

whenever this integral converges.

Remark 3.2.17. In the following, we fix an additive character v : F — C, and choose

the Haar measure on Maty to be dTx := dxyy dzis doy doogs for o = (mn $12> with
T21 T22
each dx;; being the self-dual Haar measure on the additive group F with respect to 1.
dtyg
|det g2~
dual Haar measure with respect to 1. Once all of these measures are chosen, the Haar

Then we choose dg := We also choose the Haar measure on N to be the self-

measure dt on the torus T is the one such that the integration formula (3.1) holds.

Using these choices, when 1 is unramified, we have 1dt = m Note that
T(op) -4
the normalization in (2.4) is such that the volume of G(or) = 1, but here we have

1
R et
hence (2.4) is compatible with (3.1).
Definition 3.2.18. The image of the twisted push-forward of D(Maty) is denoted by
D} gy (N VAG/N, ).
More explicitly, for ® € F(Maty), the twisted push-forward of | det g\@(g)(dg)% to T is
| det ¢[62 (£)OY (D)( dt)z.
Definition 3.2.19. We define the basic vector f° to be the twisted push-forward of
Iata(op) () (dT2)2,
where Intaty (o) 95 the characteristic function of Mata(of).

Proposition 3.2.20. The restriction of f° to T(op) is (dt)% in the case that v is

unramified.
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Proof. Note that we have

1 0 to 1 no _ tiny tining + to
0 1)\tz 0/\o 1 t ting '

So in the case that t1,t2 € 0},

(1 n1> (0 t2) (1 ?12) EMa,tg(OF)
0 1 t1 0 0 1

if and only if ni,ne € op. So we have in(lMaw( y) = 1 under the above conditions

o

when ¢t € T(op). Note that |dett| = 5%(75) = 1 as well in such a case, so f°|1(,) =
(dt)2. O

Proposition 3.2.21. Let f € D;(Std l)(N,@ZJ\G/N,w), then for fized t1 # 0,
2

f(t,)
| det |62 (t)(dt)2

is of Schwartz type when ta — 00, and can be extended across 0 smoothly. The extended
t
function on F is a usual Schwartz function on F', where t = (01 ) . Moreover, when
to

F is non-Archimedean and t; € 0;,

fo(t,)
| det ¢|02 (t)( dt)?

- 10F(')'

Proof. Assume f is the twisted push-forward of ®(z)( d+a:)%, where & € F(Mats), then

S
| det ¢|02 (t)( dt)?

1 0 ¢t 1
— / b " 2 2 ’Lﬁ_l(nl + ng) dny dns.
FxF 0 1 t1 O 0 1
Note that
1 m 0 to 1 no _ tint tining + to
o 1)\t o/\o 1 t t1ms ’

(t1,t2)
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for fixed t; € F*, since the function ® is of Schwartz type on Mate, by looking at the
(1,2)-entry and the (2, 1)-entry, this integral can be bounded by an integrable function

that is independent of to, then by the dominant convergence theorem, we have

1 0 ¢ 1
/ o " ? ")) L (ny + ng) dny dng
FXF 0 1 t1 O 0 1
1 n 0 O 1 ng —1
— P P (n1 + 712) dnqidne, t9 — 0.
FxF 0 1 t1 O 0 1

When to — oo, when F' is non-Archimedean, when t1nq and t9no are both in some
compact set, to + t1ning — 00 as to — oo since t; € F* is fixed, which means this
integral is zero. The second claim is clear.

When F' is Archimedean, since for any differential operator with polynomial coeffi-
cient D, we have D® is still a Schwartz function, then by dominant convergence theorem

f(t1,-)

i - is a smooth function near 0. When ¢9 is near oo, since
| det t]0z(t)(dt)z

n1mn
/ ol (™ 2t
[n1]24|n2|2>>1 t1 no
o ni _ngbz + 1o
tq n2

f(tlv )
| det ¢152 (¢)(dt)2
Since again the derivatives of ® is still a Schwartz function, we see all the derivatives of
f(tlv )
| det |62 (t)(dt)2

f(tlv )
" | dett|82 (£)(dt)2

again we see

dni dny < 1.

and

/|n1|2+|712|2<<1

then

-N

nn
172 < [1+t|7V,

dni dng <

+ t2

1

< 1+t ™V,

are of rapid decay at oo, i.e. is a Schwatz function. O

Motivated by the Hankel transform calculated by [Jac03] and the global application,
let us introduce the following intermediate half-densities and normalized intermediate

functions:
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Definition 3.2.22. Let f € DZ(Std 1)(N,w\G/N,lb), we define its intermediate half-
3
density as

o = (=e) o F¥ o, 1 (),

-
0

t
where (—e™) is the multiplication (5
to

) 1) (—i—f) We define the normalized

intermediate function

t1 0
where t = .
0 to

Lemma 3.2.23. If we write f = |det t\éé(t)(’)t(@), then

Y 1
(pf(tlatQ) = |t1"¢ (_i—i) quyz(ozh.)(@)) (—5) ,

where Fy, o is the Fourier transform with respect to the second variable, which makes

f(tlatQ)

?
©

sense according to Proposition 3.2.21.

Proof. Write f = |t1|%]t2\%(’)g(t1,t2)(dt)% with & € F(Maty). Then we have

(Nt t2) = Fltr, tax )y () |z]2 d¥

1
2 FX

:/ (4113 [ta |5 O (b1, ta) (dt) 3 ()] ¥ d¥ .
F

Fv,
2

By making a change of variable x — ¢, L2, we get

1, t2)

FY ol
€2
dt)

— infffeal [ 04,20t ) o
F

TN o=

Proposition 3.2.24. For fized ty € F*, ps(-,t2) is of Schwartz type near oo, and
©07(0,t2) := lim @r(t1,t
1(0,12) = lim p(t, t2)

exists. So for fived to € F*, (-, t2) is a Schwartz function on F. Moreover, when

ty € op and ¢ is unramified,

@f"(‘?tQ) - 10F(')'
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Proof. Let us expand Ogy then sz(ozl,.)@)) (_%) 18

t +t
/ / P e Y (ny + ng) dny dng - ¥ (t5 'x) da.
FJFxF t ting

Let x + t1ning — z, t1n1 — ny and t1ny — no, we have the above is

t —
/ of [ @ ! <n1 + ng) " (J: 1 nlng) 112 dny dn da.
F3 t1 no t1 t1ta

Therefore we have

(f)(t1,t2)
dt)?
= |t1t2|_% / P " * ¢ E T/J —nl + 12 - e dx dn1 dn2 (33)
F3 t1 no to t1 t1to
14 ne 1
= ’t1t2|_% / F¢71F¢72(I) t + titz t2 l,b (—@> dng. (34)
F t1 n9 ty

Make a change of variable that no = t1t2z — to, then we have

(F)(t1,t2) . . _1 t
= |t1t2|§ / Fw 1F¢ 720 t2 P (— — tzz) dz.
dt)? Fo Y t1 titez — to t

)
Fry

(3.2)

NG

P
F,

NN

Therefore,

g ) = o _
Qr(tr,t2) = [to| | Fy1Fyo® ¥ (—t22) d.
F tl tthZ — tg

Then @¢(-,t2) is a Schwartz function of ¢; for fixed to € F*.

When F' is non-Archimedean, ¢t € 0* and v is unramified, we can choose
D11 = P1p = Pgy = Do = 1,
then we have

@ro(t1,t2) = Inato(op) (f1) /F Iats (o) (2) Intata (o) (F12)0 7 (2) dz = Lo, (t1).
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Let Maty be the dual space of Mats, which can be identified with Maty via the trace

1

pairing. But we embed G < Maty via the inverse map g + g~!, and the action is given

by X (g1,92) := g5 "X g1. Then G — Maty is G x G-equivariant.

Definition 3.2.25. Let D(Maty) be the pull-back of Schwartz half-densities of Maty to
G wvia the above embedding. In this case, for ® € S(Maty ), the pull-back of <I>(:E)(d;v)%
8

|det g1 (g")(dg)?.
We use D;(Stdv,%) (N, 9)\G/N, 1)) to be the image of the twisted push-forward of D(Maty )
to the open subset T of €. More explicitly, the twisted push-forward of

| det g| "' ®(g7")(dg)?
18

|dett|—15%(t)/ B((nywtng) ")~ (nyny) dny dng - (dt)? = | dett| 162 (H)OY, ", (®)(dt)?.

NxN wiw
Definition 3.2.26. We write f>V for the basic vector that is defined to be the twisted
push-forward of lMatQV(UF)(dsc)% € S(Maty).

Similar to the above case, we have

Proposition 3.2.27. The restriction of f>V to T(op) is (dt)% in the case that v is

unramified.

We also have the exact proofs of the parallel version of Proposition 3.2.21 and

Proposition 3.2.24.
Proposition 3.2.28. For fized to # 0,

F(()Ht2)
| det t| =162 (¢)(dt)2

t1 0
can be extended to a Schwartz function on F, where t = (01 ) .
to

Definition 3.2.29. Let f € D;

density as

(Sta l)(N,zp\G/N,q/;), we define its intermediate half-
2

Yop=yT (=) o Fy
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where =1 (—e™) is still the multiplication < > e (—i—f) We define the

@]
~
)

normalized intermediate function.

V
v P (t15t2)
Vipy 1= fl =
B1% (dt)2

t17 O
where t = .
0 to

Lemma 3.2.30. If we write f = |det t\_lcs%(t)(’)z;_llw(@), then

1

_ L + _
Vor(ti,ta) = [to| 1yt <—f> wal,z(ozi;l,,)(q’)) (—t1),

where Fy, o is the Fourier transform with respect to the second variable, which makes

sense according to Proposition 3.2.21.

Proof. The proof is the same as Lemma 3.2.23. O
Proposition 3.2.31. If we write f = |det t|_15%(t)(9;ﬁ:1w(<1>), then for fized t, € F*,
Vor(t, ()7

18 of Schwartz type on F'. In particular,
Vr(ti, 00) == tgnoovﬂw/f(thh)
ex1sts.
Proof. The proof is the same as Proposition 3.2.24. O

Consider the classical Fourier transform F(Mats) — F(Maty) on the space of ma-

trices:

where
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Then ® — ® is G x G-equivariant with respect to the G x G actions on Mats and Maty
that we defined in the previous section. This Fourier transform induces a Fourier trans-
form F on D(Maty) — D(Maty) : @(x)(dx)% — $(x)(dm)% This Fourier transform
descends to the level of orbital integrals, and we have a beautiful formula to describe it

on the level of orbital integrals.

Theorem 3.2.32 ([Jac03, Sak19]). We have a commutative diagram

D(Mat,) s D(Maty)

| |

Dy s,y N ONG/N ) —2 s Do (NAAG/N.9)

and Hsiq 1s given by the following formula
Hstd :]:wv 1 O¢(_6_a1)ofwv 1-
€12 €232
Remark 3.2.33. The calculation of this descent of the Fourier transform for general
GL,, first appeared in [Jac03, Theorem 1], and was written is the above form in [Sal19,
Theorem 8.1]. For the convenience of later reference and further comparison with the

notations in [Jac03], let us copy the proof of [Salk19, Theorem 8.1] here.

Proof. Let ® € F(Mats), recall that [Jac03] used the notation

Q(q), Qpil, t) = / @(tnltng)wfl(mng) dni dns
NxN

to denote the orbital integral. Note that 'n; = wtw, so we have Q(®,¢~1 : t) =

Or(wyo(t). And in [Jac03], the normalization is
@,y 1) = [1|QD, v 1 1),

so if we write f(¢) for the twisted push-forward of |det g|¢>(g)(dg)%, then we have
F(t) = |tita|2Q(L(w)®, 1 : £)(dt)2.

Since the Fourier transform of | det g|®(g)( dg)% is ®(x)( d:l?)% on Maty, whose pull-
back to G is |det g| 1 ®(g71)( dg)%. Then, its twisted push-forward is

| det t|_161/2(t)/ ®(nyw - wt w - no ) (nyng) dny dng - (dt)%,
NxN
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which is

l\)l»—‘

| det t|_15%(t)/ O (winiwt  wna)h(ning) dny dng - (dt)z,
NxN

~

and this is |t1t2|_%§(L( )@, z,b,wt_lw)(dt)%. Note that we have L(w)® = (L(w)®)"

using the notation of [Jac03]. Then we have

Flyow(-e o FL ()t t)

—ev 1
2

=7, ((bl,b2) 1) ( Z2> F, (f)(bl,b2)>

—_ev 1
102 1 2

= [ v (< 2) 7 (Dt

p1t1 —€2:3

= [ v (<2 [l o) ot )

/ / Ip1ip2|2 ¢( P14+ D2 — —) f(pit1, pata) d*pa d™py.
Fx JFx

Make use of the relation that f(t) = |t1t2|%§((w, D@, 1 t)(dt)%, we have the above
is

/ / |p1p2| ¥ <p1 +p2— —> |P1t1p2t2|29 ((w D@, ¢t <p1t1 0 ))
0 paty

: (dp1t1)% ( dpztz)5 d”pad”py

1 ta \ = _1 [pita 0 1 1

= 2 ——= 10 . doo dpq - 2 2
[ [l (mvr- 22 ((w,1)<1>,w ( ) m)) padps - ()} (dt)
p2 pad —1. [P 0 1 1
= |tata]” // ( 5‘171)9(( 1)@, v .<0 p)) dps dpy (dtr)¥ (dt)
—1
= |trt2] 720 ((L(w)<1>)v,w : (tzo t(_)1>> (dt)?
1

= Hswa(f),
where the last but two equality is [Jac03, Theorem 1]. U

Remark 3.2.34. Using the notation in Proposition 3.2.22, we have

Hsa(f) = F* ., 1 (oy).

1°2
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More explicitly, we have

%)(%f)(tm@ et [t () o
= [trta| "2 Fy1 (B7 (-, 1)) (_%) '

Also note that Hg&i = ]:jfi o H(—e M) o ]-"vaf , then for
272

f € D;(Stdv,%) (N7 w\G/Nv w)a

we have
_ -1
HStld(f) = va ;(V‘Pf)-

62,2

and

Hsta(f)
(dt)2

(t,12) = |t1t2|%/ Vor(ty,a ! (aty) da
F
= [t1ta] ZF g1 5 (Vepp(t1, ()™H)) ().

Let H := H(G, G(0)) be the spherical Hecke algebra, which acts on G(o)-invariant

functions on G by convolution:

hx flg) = /G h(zg)f(g)dg, h € H.g € C.

Then to isolate global spectrum in Section 3.4.5, we need the following fundamental

lemma for spherical Hecke algebra:

Proposition 3.2.35. Let ® be a Schwartz function on Mats, then for h € ‘H, we have
have

hx® = (h(-)| det-[2) x ®

as functions on G. In particular, if 1 is unramified, we have

ok Intata (o) = (A(-)] et -|?) x Lngaty (o)
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Proof.

—

h*@(x)—/ - hx®(y )w(tr(wal))der
/ / (yg~ ") ®(g) dge(tr(yz—")) dty
Matso
/Mt /h ®(gy) dgip(tr(ya")) dty
= [ ™) [ ety ) detg 2"y
G Matso
= [ g™ (ga)]detgl dg
= [ hag™)ldetag ™ Po(g) ds

—

In particular, if ¢ is unramified, we have 1pfag, (0) = Inat, (0), then

hox Izfata (o) = (A(-)| det +[*) % Ingaty o)
]

In the following, we will consider two types of irregular distributions on the space
of orbital integrals, which will contribute to the boundary terms in the global Poisson
summation formula.

Due to Proposition 3.2.21, we have the following definition

Definition 3.2.36. We define the first type irreqular distribution on

D, sy N VAG/N )

as the following:

lim f
£2-0 | det ¢0% (£)(dt)

t7 O
where t = ! .
0 to

We have a parallel version for the dual side D L(Sta, 1)(N, P\G/N,):

Oua(f)(t1) :==

(tl’tQ) f € Di(s,ﬁd )(N,ﬁﬁ\G/N,@b), ty € FX)
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Definition 3.2.37. We define the first type irreqular distribution on
D;(Stdv,%) (N7 Q[)\G/Nv ¢)

as the following:

\ = lim /
OurlNt2) = i e T o (an?

t1 0O
where t = .
0 to

We need the following easy lemma in Section 3.3.2:

(tlat2)7 f ED;(Stdv’%)(va\G/Naw)a t2 € an

Lemma 3.2.38. If the half-density is of the form Hga(f) for some

f € DL(Std,%)(Na ¢\G/N7 ¢)7

then we have

Ou1(Hswa(f))(t2) = [t2Fy1 (25 (-, £2))(0).

Proof. This follows from Remark 3.2.34 directly. O

Motived by Theorem 3.2.32 and Proposition 3.2.24, we have the following second

type irregular distributions

Definition 3.2.39. We define the second type irreqular distribution on

D;(Std,%) (Na w\G/Na 71[})

in the following way:
Ou2(f)(t2) == 05(0,t2),t2 € F.

To relate it to orbital integrals of the upstairs function, it turns out that it comes
from the central orbital integral. Let ®(z) be a Schwartz function on Matsy, and z € F*,

consider the orbital integral
da(z) == / (215 - n)p~(n) dn,
N

where the notation indicates that it is related to the function ¢ used in [Jac03]. We

have
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Proposition 3.2.40.

o (2) = 217?57 (0, ~2),

where f is the twisted push forward of ®(x)( dx)% and @y is the normalized intermediate
function of f defined in Definition 3.2.22.

Proof. Using the notations in [Jac03], ¢a(z) = Q((w,1)®,9~! : wz). According to

[Jac03, Proposition 4], ¢ (2) is a smooth function with compact support on F*, and is

L
bo(z) = \z|_3/FQ <((w, DB, 4 - ( ) 2)) dty.

1
Note that Q [ ((w, 1)®)", 0 : | - :M(ffl,—z)|t1|_%|z|g,sotheabove
0 t1 (dt)§

given by

integral is

Fﬁj}(g‘"% ~olt el Fan = [ ”Stdf (11, —2)lb=|~* dts.

According to Remark 3.2.34, we have
-1
Hsta(f)(t1, —2) = ]‘:Zv’%(SOf)(tla —2)
:/@(x,—z)¢(t;1x)dm-|t1|§|zy%(dt1)%(dz)é
F

= Fy1 (57)(—t7 L, —2)|ta] "2 |2| 3 (dtr) 2 (dz)3.

t\.’)l»—l

Therefore
Hsald) (1 )jty2 4 aty
Fo(dt)2
= /F Fya(F7) (—t7", )t 22 dty
= |2|257(0, —2)

according to the Fourier inversion formula since (-, z) is a Schwartz function on F' for
fixed z € F* due to Proposition 3.2.24.
O

We also have the counterpart for the dual space D L(Stdv- 1)(N, P\G/N, ).
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Definition 3.2.41. We define the second type irreqular distribution on

D;(Stdv,%) (N’ w\G/Na 1/})

in the following way:
Oa(f)(t1) = Vioy(t1,00), f €Dy, 1y (NY\G/N, ) 11 € F*.
2
Let ® € S(Maty), consider the corresponding integral
Voo(z) = / ®(27y - n)(n) dn,
N
we have

Proposition 3.2.42.

Voo (z) = |2|* - Vior(—271, 00),

where f is the twisted push forward of @(a:)(d*x)%, and Vft\;f is the normalized inter-
mediate function of f defined in Definition 3.2.29.

Proof. Using the notations in [Jac03], ¢g(z) = Q((w, 1)@, : wz). According to [Jac03,

Proposition 4] again, ¢4 (z) is a smooth function with compact support on F'*, and is

P (2) = IZ!?’/FQ (((w, @)Y, p" <_Z t2>> dts.

—2 0 -1
Note that (((w, De)Y, 7t ( ‘ )) = M(—z,tg)ﬁgr%pﬁ, so the above

given by

0 9 (dt)2
integral is

Hsalf) 1 [ Hsl
/F S )l dt2_/F o

~

)

(—2,t5 ) [taz ™" 2 dta. (3.5)

N

According to Remark 3.2.34, we have

Hu(N (=211 = Fy 1 Vep)(-2.13")

= / Vor(—z,a )Nty x) da - [to| 3 |2]2 (dt2)? (dz2)?
F

=Fy15("Gr(—2, ()™ (~t3 lt2] 2 |2[2 (dt2) 2 (d2)3.
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Therefore
H=L
/ sl 32
F (dt)z
= [ a0 B2 (7N el
= ‘Z‘2V90f<_z7 OO)
according to the Fourier inversion formula again. O

Let us conclude this section with another lemma that will be used in Section 3.3.2:

Lemma 3.2.43. Let f € DZ(Std

Oy o(Msta(f))(2) = |2[°Fy2(0(_.,(®))(0)

;)(N>¢\G/N, ), then we have

if f is the twisted push-forward of @(m)(d*’x)%
Proof. According to (3.5), in the case that f is the twisted push-forward of ®(z)( d*x)%,
we have
3., .1 1,3
OLp(Hsial /@) = [ | = 2l It Ou(=,ta)lto~H12l dta = 2B (O, (®))(0).
F

O

3.3 Global Theory: Poisson Summation Formulae

Returning to the framework of the Braverman-Kazhdan-Ng6 proposal, the primary
objective in utilizing the Kuznetsov trace formula is to establish the commutativity of

the following diagram

(N, \G /N, ) ——— 2y S, (N, 9\G/N, 3)

\/

This diagram illustrates the fundamental compatibility between the local Hankel trans-
forms and the global Poisson summation formula, which ultimately will yield the func-

tional equation for the associated L-functions.
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While the expression of KTF with a non-standard test may diverge, we can introduce

a parameter s to deform these measures, ensuring absolute convergence when Re(s) > 0.
A critical step in this process is utilizing the Poisson summation formula to provide
control of the KTF within the non-convergence region. By applying the Phragmen-
Lindel6f principle to obtain the full spectral decomposition, finally we should be able
to establish the functional equation of the associated L-functions. In the following, we

provide a detailed demonstration of this procedure for the case G = GLsy and p = Std.

Remark 3.3.1. Instead of using trace formula, D. Jiang and Z. Luo [JL.22, JL23] intro-
duced Schwartz spaces Sx(A*) C C*(AX) and m-Fourier transforms Fr . : Sz(AX) —
Sx(AX) with a non-trivial additive character ¥ of k\A, proved the associated Poisson
Summation Formula over A*, which is related to GL,, via the determinant map, based
on the Godement-Jacquet theory for the standard L-functions.

While the most effective approach for establishing analytic properties of L-functions
remains a subject of active debate, this framework has already yielded significant appli-
cations. In the adjoint work [J1.25] with D. Jiang, we compared the functional equation
given by Godement-Jacquet theory with the one from the Rankin-Selberg convolution,
and found that the local Fourier transforms associated with irreducible representations
are responsible for the Hankel transforms in the Voronoi Summation Formula. By using
the global Poisson Summation Formula, we re-proved the Voronoi Summation Formula
in [I'T'13]. For more details, see [J1.25].

In the following, let k be a global field, and for each place v of k, we set k, to be the
completion of k at v. Write 0, and w, for the ring of integers and a local uniformizer
if v is a finite place. Let A be the ring of adeles of k. We fix an adelic character
Y = @Y, : A/k — C. To emphasize the place v, we will use D(Maty,, ), D(Maty ),
DZ(Std,%)(NV’ U \Gy /Ny, ), DZ(Sth,%)<N”’ ¥, \G, /Ny, 1,) to denote the local spaces
that we defined in Section 3.2.1 when F' = k,. We will use fJ and 1oV to denote the
Ou2v

and Oy, , to denote the irregular distributions. We will also use Fy,,,Fy, ; to denote

basic vectors, and Hsiq,, to be the Hankel transform. We also use Oy1,, Oy ; ,,

the local Fourier transform with respect to 1, the partial Fourier transforms with the

i-th variable, and will use Fy, = @/, Fy, ,Fyia = ®),Fy, ; to denote their global versions.
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Definition 3.3.2. We define the global space of orbital integrals

D s1a,) (N(A), O\G(A)/N(8), ) = @D g 1y Ny 0\ G /No ),

where the restricted tensor product is taken with respect to the basic vectors f,. We
define

D} (suav, 1) (N(A), ¥AG(A)/N(A), )
in a stmilar way.

Remark 3.3.3. Thanks to Proposition 3.2.20, the restriction of fJ to T(o,) is (dt,,)%
for almost all v, then we can identify D;( (N(A), »\G(A)/N(A),v) as half-densities

on T(A).

Std, 3)

According to Proposition 3.2.35, we can define a global Hankel transform

HStd,A = ®/HStd,V : D;(Std,%) (N(A)7 w\G(A)/N(A)a ¢) — D;(Std\/,%) (N(A)v w\G(A)/N(A)a TP)

Now, we state the global Poisson summation formula on the level of orbital integrals.

Let f € D;(Std’%)(N(A),¢\G(A)/N(A),¢), we first define

Definition 3.3.4.

KTFL(Std,%)(f) = Z ! (t) + Z Ou1a(f)(t1) + Z Ou2,a(f)(t2),

teT(k) (dt) t1€kX to€kX

N[

where Oy 1 = @041 and Oy2p = ®,0y2,.

Similarly for f € D;(Stdv l)(N(A),1,[1\(}(1&)/N(A),11}), we define

KTFL(Sth,%)(f) = Z / (t) + Z Oy 1 a(f)(t2) + Z O aa(f)(t1),

ret(k) (dP) tack” trek”

N[

where O} | ) 1= ®, 0y 1, and Oy2a 1= @,0, 5 -
We need the following lemmas to guarantee the absolute convergence of the sums in

the above Definition 3.3.4.
Lemma 3.3.5. For
fe D;(Stdé)(N(A),w\G(A)/N(A),w) (resp. D;(Stdvé)(N(A),w\G(A)/N(A),w)),

we have
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1s absolutely convergent.

()Z

T (
tET( k) )2
(2) Z Ou1a(f)(t1) (resp. Z Ou’lA )(t2)) is absolutely convergent.
t1€kX to€kX
(3) Z Ou2a(f)(t2) (resp. Z Oy o4 (f)(t1)) is absolutely convergent.
to€kX t1€kX

Proof. We only prove the statements for f € D L(std.1 )(N(A),¢\G(A)/N(A),¢). Let
® be a Schwartz function on Mata(A) such that f is the twisted push-forward of
@(m)(dx)% Let us consider (1) and (2) together.

Note that we have

Z + Z Ou,l,A

7 (
teT(k) (dt)2 Py
t1 O
- Z / ® (nlw < 1 ) n2) P~ (nin2) dny dns
t1€kX tack N(A)xN(A) 0 o
ting ¢ ¢
< Y [ IR ) | PP,
trekx ok ¥ N(A)XN(A) t1 ting

We may assume P is positive and applying the Poisson summation formula, we have

tiny  tining + o tin1  t2
> o =) Fysd W (titaning),
ta€k t1 t1ng tock 1 ting

which is bounded by
t t
tl tlng

Therefore, (1) and (2) are proved.

D

to€k

As for (3), according to Proposition 3.2.40, we have

/ (215 - )~ (n)dn
N(A)

Z/ (7))

z€kX

dn,

which converges absolutely.
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Then we have the following Poisson summation formula

Theorem 3.3.6. For f € DL(Stdé)(N(A),IZJ\G(A)/N(A),I/J), we have
KTFL(Std,%) (f) = KTFL(Sth,%) (Hsta,a(f))-

3.3.1 Poisson Summation Formula for Standard L-functions of GLs:
An Indirect Proof

In this section, we give an indirect proof of the Poisson summation formula, which is
based on the classical Poisson summation formula on the upstairs spaces Mat(A) and
Mat"(A). The more important thing in the view of this paper is the direct proof from
the next section, and this section can be viewed as a double-check that Theorem 3.3.6
coincides with the classical one. The reader may also skip this section and move to the

next section.

proof of Theorem 3.3.6. By linearity, we may assume f = ® f,, with each f, being
the twisted push-forward of some ®,(z) € S(Maty,). Let ® = @@, € S(Mata(A)).

Consider the integral

I m 1 no 1
/k\A/k-\A Z )q)((o 1>7<0 1>>1/’ (n1 + n2) dny dns.

vyEMats (k

A first observation is that we have the double cosets decomposition

Maty (k) = B(k)wB(k) | |B(k)| |{g € Mata(k) | g # 0,detg = 0}| [{0}.
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For the open Brahut cell, we have

1 ni 1 noy 1
/ / 0l Y (n1 + ng) dny dng
E\A JE\A veB(k)wB(k 0 1 0 1

/k\A /k\A Z Z Z o ((1 7”L11> S wydo ((1) ”12>> o (n1 + n2) dny dng

~v€T(k) §1€N(k) d2€N(k)

) /A/A 2" ((é nll> o ((1) nf)) ¥ (01 + no) dny dny
veT(k)
Z H/ / <<1 nl) wy <(1) 7;2>)¢;1(n1+n2)dn1 dns

veT(k) v
(7)-

-3

1
~eT(k) ( dt) 2

For the sum over B(k), we have

1 m 1 no 1 . " dn
/k\A/k\AyezB(:k)(b<<0 1)7(() 1>>7/) (n1 4+ ng2) dny dng
/k\A/k\A 2 q’<<1 n;) &y <(1) 712>>1/11(n1+n2)dxdy

~ET(k) §eN(k)

1 n 1 n
Faan 52 (60 7))
T€A yEk\AyeTk 0 1 0 1

0
Note that we have for v = <71 );
0 7

—1
o 0\ (1 n2) [ O (1 e
0 v/ \o 1 0 0 1 ’

and make a change of variable by y — v, Loy and z — 2 —v, the above integral becomes

Lom -1 -1
o v | 7 (n1 — n2 4+ 7 yene) dng dna,
zeA Jyek\A 0 1

with the integral over y being non-zero only when +; = 79, in which case it is equal to

1TL1 _1
v |7 () dna,
2o (( )]s
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where Z is the center of GLgy consisting of scalar matrices. This inner integral admits

I/ @(((1) f) 7) ¥ (@) da,

which according to Proposition 3.2.40 is

> Ouaalf)(t2)

to€kX

an Euler product

Next, for the rank 1 matrices, it turns out the only non-zero-sum is the following

1 n 1 no 1
/ / P v ™ (n1 + ng) dng dnae.
F\A JE\A 0£y=("ij5), 712760 dety=0 0 1 0 1

We can simplify the above sum, which is

I m 0 0 1 ng .
/k\A/k\A 2 2 << )61 <t1 0) 02 <0 1>>1/) (n1 + n2) dni dno

t1€k* §1EN(k) 52€N(k)

1 ny 0 0 1 U») _
1!) 1(’[11 + TLQ) dn1 dTLQ,
S LG 6 )

Also, note that this sum is nothing but
> Ouralf)(t)
t1€EX
Then, the integral we start with is just

> + D OuralD)t) + D Oupalf)tz) = KTF g0 1 ().

teT(k) (dt) t1€kX to€kX

D=

For fixed n1,ne € N(A), we have the usual Poisson summation formula

Yoo By = Y. B(nytyngh,

vyEMata (k) yEMaty (k)

where & := ®§,§>; is the Fourier transform of ®. Then we have

1 1
Lol 2t () Lo )
k\A k\AveMatzk 0 1 0 1
1 - 1 —
e (ER S Ty BE
E\A k\AﬂyeMatv(k) 0 1 0 1
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which is

1 niy 1 no
/ / Y Y(n1 +ng)dzdy
E\A JE\A N eMatV k) 0 1 0 1

by changing n; to —n1, and ns to —ng. Similarly, we have
Maty (k) = B(k)wB(k)|_|B(k)| |{g € Maty (k) | g # 0,det g = 0}|_|{0},

and the same computation shows that

~ 1 ni 1 ng
/ / ) vy ¥(ny + ng) dng dng
F\A JE\A v€B k)wB(k)CMatz 0 1 0 1

_ Z Hsta,a(f)

etk (dE)

~ 1 ny 1 no
/ / >, @ gl Y(n1 + n2) dny dng
E\A JE\A YEB(k)CMaty 0 1 0 1

= Y OYsa(Hstan(f))(tr),

t1 €k

~ 1 ni 1 ny
/ / P ¥ ¥(ny + ng) dny dne
R\ATRAA gy (Vi mzsﬁo det y=0 0 1 0 1

= Y 0¥ a(Hsean(h))(t2).

to€kX

(®),

NI —~~

Therefore, we obtain

KTFL(Std,%) (f) = KTFL(Sth,%) (HStd,A(f))'

O

3.3.2 Poisson Summation Formula for Standard L-functions of GLjy: A
Direct Proof

In this section, we will use the local properties we established in Section 3.2.1 and a

two-step classical one-dimensional Poisson Summation Formula to prove Theorem 3.3.6
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directly. This is compatible with the local Hankel transform in the sense that the local
Hankel transform is a composition of two Fourier transforms with some mysterious
correction factors. The point of this section is that we can give a proof of Theorem
3.3.6 independent of the Poisson summation formula on the upstairs space, which has
the potential to be generalized to other reductive groups and Hankel transforms. This
may be used to establish analytic properties of general automorphic L-functions.

To begin with, let us assume f = ®/,f,. For each f,, recall that we have the
intermediate half-densities and normalized intermediate functions defined in Definition
3.2.22:

Py =Py (—e )o]—"‘bvl(fy)

52,

and write o := ®,p,.
Lemma 3.3.7. For f € D L(std.1 )(N(A),¢\G(A)/N(A),¢), we have

Z /HStdAéf)( )+ Z Ox’l,A(HStd,A(f))(t2) = Z @(tl,t2)7

etk (dE) tack> tr €k tr ek

t1 O
where t = .
0 9

Proof. According to Remark 3.2.34, we have

R T AL =AY E R

3]

hence

> Bl S Fa@en) ()

etk (dE) (t1,t2) €k x k>

since |t1]| = |t2| = 1 for ¢1,t2 € k*. Thanks to Lemma 3.2.38, we have

O a(Mswaalf)) = D 1t2lFya(@r(82)(0) = D Fyua(@r(t2))(0).

to€kX to€kX
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Combining them, we have
S Hsasll) iy S 0¥, (san(£)(t2)
teT(k) (dt)2 tockX

— Z Fyaa(@r(,t2)) <—%> + Z Fw,l,A(lZ}(wb))( )
tockx

(tl,tg)ekx X kX

= 3 Y Fuaa(@t2)) (1)

tock* t1€k
Then, for each fixed to € kX, since ¢ is a function of Schwartz type according to
Proposition 3.2.24, we can apply the classical Poisson summation formula to obtain the

above is
Z 9/07(751’ t2)-
t1€k ok
O

Lemma 3.3.8. We have
+ ) 0o a(Hsaa(f))(t)

Z pr(t1,t2) Z Ou2.a(f)(t2
to€kX t1€kX
= j{: EE: Cju],A

t1Ek,to ka
teT(k)

;
(dt)2 t1€kX

Proof. According to Definition 3.2.39, we have
— 3 G(0,12).

Z Ou,2,A(f)
tockX to€kX
(®,) and O(P) = ®/,04(P,), then according to Lemma

Write f, = |dett|,02(t)
3.2.43, we have
Oy o.a(Mstaa(f > 12PFp2a(0 s =) Fyaa(O.H(®))(0).
z€kX zEKX
Therefore, the left-hand-side of the equality in this lemma is
or(t1,ta) — Z 0r(0,t2) + Z Fy24(02.(9))(0)
z€kX

>
to€kX
S Fyoa(O .. (®))(0).

t1€k,ta€k>

= > prtit)+
z€kX

t1€k> tack™
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Use Lemma 3.2.23, we have the above is

> 1l (- 2) Fuas©en@) (—1 ) + X FrasOay(@)0)

t1ekX taekX

=Y FuaOp(@) (t2)+Zm,g,A<O(_z,.><<1>>><o>

t1€kX ta€k™

= > D Fuoa(Op,(®))(t2).

t1€k* ta€k

According to Proposition 3.2.21, for each t; € k™, O, .)(®) is a function of Schwartz

type, we can apply the Poisson summation formula to it. Therefore we obtain

S S FuaaOpy@)t) = 3 S O (@)

t1€kX ta2€k t1€kX ta2€k
= E : t17t2 E : O(tho)
tlekxthEkX t1€kX
- Z 7 ( E : Ou,a(f
teT(k) (dt)2 t1 €k

Combining these two lemmas, we get Theorem 3.3.6.

3.4 Kuznetsov Trace Formula for Standard L-functions of
GL»

In this section, we will first establish a Kuznetsov-type trace formula with test functions
being the Schwartz functions on the space of 2 x 2 matrices. This is one example of
a trace formula with non-standard test functions. The geometric side will be related
to Theorem 3.3.6, which allows us to apply the Poisson summation formula on the
geometric side. The spectrum side has already been studied in | ].

Let ® be a Schwartz function on Mata(A). Then for s € C with Re(s) > 1, we have
g+ ®(g)|det g|® - |det g| € L}(GLy). For any unitary idele class character w, consider
the right regular action Ry, on £?(GLa(k)\GL2(A),w). By calculating the Whittaker
period of the kernel function of R(®(-)| det -|*T!), we will prove the following
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Theorem 3.4.1. For ® € F(Mats(A)), and s € C with Re(s) > 1, we have
1
(dz)

_ 3 oz (s + %,@B(me)) W2 (1)WY, (I)

7 cuspidal,wr=w @1.p2€B(7)

/[Z] KTF(R,(®(z)(dz)?) )w(z)|2** d* 2

dr

+ ) /Oo > z<s+%,¢,5ﬁ(eg,ey))ww1(iT,el)(1)w¢(—z‘T,eg)(1)47T

YERTNAX ~ 7 ene2€B(x.wx 1)

—|—/ K'(n1,n2)¢ "t (n] 'n2) dny dna,
[N]x [N]

with the last term being the Whittaker function of the Fisenstein series. For the unde-

fined terms, see the next two sections.

3.4.1 The Spectral Side of the Trace Formula

First, let us set up notations for the spectral side. We fix a section of the adelic norm
map |- | : A* — R4 and identify R, as a subgroup of A*. Let w be a unitary idele
class character that is also trivial on R,. Denote £2(GLgy,w) the space of functions
¢ : GLa(k)\GL2(A) — C such that

(1) ¢(gz) = w(z)p(g), Vg € GL2(A) and z € Z(A),

lp(g)[* dg < cc.

@
Z(A)GL2(k)\GL2(A)

Then GL2(A) acts on it via the right regular action, and we denote this action by
(Ru, £2(GL2,w)).

Let (7, V) be a cuspidal automorphic representation in (R, £2(GL2,w)), we will
use V>° to denote the subspace of smooth vectors. For ¢ € V.°°, we write
Wi (g) = /[N] p(ng)y~" (n) dn
for the Whittaker function of ¢.
Similarly let x be a unitary character of Ryk*\A*, we can associate the principal
series s := 7(x| - |*, wx ! -|7%) for all s € C, whose underlying Hilbert space is V,

xowx !
consisting all the functions f : K — C satisfying
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(1) f ((“ “) g> = x(t)wx " (t2)f(9),
0 to

(@) /K F(R)? dk < oo,

where K is the standard maximal compact subgroup of GL2(A), which is the tensor
product of K,,, and
SO2(R) if k, =R
K, =14 SUyC) if k,=C .
GLa(0,) if v<oo

This space is common for all s € C and the subspace of smooth vectors, although the
actions 7 are different. In particular, 74 is unitary if and only if s € {R. To any smooth
vector e € VXOZX_I, we associate a flat section e(s) in 7, from which we construct an

Eisenstein series

E(s,e)(g):i= > e(s)(v9),

YEB(K)\GL2 (k)

which converges for Re(s) > 1 and admits a meromorphic continuation to s € C. We

write

WY (s, ¢)(g) i= /[N] B(s,e)(ng)u ™ (n)dn = [ e(wng)i () dn

N(4)
for the Whittaker function of E(s, e).

For V.="V;or V, .,
Define ¢V := || (’0“2 € VY for p # 0. The matrix coefficient 5(p2, ¢y) and Bs(ea, ey) for
¥
a pair of non-zero vectors is defined to be

1, the underlying inner product identifies V' with its dual V'V.

e ) = TP a5, ) g) o= 202 oy € o,

For a Schwartz function ® on Maty(A), we have the Godement-Jacquet zeta integrals
for g € {/3(90% (p\1/)7 58(621 6\1/)}

Z(5, D, B) = / B(g)B(g)| det g+ dg,
GL2(A)

which converges for Re(s) > 1.
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Let @ be a Schwartz function on Maty(A). Then for s € C with Re(s) > 1, we have

g+ ®(g)|det g|* - | det g| € £L1(GL2) and it acts on (Ry, £2(GLg,w)). For any
¢ € L2(GLa(k)\GLa(A),w),

we have for x € GLa(A),

Ry (B()|det ") o) = /G o ety o) dy

®(z~'y)|det 2~y o(y) dy

(w_lvy)l det ™'y [*To(y) dy

/GL2 (A)

[GL] 'yEGL

- / S D gz 2P 2u(z) d¥ 2| det 2~y () d.

/GL2 k)Z(A)\GL2(A) ~v€GLgy (k)

We denote the corresponding kernel function

K(z,y) := Z Oz yyz) |22 Pw(z) A%z - [ det 2 Ly|* T,

According to [Wu22, Theorem 2.10], we have the £2-spectrum decomposition

Theorem 3.4.2. When Re(s) > 1, the Fourier inversion of K(z,y) with respect to y
in L2(GLg,w™!) converges normally for (x,y) € [GLs] x [GLa], and takes the form

Ko = 5 X 2(s4 300D o)

7 cuspidal,wr=w @1.p2€B(T)

DY /w > Z(s+é,cb,/siT(ez,eY))E(z‘nen(x)E(—z‘r,e;)(y)ﬂ

— —00 47
XER L kX \AX e1,e2€B(x,wx 1)
1 -
- o s+1
* vol[PGLy] > (®(g)n(det g)| det g|*** dg) n(det z)n(det y),

nERX\AX 2 =w

where B(w) is an orthogonal basis of K-isotypic vectors in 7, B(x,wx ') is an orthog-

onal basis of K-isotypic vectors in 'V, ~

Integrating the above formula against the prescribed character over [N] x [N], we
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obtain

/ K(ni,n2)y ™" (n] 'n2) dny dngy
[N]x[N]

= > > oz <s + % @,ﬂ(wz,wlv)) W, (1)WY (1)

7 cuspidal,wr,=w ¢1.p2€B(7)
[o'e) 1 dT
X T (s ) ) W ren W i e 1)
XER 4 kX \AX e1,e2€B(x,wx 1)
3.4.2 The Geometric Side of the Trace Formula

In this section, we will calculate the integral of K(z,y) with the prescribed character
over [N] x [N] from the geometric aspect.

When Re(s) > 1, we have

/ K(nq, ng)zp_l(nl_ ny) dny dng
N]x[N]

/ / ®(ny 'yngz)| 2> Pw(z) ¥z - ¥ (n] 'ng) dny dng
N]x[N] /[Z]

~yEGLa(
:/ / @(nlyngz)wfl(nmg)dnl dng - w(z)|z[* T2 d* 2.
(2] /[N]x[N]

In addition to the kernel function K(z,y), we can also consider the following function

given by a similar summation over rank 1 rational matrices when Re(s) > 1:

K'(z,y):= /[Z] Z Oz yy2)w(2)|z* T2 A%z - |det ™ty ST

yEMata (k),ranky=1

According to [Wu22, Section 2.2], when Re(s) > 1, denote

0
R(z,y) / ( ( 7) yz) w(2)|z)*T2d* 2 - |det 2~ Ly|*H?
o7 0 0
4 (0 = 2542 yx -1, (s+1
= ol y | w(z)|z] d*z-|detz™ Ty,
AX 0 0

It is easy to see that for fixed x, y — R(z,y) belongs to the induced model of the

principle series representation (] - |S+2 w7 ) and for fixed y, x — R(z,y) is in
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m(wl - ]S+%,| . |_S_%). Note that the action of GLg(k) x GLa(k) on the rank 1 rational

matrices admits a single orbit and the stabilizer group of the line consisting of the

0 ~
,y € k*

K/(xay) - Z Z R(71x772y)

41 €B(k)\GL2 (k) 72€B(k)\GLa (k)

elements

is B(k) x B(k), therefore,

is an Kisenstein series in each variable.
For notational simplicity, let us still write KTF for the composition of KTF and the
twisted push-forward from D(Mata(A)) to DL(Std l)(N(A),zp\G/N(A),w). Then, the
2

geometric side can be written as

KTF(RZ(Q(ax)(d+$)%))w(z)|z|28 d*z — / K'(n1,n2)Y " (n] *ng) dny dng, Re(s) > 1,

(2] (N]x[N]

and Theorem 3.4.1 holds.

3.4.3 Analytic Continuation

In this section, we will prove the analytic continuation of each term in Theorem 3.4.1.
It will be independent of the Godement-Jacquet theory and the Poisson summation

formula on Matg(A). For simplicity, denote

I(s) = / KTF(R.(®(z)(d*2)3))w(2)[2[2 d* 2, Re(s) > 1,
7

Ty(s) := / K'(n1,n2)Y " (n] 'n2) dny dna, Re(s) > 1,
[N]x[N]

Icusp(s) = Z Z Z (8 + %7 (I)v 13(9027 QPY)) Wg;l (12)W$2V (12)7

7 cuspidal,wr=w ¢1.p2EB(m)

and also when Re(s) > 1:

IEis(S)

=2 /oo > z (s + %,@,ﬂif(eQ,eY)) WO (i, 1) (I) W (=i, eg)(b)%:,

xeRerAX T e1,e2€B(x,wx 1)
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We may choose ® to be K-finite, hence the summation of y, e, es in Zg;is is finite

and we denote

dT

T erea(s) i= /_OO z (s n % <1>,/3,»T(62,ey)> W 7, e1) ()WY (i, ) (1)

Let us first study the convergence of Z(s). According to the calculation in Section

3.3.1, write

o= ] Nw (0 ”) N(k) @2 = | | N (‘; Z) N(K),

ﬁekXKYEk /8 O ackX

and

/ nlyngz)l/}*l(nl + ngy) dng dnag,
N]x[N] ’YE@

then we have
2(5) = [ (Ke) + Ko@) (P2,
(2]

For the first term, we have

S0 O I (V9 [V [ Y B RIS
BEk* yEk

/ Z ((ﬁmz vz + /37117123)) ™Y (n1 + n2) dny dna.

BEkX ~Ek B na2z
Applying the Poisson summation formula, we have

-1
Z‘I’ ((B;;Z vz ;5”21”22>> = |27} ZFw,QCD ((522 ;'; Z)) b(Brinayzh).
2 2

Y€K vek

Integral over ng € A, we have

fniz vz + Bningz 1
P d
/ » (( A ))w (n2) dns

-1
= \z|1/ ZIFQZ,Q(I) ((5;12 7z )) Y ng — Bningyzt) dng

o1 Syt z  Pngz

-1

) pniz vz
= |z E FyalFy 2 ® .
MR ((ﬂ 5—m>>

We need the following lemma:
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Lemma 3.4.3. Let ® € F(A). Then we have for any N > 1,

Y [@(az)| <y minflz[ 7!, o[V},

ack>

Proof. This elementary estimation appeared in [(GJ72] without proof. For a detailed

proof, see [Wul9]. O
According to the above lemma, we have
Ki(2) <n, 2172 min{|z[ " |27 }(1 + min 2], [2"2).

As for Ka(z), we have

Ks(2) = /A S ((2 ‘;”)) 4~ (n) dn

ackX
| |71 Z F.o® az ozl
=|z
achx b2 0 az
<y N, |27 mind[2[ 71 |27 mind 2], 2 Y2}
Combining all these, we have
Proposition 3.4.4.
/ KTF(RZ(@(:U)(d+x)%))w(z)|z|2s d*z
z€[Z],]z|21
s convergent for all s € C and defines an entire function.
When Re(s) > 1, by applying Theorem 3.3.6, we have
KTF(R.(®(2)(dr)?)) = KTF(R.(®)(2)(dr)?),
and note that
R.(D)(x) = |2|~4® (2 12), Vo € Mata(A), 2 € Z(A).

Hence we have

—

R.(®)(2)(dz)? = Ru(®(x)(d*a)7)[2| 2.
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Therefore,
/I |<1 KTF(R-(®(z)( d+x)%))w(2)\Z|2s d*z
- /I |<1 KTF(R. (®(2)( d+x)%))w(2)\Z|23 d*z,

which is absolutely convergent for all s € C and defines an entire function according to
the above Proposition and the GLy x GLo action on Matg that we defined in Section

3.2.1. Therefore we have

Proposition 3.4.5. Z(s) admits an analytic continuation to an entire function on

se C.

Next we will prove the analytic continuation of Zg;s, for which it suffices to show the
analytic continuation of Z, ., .,(s) for each triple (x,e1,ez2). Write z for the coordinate

of the inner integral of 7, i.e.,

v dr

o 1 -1, .
Tyeres(s) = / Z (s + 3’ ‘P,ﬁir(€2,€¥)) WY 1(zT, 61)(12)W¢(—Z’T, 62)(12)E

dz

dmi’

1 -
[ 2 (s e W ) W (5, )0
Re(z)=0
According to [Wu22, proof of Theorem 2.10], we have

1
Z <S+ 5,‘1’,,@z(62,6\{))
tp 0 stid4z -1 s+i-z 3x X
= Fy2(ey Pe,) [P T2 T x () wx T (B2) [t T2 d 8 d o,
(A%)2 ' 0 to

where
es(9)i= [ el )@k gho)ea(ly) dbs b
K

Then according to [Tat67], we know Z (5 + %, . 3, (€2, eY)) is a meromorphic function
by itself. Then, we need to consider the case that the zeta integrals have poles on the
line Re(z) = 0, which could occur only when x =1 and x = w.

For any 0 < 0 < %, and consider the case when % < Re(s) < % + 0. According to

1
Stirling’s formula, we know Z (s + 3’ . 5. (e2, e\{)> is of rapid decay when Re(z) — oo
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for 0 < Re(z) < 0. According to [J7Z87, Lemma 1, Page8|, the Whittaker functions
at value Iy is uniformly bounded on vertical strips, we can move the z-integral from

Re(z) = 0 to Re(z) = o and pick up the poles, we obtain

/ z <s + % D, B. (e, e\1/)> Ww‘l(z)(IZ)Ww(—z)ag)E
Re(z)=0

471

1 - d
= / Z (8 + 3 . 3, (ea, 6\1/)> WY 1(2:, 61)(12)W¢(—z,6¥)(12)4—2,
Re(z)=0 T

1 1 _
-3 Z ResZ (8+ 5,@,ﬂz(62,6\1/)> WY 1(2’61)(12)Ww(—2,6;)(12).
0<Re(z)<o,s+%:l:z:0,1

Note that the only possible residue in this region occurs when s + % — z = 1, which

implies 0 < Re(z) < o automatically, and hence the residue part is just
1 1 y y
_EReSz:s—%Z 5+ Evéaﬁz(e%el) -W

Since there is no pole on the line Re(z) = o when 1 — o < Re(s) < 3 + o, and the
integral is absolutely convergent. So we can extend Z, ., ¢,(s) to Re(s) > 0.

When 3 — o < Re(s) < 1, let us then move the z-integral to Re(z) = 0 again and
pick up the poles, we have

dz

4mri
1 Vi 1/}71 1 ’lﬁ 1 Vi
- Reszzs_%z s+ 57 @,,32(62, 61) A\ s = 57 €1 (IQ)W 5 —$,€2 (12)
_ 1 % (e Yy oV e
= " Z 5+2,<I>,Bz(eg,el) WY (z,e1)(I2) WY (=2, e5) (I2) —
Re(z)=0
1 1 \Vi w—l 1 ’lj) 1 V;
+ EReszzést S+ §7¢7BZ(62561) A\ 5 — S,€1 (IQ)W s — 5762 (12)

1 1 - 1 1
— §Resz:5_%Z (s + 5,@,@(@,@{)) WY (s — 5,@) (Ig)Wd’ (5 — s,e¥> (I2).

/Re( - z <8+ %7¢)7ﬁ2(€2a€\1/)> Wd}il(z’ 61)(12)W¢(—z’e¥)(12)

Note that this can be analytically extended to —% < Re(s) < % since there is pole on
the line Re(z) = 0 in this region.

Next consider the case that Re(s) < —% + 0, let us move the integral from Re(z) =0



158

to Re(z) = o again, we have

[z (s petbilene) ) WO ) (W (2 1)1
Re(z)=0

4me
1 1 Vi wfl ]. 11) ]. \Vi
+§ResZ:%_SZ 3+§,<I>,Bz(eg,el) W 3~ Se (Io)WY¥ (s — 30 (I2)

1 1 - 1 1
— - Res = _lZ s+ _7(1)762(6276\1/) sz 1 s—55€1 (IQ)WTZ} 5 8765/ (12)
2 #=573 2 2 2
dz

:/ z <8+3,<1>,5Z<62,e¥>) WY (z,1) (I) WY (=2, ) (In) —
Re(z)=0 2 4

1 1 - 1 1
- §ResZ:S+%Z (s + 3 ®, 3. (e, eY)> WA (s + 5 61> (Ip)W¥ (—s -5 e§> (I)

1 1 -1 (1 1
+ §Reszz%_SZ (S + 5,@,ﬂz(62,6\{)> we ! (5 —s,e1)(Ip)WY (s — §,e§/> (I2)

1 1 - 1 1
- EReSz:s—%Z <8 + 57@762(6276\1/)> WY 1 (S - §7€1> (12)W¢ <_ - 62) (12)’

which can be analytically continued to —o — % < Re(s) < —5 + 0. When —o — % <
Re(s) < —3, we could move the integral to Re(z) = 0 again, and we have finally

1 \Vi ¢—1 ¢ dZ
" Z|s+ —,@,ﬂz(eg,el) WY (2,e1)(I)WY (=2, e3 ) (I2) — —
Re(z)=0c

1
— iRes

l
+3

1 - 1
s+ = 5 , P, B, ( 62,61)> WY <8+ §,e1> (Ig)Wd’ —5 — —,e\2/> (I2)

4
1 1 1
+§Res _1_ Z(s+ , D, 5, 62,61)>W¢ 1< (I) wv <s——,

1
2
1
5 5 S €1> 5 e§/> (I)
1 1 v 1 1 " Vv
_§Reszzs_%2 S+§,q),,82(62,61) W —5,61 (Io)W ——8,62 (I)
(—

/ z(s+ B, 8. 62,61)> WY (2, e1) (Tn)W¥(— 2, &) (I )
Re(z)=0
+ %Resz:_s_%z <s+ , @, B.(e2, €] )WWI (—s — %,el> (Ip) WY <s+ %,65/) (Ip)

1 1 - 1 1
— §Reszzs+%2 (s + 5,@,ﬂz(62,61) P! (3 + 5,61) (Iy) WY (—s - 5,6\2/> (I2)

W
W™ (% - 5,61> (I,)W¥ (s - 5,62> (I,)
W

1 1 - 1 1
_ iResz:F%Z <s + 53(1)’52(62:61) (O (s _ 5,61) (Ig)Wlﬁ (5 — 5,e§/> (Iz).

—_
<

2

)
+5Res,_1_ 2 <s + i, P, B:(e2, €] ))



159

And this can be extended to all Re(s) < —3. To summarize, we have

Proposition 3.4.6. Zgis(s) can be analytically extended to all s € C. Moreover, for
each x,eo, e1, the analytic continuation of

1 -1 dz
IX,617€2 (S) = / z (5 =+ 2,@,ﬂz(62,6}/)> Ww (Zael)(l)ww(*z,eg)(l)ra Re(s) >
Re(z)=0 ™

has the following expressions:
0<R =
* 0<Re(s) <

1 - dz
IX7€1,€2 = Z (3+ 5,@,ﬁz(62,6\1/)> Wd) I(Zv61)(12)Wd)(_z’e¥)(12)r
Re(z)=0 g

1 1 - 1 1
- §RQSZ:57%Z (S + §7CI)’/82(6276Y)> Ww 1 (S - 5361) (12)W¢ (_ - €2> (12)a

1 1
where 0 < 0 < 3 is such that 37 0< Re(s).

1
e —5< Re(s) < 0:

1 - dz
Teoren= [ 2 (54 50 Bene) ) WO (e (W (-2 c}) 1)
Re(z)=0 i

+ ;RGSZ,__SZ (S + %74)562(62»6}/)) Ww_l (% - 8761> (IQ)Ww <3 - %,6;) (12)
Ln Z L vy we 1 Lyw? 1 y)a
D) €8,—s—1 s+ 9 s Bz(e2,€1) 5—5761 (I2) 5—5762 (I2).

1
® _1<Re()<—§.

_ dz
Teewes= [ 2 (574 o Buleael) ) W ) ()W (5, 1) £

s+ %,q) (Iy) WY (—s - %eg> (I)
)

+ ;Resz,__SZ (s+ ; D, 5, (2, €] )> Ww— (; —S,e (Iz)Ww(S - ;6;) (I2)
( (-

1 1 -
2Resz 12 s—|—2 ®, 3, eg,el))ww 1

1
— —Res 1 Z

1 -1
D) z=s—1 s+ 5,9, 8:(e2, €] )) wY

2’

1
where 0 < 0 < 5 is such that 50 < Re(s).
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e Re(s) < —1:

dz
471

1 -1
Tionea(s) = | z<s+5,@,ﬂz<e2,e¥>) WY (2, e1) ()WY (=, ) (1)
Re(z)=0
1 - 1 . 1,
+§Reszz_s_%2 3+ , @, B.(e2,€)) | W 7575 ser | (In)W 5+§,62 (I)

)

1 1 - . 1,

2Resz a1 Z s+ 5 ,®,B.(e2,ey) | W s+ —e1 | ()WY | —s — 3062 (Iz)
1 1 1 1

+ §Resz: Z (s—l— 5 , @, B.(ea,e) )W#} ! (5 —s €1> (Ig)Wﬁ’ (s— —,eg/) (I2)

- gRess 2 (54 5@ Bulene) )W (5= S ) @V (5 - s ) ()

[\

We will conclude this section with a more careful study of the residues occurring in
the above analytic continuation of Z, ¢, e, (s). Let us start with the following definitions

from [Wu22, Section 4]:

Definition 3.4.7. For any Schwartz function ® € F(Mato(A)), and a unitary character
X of Ry k™\A*, we define for g1,92 € GLa(A) and Re(s) > 1,

t 0
fa(g1,92; x| - °72,%) ::/ Fw,zL(gl)R(gz)q)(( >)X(t)ltlzs“dxt'Idetgflgzl”lv
AX

0 0
and

0

fa(g1,92: x| - |28+%7*) = /AX Fy,2L(g1)R(g2)® ((O

0 S — S
t>> Xt d*t - | det gy ga|*T

Both of them can be analytically extended to s € C. Note that f@(gl,gg;x| |25+%, %)
defines a vector in the tensor product m(x| - |s+%, | - |_3_%) m(x7- |~ =3 o |SJr ). We
denote by (M x f)ao(g1,92; x| - |28+%, %) the image under the intertwining operator with
respect to the first variable. Similarly, fo(g1,92; x| - \2”%,*) e (|- ]*s*%,)d . |S+%) ®
(|- |s+%,x_1| . |_S_%), and we denote (f x M)a (g1, 92; x| - |25+%,*) its image under the

intertwining operator with respect to the second variable.

Lemma 3.4.8. We have

(M x (g, g2 x| - 122, %) = (f x M)a (g1, g2: x| - 272, %).

Proof. Tt suffices to prove the equation for g; = go = I since the general case follows

from this special case by taking L(g1)R(g2)® instead of ®. By definition, when Re(s) >
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1, we have

(M x fla(I2,I2; x| - \25+%,*)

:/A/AX /Aq> (((1] —1") - <é z)) day (D)2 d*tdn
//Ax/ (( _“t> w ((1) xtl_l)) dzx(t)|t)** Tt d*tdn

= (f x M)a(I2,I2; x| - |25+2 ).

Proposition 3.4.9. When Re(s) < 1, denote

1 m 0 0 1 neo o x
I VRTE VI e—

dual to Z(s), then we have
(1) When Re(s) > 1 and x = w,

1 -1 1 1
> Res, 12 <s + 5,@,52(62,6;/)) wY (s T §,el> (Io)W¥ <—s — 5,e;) (I)

e1,e2€B(w,1)

= Ib(s).

(2) When Re(s) < 1 and x = w,

- 1 1
Z Res,_,_1 (5+ @,Bz(eg,e¥)> we <s - §,e1> (I2)W¥ (_s—l— §,e¥> (I2)
e1,e0€B(w,1)

= —T(s).

(3) When Re(s) > 1 and x = 1, we have

> ey 2 (s gpene))) T (- ) @ (54 5) @)

e1,ep€B(l,w1)

= —Ib(s).

(4) When Re(s) < 1 and x =1,

Z Resz:—s-kéz <S + %7 cb’ﬂz(e%e}/)) Ww71 <_5 + %7 el) (12)W7¢’

e1,e0€B(w,1)

VRS

1
s = 5765/) (12)

~

=Tyv(s).



Proof. We start with (1). When Re(s) > 1, from [Tat67] we know

1 t 0 .
Res, o412 (8+ 5,<I>,Bz(ez,eY)> = /A Fy2(cy Pe,) ((o 0)) w(t)[t[* T d*t

3
= foyoe, (T2, Tosw] - [#72, %),
Consider the decomposition

3
fa(g1, 925 w| - |2s+2 *)
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- Z Z /fq, k1, ko) dk; dkoey (k1)ea(ka)er ( 1)(91) (—s—%>(92).

e1EB(x,1) e2€B(x,1)

Note that

/K2 fq;(k‘l, kQ)CY(kl)EQ(kQ) dk‘l dk‘Q

:/ / IFd,QL(kl)L(kz)q)((t 0))w(t)|t|25“dXteY(kl)ez(k:g)dkldkg
K2 JAx 0 0
/ /EML (k1)R(ko)® ((t 0>>e\l/(kl)eg(k:g)dk:ldkgw(t)|t|2s+1dxt
Ax JK2 0
_ v t 0 w 2s+1 X
S T () e

we have the Whittaker function of fo (g1, g2;w| - [2F2, ) at (Iz, Io) is

. 1 1
> fye, (2wl 23, W (S " §’€1> (o)W <_S B 576¥> (I2).

e1,e2€8(x,1)

On the other hand, according to [\Wu22, Lemma 4.9], this Whittaker function is given

by the integral

L)) )

which is exactly Zy(s).
For (3),the residue is given by the following integral when Re(s) > 1

1 0 0
Resz__s_lZ (8 + —,@,Bz(eg,e\{)> = —/ Fyo(eve,. ) << )) [t2Fw(t) d*t
2 AX ? 1 7-e2 0 t

3
= [y, (o, T ] - [*72, ).
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Similarly, we have

> pellatael PR we (<= 1) @ (s+ ) @)

e1,e2€B(1,w1)

is the Whittaker function of fg(g1,92;w| - |23+%7*) at (I, I2). But according to Lemma
3.4.8 and [(GJ79], the intertwining operator does not change the Eisenstein series and
the Whittaker functions. So the value of the Whittaker function of fg (g1, g2; w|- |25+% , %)
at (I2,I2) is also the value of the Whittaker function of fe(g1, g2;w| - |25+%,*), which is
71 (s) according to part (1).

For (2), when Re(s) < 1, using the functional equation of GL; zeta integrals, we

have

1
ResZ:s_%Z (s + > D, B.(e2, 6’\1/>

L0
__ / FyaFyaFy oy Bey) w2 d<t.
AX 0 0

Note that for any g1, g2 € GL2(A), we have
Fy2L(g1)R(g2)® = Fy 2L(g2)R(g1)®| det g7 ' gol*.

Using the Fourier inversion formula, we have

Fy.2L(92)R(g1) ((zu m)) = Fy2F 1Py aL(g2)R(91)@ (( T m)) |

T21 X2 —T21 T2
Then, according to a similar argument, we have

1 -1 1 1
> Res,_, 12 (s +3 D, B3, (e2, e¥)> \\Ad <s - §,el> (Io) WY <—s + §,e¥> (I2)

e1,e2€8B(w,1)

~ 1 ni 0 0 1 o yoe i
:/AX /A2(I) ((0 1) <z 0> (0 1>>¢(”1+"Q)w(z)|z| d”z.

Finally (4) is a combination of the above (1), (2) and (3), and we leave the verification

to the readers. O

Remark 3.4.10. From the above Proposition, the residues are noting but the Whittaker
function of the kernel function given by the summation over the rank 1 rational matrices.
In this sense, the boundary term appears as the residue of the Eisenstein series in the

spectrum decomposition of the kernel function via analytic continuation.
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Let us then study the analytic continuation of the boundary term Zy(s). A first
observation is that when Re(s) > 1,

K'(z,n)¢ " (n)dn = R(yz,wn)y " (n)dn
/[N] /N(A) ’YEB(/C)Z\GLz(k)
-/,

0
/ D <x_1'y_1 ( Z) wn) Y H(n)w(2)| 2> T2 d* 2| det 5T dn
(A) yeB(k)\GLa (k) /A 00

= Z // LW<I><<§ Z(?))w(z)|z|2$+2dxz|detw_1|s+1w_1(n)dn
) a S

v€B(k)\GL2(k

-1
- ¥ / MQLWC@((g ZO >>w(z)z|2s+1dxz|detz1|S+1.
(k) A%

YE€B(K)\GL2

Note that the inner integral is convergent for all s € C. Now consider the section

GLy(A) x C — C :

-1
(9,5) = §5(g) ::/ F oL, ® <<S ZO )) w(2)|2|2H d% 2| det g1+,
AX

This is a section to the induced principal series for all s € C, and let
E(fs)(g9) == Z fs(v9)
YEB(K)\GL2 (k)

be the corresponding Eisenstein series. When Re(s) > 1, we have

/ K'(n1,n9)¢ " (n] 'n2) dny dTlQ:/
(N]

(N]

B(j.)mw(n) dn = [ - f.(wn)i(n) do.

N(a)

Then, the analytic continuation comes from the general theory of the Eisenstein series.
Note that we have

r11 T12 11 Yy _
Fy oL, ® = / L,® Y (yag) dy.
Tr21 T22 A 21 T22

1 n
Then for z = w <0 1) € GL2(A), we have

z 271 —nz -n
FmLx@((O . >> =/A<I>(( . yy))wl(yz1>dy.
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Then integral over n and make a change of variable by y +— znq,n — —no, we have

/ K'(nl,ng)wfl(nl_lng) dni dno
[N]x[N]

:/ / @((zng Zn1n2>>1/)_1(n1+n2)w(z)\z\28+2dxzdn1dng.
AZ JAX 4 zZnq

This also coincides with the calculation in Section 3.3.1.

Note that from here we can see that Z,(s) admits an Euler product

H/ / (I)V<<zng Zn1n2>>1/);1(77,1+ng)wy(z)|z|2$+2dxzdn1dng.
L Jk2 JkS z zZng

Let us finish this section with the unramified calculation.

Proposition 3.4.11. Let ®, = lyjaty(o,), and ¥, is unramified, then we have

/ / (I’((n mm>>1”51(”1+nz>wy<z>|z|2s+2dxzdn1dn2
k2 JEX z 2N

=1- wy(wy)q_@s"‘z)

if we normalize the measure d*z such that vol(o), d*z) = 1. So let S be a finite set of
places of k containing all the Archimedean places and such that for all v ¢ S we have

D, = Wtats(0,)s Vv 18 unramified and vol(o}, d*z) = 1, then we have

H / / D, e T U, (g + n2)w, (2)]2)272 d* 2 dny dng
V¢S k2 JEX z nq
1

T L5(w,25+2)
where L°(w, s) is the partial Dirichlet L-function.

Proof. A first observation is that

/ / o, <<zn2 zn1n2>> V(g 4 ng)w(2)|22*T2 A% 2 dny dng
k2 Jk) z 2Ny

= Z / wy (@, ) ™25 2) U (g 4 ng) dny dng d* 2.
0 ‘w,’,"tl,i<

— |zn1|<1,|zn2|<1,|2n1n2|<1
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We first fix z such that z € w]'0;;, and then n; € w0, with m +m; > 0. Then the

condition for ns is

Ing| < min{q™, g™},

Therefore, the inner integral becomes

—1
/ 1[}1, (n1 + ’I’Lg) dnq dno
|zn1]|<1,|2n2|<1,|2n1n2|<1

0
= Z / ¢;1(n1) dn1 / ’lp;l(ﬂg) dn2
mi=—m n€wy o) [na|<gm*m™1
+ > / N ¢51(n1)d”1/ ¥y (n2) dny
mi=17/ €@y Loy [n2|<g™
-/ v ) dm gt [ ) dng
ni€w, Mo [n2|<g™
1 if m=0
= -1 if m=1
0 if m>2
Hence
/ / o, (("’”2 Z"“”)) BNy + n2)w(2)]22+2 A%z dng dng
k2 Jk) z zZny
=1- wl,(wl,)q_(25+2).

O
Corollary 3.4.12. The cuspidal part Zeusp(s) admits an analytic continuation to all
s e C.
3.4.4 Functional Equations in the Trace Formula

In this section, we will explain that the Theorem 3.3.6 is responsible for the functional
equation of standard L-functions of GLy. Let ® be a Schwartz function on Maty(A) as

before and ® its Fourier transform. Denote for z,y € Maty (A)

Ray)= [ Y By e ()72 d"z - [dety~ e[,
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and

K'(z,y) ::/ Z D (zy tyz)w (2)|2| 22 d¥ 2 - | dety |0

[2] yEMata (k),ranky=1
Let
Z(s) ;:/ KTF(R.(®(z)(dT2)2))w(z)|z[> d*z,
(2]

and

~ 1 ~ -1

ANCTEE S Z<—8+§,<I>,BV(902,¢Y)>W$1 (L)WY, (L),

m cuspidal,wr=w @1.p2EB()

It is also easy to see that Zp(s) defined in Proposition 3.4.9 is

o~

Iy(s) = / IA('(nl, n2)Y " (n 'ng) dny dna.
(NIx[N]

By identifying Maty with Maty and replace ® by d in Proposition 3.4.4, we see
Z(s), Zmis(s) and fcusp(s) also admit meromorphic continuations to all s € C. Then

according to Theorem 3.3.6 again, we have
Proposition 3.4.13. Z(s) = f(s) for all s € C.

Proof. Because both of them are
/ KTF(R:(®(z)(d¥2)?))w(z)|2[* d*2
z€[Z],]z|>1
+/ KTF(R.(B(a)(d*2)}))w(z)[2[2* d* =
|z]<1
as in the proof of Proposition 3.4.4. O

According to [Wu22, Theorem 2.10] by considering the action of ®(g~1)|det g|**
on (R, £2(GLy,w)), we have the spectrum decomposition of K(z,y):

Rep= 3 S 2 (st 588 aeh) ) 0ed 0

7 cuspidal,wr=w p1.p2€B(7)

o0
v dr

X [Y 2(cerphsad)) Beme) @B )W) i

X€R+ﬂAX T e1,e2€B(x,wx 1)

1 sl —T—
+ ollPGL,] /Z (®(g)n(det g)| det g|~*** dg) n(det z)n(det y),
nELX\AX n2=w
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and integrate it against the same character over [N] x [N], we obtain

/ IA((m,ng)wfl(nflng) dni dns
[N]x[N]

1 ~ -1
-y > 2 (et B8 ) ) WL (W (1)
7 cuspidal,wr=w @1.po€B(m)
o 1 = -1 . dr
X [E (e g blened)) W n e (W i) (1) 5

xeﬂhﬁ&x T e1,e2€B(xwx 1)
Then when Re(s) < —1 we have

s) = / KTF(R.(®(x)(d*2)?))w(z)|2* d* 2
Z(\Z(4)

=

— / (I?(nl,ng) + ﬁ'(nl,nz)) w_l(nl_lnz) dno dne
[N]x[N]

) Sz (et 3B ) ) W (WS (1)

7 cuspidal,wr=w ¢1.p2€B(7T)

+ Z \/oo Z z <_S + %7?{\)7/87}{1'(62761/)) Wu)il(iT? 61)(12)Ww(_i7-7 6;)(12)%

X€R+§<\\AX e e1,e2€B(x,wx 1)

+/ K'(n1,n2)9 " (ny 'n2) dni dna.
[N]x[N]

Because

1
Z (S + 57 <I)7 Bi‘r(e2a 6\1/)>

tl 0 s+itir. — s+1—ir
- /(A )2 Fy2(cy Pes) <0 . )X(tl)ltll T (b [t T A%ty A7t
x 2

and
F¢,2((6Y®62)) = Fwﬂ((e?@ey)) - FWIF#)AF#}?(@Q@BY) (—- ) 7

we can apply the functional equation of GL; zeta integrals to obtain

1 ~
Z <_8 + 57 @,,3%.(62, e\1/)>

0 . .
) X(ED |t 52T () o5 2 T A%y ¥ty

th
= Fo1Fy 4l 2(c, Pey)
(Ax)2 0 t

tp 0\ _ 1 L
- /(A )2 F¢,2(62q)e}/> (0 y )X 1(t1)|t1|5+2 ZTX(tQ)’t2|S+2+” A%t d¥ty
- 2

1
=z (S + 55 (Pa/B—iT(e\l/7€2)) .
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Therefore

o dr

> / ooz (—s + %,i,ﬂx(ez,elv)) WY (i, e2) (1) W (—ir, e3)(I2)
7/
XER FXAX T e1,e2€B(xwx )
oo 1 B ) ) d
= > f >, 2 ( + 5#1%1371-7(6%@2)) WY (i, e0) (1)WY (=i, 3 ) (1) -
XERLFA\AX T ene2€B00wx 1)

By making 7 — —7 and change the role of e with e, we have the above is

> / >, 2 ( + %mb,ﬁw(ez,eb) WY i, 1) (L)W (i, ) (12) S

X€R+§<\\AX T e1,e2€B(x,wx 1)
=1I(s) - —5 b(s) | + 5 b(8) -3 b(s) + —5 b(s) ),
ie.,
Tris(5) = Tris(5) + Tn(s) — Zn(s).

Combining with Proposition 3.4.13 and Theorem 3.4.1, we obtain the functional equa-

tion of the cuspidal parts:

Corollary 3.4.14.

Teusp(5) = Zeusp(5)-

3.4.5 Isolation of the Spectrum

Let S be a finite set of places of k containing all the Archimedean places. Denote by
F(Mata(A))s the subspace of Schwartz functions on Mata(A) consisting of vectors of
the form

Ps ®ugs Inaty(o,)-

For simplicity, denote ®°S := ®@p¢sMats(o,) and write @g as elements in F(Mata(A))s
by tensoring this basic vector. Let H be the unramified Hecke algebra outside S

H® = @)1 (G(k,), K,).
Then we get a family of functionals first when Re(s) > 1

KTF5(s) : #5 ® F(Maty(A))s — C

h®ds s | KTF(R,(Bs @ (hx3%S)(z)(dz)?))w(z)|2[ d* 2,
2]
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By analytic continuation from Section 3.4.3, we obtain a family KTFS(s) for s € C.

By Satake isomorphism, we have for each non-Archimedean place v,
H(G(kl/)a KV) = (C[GV // Gv]a

where the action is by conjugation. Hence

HS ~C

II«?“/GVJ,
vé¢S

where regular functions are restricted tensor products of regular functions on finite
factors with respect to the constant function 1. This isomorphism is denoted by h — h.
Since every automorphic representation that is unramified outside of S determines a

point on H GY // GY and is determined by it due to strong multiplicity one. Let
végs

vsc[[ev Gy
vé¢sS
be the subset corresponding to the unitary ones with given central character w, which

is compact with the product Hausdorff topology. Let
R ={[r(w|-[*"7,]-|772)]: s € C}.

We write
C[USUR]=C [H(GV / GV)] ,
vé¢S

by restriction. Then we have

Lemma 3.4.15. C[US UR] is dense on the space C(US UR) of continuous functions
on US UR, where the latter is equipped with the inductive limit topology of uniform

convergence on compact subsets.

Proof. According to the choice of the topology here, it suffices to show for any compact
subset C, the restriction of C[US UR] to C is dense in C(C), and it suffices to show
polynomial functions in C[USUR] are closed under complex conjugation, which is [Salk19,
Lemma 5.1.1]. O



171
Fix an element &g € F(Mato(A))g, then we can view KTFS(s) as a functional on
#S, which can be extended to a continuous functional on C(US U R), hence a finite

measure with compact support:

Lemma 3.4.16. KTFS(S) can be extended to a finite measure with compact support on
C(USUR).

Proof. To avoid confusion, for a Schwartz function ® on Mats(A), denote Kg(x,y) to

be the kernel function associated to ® defined by

Ko(r.y)i= [ S @ yyz)w(z)|zP12d"z - |deta 1"

as in the previous sections. And similarly for K} (z,y), I/ig)(x, y) and IA(%(:U, Y).
When Re(s) > 1, according to [\Wul7, Lemma 3.25], we can choose some compact

subset Q of G(A) containing a fundamental domian of [N], then we have for y €

Kaogonsaos(T,9)]

N (3.6)
< | 10+ 2c) " Ka (@, )l e2(araw) T D [Fxedet K@ NI - 17l 2o us).

x2=w
where ® = &g ® ®°5, N € N depends only on the field k, A is some real number large
enough, A is the Laplacian operator defined as in [\Wul7, Section 3.5], and Fy.oget is
the spectrum projectors defined as in [\Wu17, Section 2.2]. Note that the right-hand-side
of (3.6) is a continuous function for the z-variable, then after we integrate it over [N],

we see
/ K (n, mo)$ ™ (07 12) < (1Bl coe 05y,
[N]x[N]

where the implict constant depends on ®g, s and the underground field k. Also note

that according to [Wu22, Theorem 2.10], we have
(14 Do) Ko (,y) < Hi(y)'

where the hight function Ht is as defined in [Wu22, Section 1.2]. Then, when Re(s) is

fixed, the implicit constant can be chosen to be independent of s.

!/
@s@(h*@o*s)

series and the action of h is given by the value of the delta distribution of h on the

According to Section 3.4.2, as the kernel function K (z,y) is an Eisenstein

principal series m(w| - |S+%, | - |_s_%), we get the desired extension when Re(s) > 1.
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When Re(s) < —1, combine Proposition 3.4.13 and the fundamental lemma Propo-

sition 3.2.35, we have
=~ ~ s—1 el
KTF®(5)(h) < [|h]| goo(us) + [h(m(w] - |72, - [7*F2)), (3.7)

which means KTFS(s) is also a finite measure of compact support.
When —1 < Re(s) < 1, we will use the Phragmen-Lindelof principle to bound
KTF5(s). First let us fix € > 0 and consider the case when Re(s) = 14+€. As Re(s) = 1+e

is fixed, there is some compact set C’ of

[T /cY)

V¢S
such that C’ contains {[r(w| - |s+%, | - |_s_%)] :s € C,Re(s) =1+ €}, hence
[l zoequs) + RGr(] - 1772, |- 74 2)] < [[Rll gm0y, Re(s) =1+,
where C := US U (' is compact. Moreover, when Re(s) = 1 + ¢, the growth of
(1+ Ax) VKo (z, )
on any Seigel domain is bounded by Ht(y) ¢, so are
(14 Ace) VKo (2, ) || £2(GLo w) @04 [[Fyodet (K (, ))|-
Combine them together, we have
[KTFS(s)(h)| < [[Al] > (¢,

when Re(s) = 1+ ¢, with the implicit constant indepdent of s, i.e., there is some
constant B’ such that [KTFS(s)(h)| < B,HEHEOO(C) for any s with Re(s) = 1+e€ A
similar argument applied to the case that Re(s) = —1 — € due to Theorem 3.3.6, with
replacing ® by ®. Then we obtain that there is some constant B > 0 such that

IKTFS(s)(h)| < B[kl z(c), Re(s) =1+eor —1—e
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Next let us show that KTFS(s)(h) is bounded if & fixed when —1—¢ < Re(s) < 1+e.
According to the Lemma 3.3.5, when —1 — € < Re(s) < 1+ ¢, we have

/ ’KTF(RZ('@s®h*¢°’s)(d$)%)w(z)|z|25 d*z
z€[Z],|z|>1
o tiniz 2
S/ / > [Fya(®s @ (hx@°%)) o .
2€(2],12121 IN@XN@B) |, 57 tiz  tingz

+/ / of (7 " |z>*T2d% 2.
2€7Z(A),|21>1 /N(4) 0 =z

According to Lemma 3.4.3, there is some function @' of Schwrtz type such that

tiniz tz
D |Fpa(@s @ (hx %)) (( - : >>
tlz tlngz

Jto€k
hence there is another Schwartz function ® such that

|z|2$+2 dnq dnad™z

< (14 ]2))@'(t12),

/ ‘KTF(RZ@S®h*q>073)(dx)%)w(Z)!Z!25 d*z
z€[Z],]z|>1

< / (14 |2)®(2)(|2]* + |2]*) d*z2 < 1, =1 — e <Re(s) < 1 +e.
2€Z(A),|2|>1

Apply the same argument to EI;, and make use of Proposition 3.4.13, we have

KTFS (s)(h) = / KTF(R, (Bs ® h+ 8°5)(2)(d* )} )w(2)] 2% d* 2
se[z) |21

—l—/ KTF(R,(®s @T@O’S(x)(d+x)%))w(z)|z|25 d*z <1, -1—€e<Re(s) <1l+e
|z|<1

Finally, fix A and apply the Phragmen-Lindelof principle ([Rud87, Theorem 12.8])
to the holomorphic function s — KTF5(s)(h), we have

IKTFS(s)(h)| < B[R]l ooy, —1 — € < Re(s) < 1+e,
which means KTF(s) is also a finite measure when —1 < Re(s) < 1.

O

We denote (A}a‘“, the set of automorphic representations appearing in the Plancherel
formula for £2(GLg,w). We consider G** as a subset of

lim US
—
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in the obvious sense, and we freely talk about G2t a5 a subset of US, meaning its
intersection with US. We denote G°UP the subset of Gaut consisting of cuspidal repre-
sentations and GES the subset of principle series. Then GCSP is a countable number
points and GEis is a countable union of lines. Both of them are measurable sets with
respect to the standard Borel structure on US.

Then, combined with the spectral expansion, we have

Theorem 3.4.17. For fized ®s and all s € C, The functional KTFS(s) is a finite

complex measure Ve on Geusp U GES UR. The measure Vag 15 equal to
1 _
Y oz (g + 52, B2, ﬁ)) WY, 1(12)W$2Y (Iy) dmr
p1.p2€B8(m)

on GEP when Re(s) > 1. It admits an analytic continuation to all s € C and satisfies

the functional equation

S 2 (s 5 Bene))) W W 1

p1.p2€B8(m)
1 ~ _
= X 2 g B ) ) W W 1)
p1.02€B(™)

In particular, we get the analytic continuation of L(s,m,st). Moreover,
1 1 1
L <5+ 5,7T,St) =€ <s+ 5,71') L <—s+ E,W,stv> .
where L (s + %, , st) is the complete L-function.

Proof. We only need to prove the analytic continuation and functional equation of L-
functions. Write 7 = ®/,m, according to [F1a79]. For ¢ € B(w), write

Then we have an Euler product

] 1
z (s + §,¢>,B(wz,¢Y)> =112 (s + §,<I>uw3(<ﬂ2,w<ﬂlv,u)> )

ve|k|

where

1 S
Z, <s+ §,<I>V,B(902,u,<piu)) = /G(k )@u(g)ﬂ(soz,u,wiy)(g)!detglyﬂ dg.
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For non-Archimedean v, let ¢ be the unique newvector of 7, as in [JPSS81, Theorem
(5)] up to scalar. For Archimedean v, let ¢ be the unique highest weight vector of .
Denote ¢° = ®@'¢. Then choose ®° = ®),®¢ such that ®) is as in [[Hum2], Theorem
1.2] and as in [Lin18, Theorem 1.1]. Then, since the K-type of ®° is fixed, according to
the uniqueness of the newvector in the non-Archimedean case and the highest weight

vector in the non-Archimedean case, we have
1 o \
Z S+§7q)7/8(502a901) 750
if and only if ¢1 = w3 = °. Moreover, in this case

1 1
Z (S+ 57‘1’075@0,@0)) =1L (S—l— §7W78t> .

Then we get the analytic continuation of L(s,7,st).
As for the functional equation, according to [(:.J72, Theorem 3.3, Proposition 6.12],

there is an epsilon factor €(s, ) such that

]_ — —
S 2 (st 5 T8 o)) WY @V ()
p1.p2€B(m)

_ ! b 1 1 v
=Weo (I2)Wie(I2)e (s + 5,#) L (—s + 3 ,st) ,

1 1 1
L <s+§,7r,st> =€ (s—|—§,7r) L <—s+§,7r,stv>.

we may get
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